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Introduction
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Gravitational waves = ripples of spacetime



General relativity
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•Spacetime is dynamical.

• Infinitesimal distance  
<latexit sha1_base64="DxNlqSvXUnbzEZPOQZRlfBQOYB4="></latexit>

ds2 = gµνdx
µdxν

cf. Pythagorean theorem

s2 = x2 + y2

y

x

s

Metric
Fundamental variable in GR

•Spacetime controls matter’s motion/dynamics. 
Matter bends spacetime.

<latexit sha1_base64="bQc0uDfXJETTC+a0/SdQZd+7VV0="></latexit>

Gµν =
8πG

c4
TµνEinstein equation

 : Einstein tensor

 : matter’s energy-momentum tensor

Gμν

Tμν



Linearized Einstein equation
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<latexit sha1_base64="bQc0uDfXJETTC+a0/SdQZd+7VV0="></latexit>

Gµν =
8πG

c4
Tµν

<latexit sha1_base64="OlcDpfeci0Cb486iaKrEolpp+d8="></latexit>

gµν = ηµν + hµν , |hµν | ! 1

Perturbation on flat (Minkowski) spacetime • Expand the Einstein equation up to 1st order of h 

Einstein equation

Linearized Einstein equation <latexit sha1_base64="kwClTz42rs4zWXWbNqrrRpCB2NA="></latexit>

ψµν := hµν − 1

2
hηµν<latexit sha1_base64="Rupb0OobYkjF0vY5pZmliwziOyY="></latexit>

⇤ψµν + ηµν∂
ρ∂σψρσ − ∂µ∂

ρψρν − ∂ν∂
ρψµρ = −16πG

c4
Tµν <latexit sha1_base64="qRuHF5ELI5VxuDlRHRHPkM9mC6E="></latexit>

⇤ := − 1

c2
∂

∂t2
+∇2



Lorentz gauge

• GR has general covariance: invariant under general coordinate transformations.

• You can choose gauge. Here, we apply the Lorentz gauge
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<latexit sha1_base64="M0DfVRs4pmTp3kDtFoo8GegipVA="></latexit>

⇤ψµν = −16πG

c4
Tµν

Linearized Einstein equation with Lorentz gauge

<latexit sha1_base64="MNPIW6cPYpJg9okGE3MOOXd1qrM="></latexit>

∂µψµν = 0



Transverse-Traceless (TT) gauge

• Consider the propagation of the perturbation (= gravitational waves)

• Lorentz gauge does not completely fix the gauge, so you can put an additional gauge.

• Transverse 

• Traceless
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<latexit sha1_base64="1mFlp45JmBKWiCZHk7GkoPUGX/c="></latexit>⇤ψµν = 0

<latexit sha1_base64="rk3ii2rYml7/Mq0Z0o62nQ8d2AM="></latexit>

ηµνψµν = 0

<latexit sha1_base64="y/9ysAM2JBzPXtdHzlB8JV4Vnh8="></latexit>

∂iψ0i = ∂ih0i = 0

<latexit sha1_base64="GOB7eyi/IM1CFEIA8/M37nBIfVY="></latexit>

⇤hTT
ij = 0

Linearized Einstein equation with TT gauge
<latexit sha1_base64="HCyLgoULoKLwR0tTy9ZJKSAjLgo="></latexit>

hTT
00 = hTT

0i = 0



How many modes does GW have?

• e.g., Plane wave propagating along with z-axis

• TT gauge condition => 
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GW has 2 (tensor) modes. / Gravity has 2 dof.

<latexit sha1_base64="jjRu7ogNK6/JSG/4rI+jivq/CMU="></latexit>

Aiz = 0 , Axx +Ayy = 0

<latexit sha1_base64="GeFRrQcfrhTCqrnGO6Ko78aESKQ="></latexit>

hTT
ij = Aije

−i(ωt−kz)

<latexit sha1_base64="Fzfvwlr+RxdF5mL2c+C713UwLeg="></latexit>

hTT
ij =




h+ h× 0
h× −h+ 0
0 0 0





ij

× e−i(ωt−kz)



Propagation of Gravitational waves
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Fig. 2 Schematic deformations produced on a ring of freely-falling particles by gravitational waves that
are linear polarized in the “+” (“plus”) and “×” (“cross”) modes. The continuous lines and the dark filled
dots show the positions of the particles at different times, while the dashed lines and the open dots show
the unperturbed positions

Fig. 3 Schematic deformations produced on a ring of freely-falling particles by gravitational waves that
are circularly polarized in the R (clockwise) and L (counter-clockwise) modes. The continuous lines and
the dark filled dots show the positions of the particles at different times, while the dashed lines and the open
dots show the unperturbed positions

and with eL the circular polarization that rotates counter-clockwise (see Fig. 3)

eL := e+ − ie×√
2

. (39)

The deformations that are associated to these two modes of circular polarization
are shown in Fig. 3.

2.3 The quadrupole formula

The quadrupole formula and its domain of applicability were mentioned in Sect. 1,
and some examples of its use in a numerical simulation are presented in Sect. 8. In
practice, the quadrupole formula represents a low-velocity, weak-field approximation
to measure the gravitational-wave emission within a purely Newtonian description of
gravity.3 In practice, the formula is employed in those numerical simulations that either

3 Of course no gravitational waves are present in Newton’s theory of gravity and the formula merely
estimates the time variations of the quadrupole moment of a given distribution of matter.

123

Fig. Bishop & Rezzola, Living Rev Relativ 19:2 (2016)



Generation of GWs

• TT gauge condition

• Distant source, slow-motion approximation
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<latexit sha1_base64="M0DfVRs4pmTp3kDtFoo8GegipVA="></latexit>

⇤ψµν = −16πG

c4
TµνWave equation with source term

Source

Observer

D L

λ
λ, L ≪ D

Multipole expansion



Generation of GWs
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Quadrupole formula

<latexit sha1_base64="M0DfVRs4pmTp3kDtFoo8GegipVA="></latexit>

⇤ψµν = −16πG

c4
Tµν

<latexit sha1_base64="2ZwGZ8Ya1js7sB9KcqvVhZrNfWA="></latexit>

Qij =

Z
ρ · (xixj −

1

3
x2δij)dx

<latexit sha1_base64="u0D8hVQrg0qMDEZH4tEU5P3zGBs="></latexit>

hTT
ij (t,x) =

1

D

2G

c4
d2

dt2
Qij(t−D/c)

• Solve the wave equation

• Taking the leading term of the multipole expansion.

cf., Electromagnetic waves

The leading term is dipole radiation.



Comparison with electromagnetic waves

13

GWs EM waves

Equation

Lorentz gauge

Leading term
of multipole expansion quadrupole dipole

Degree of freedom 2 polarization, transverse 2 polarization, transverse

<latexit sha1_base64="M0DfVRs4pmTp3kDtFoo8GegipVA="></latexit>

⇤ψµν = −16πG

c4
Tµν

<latexit sha1_base64="gLxP8vEkhZoOEq7NH3FxkCEYRl4="></latexit>⇤Aµ = jµ

<latexit sha1_base64="MNPIW6cPYpJg9okGE3MOOXd1qrM="></latexit>

∂µψµν = 0
<latexit sha1_base64="+prekm3qVKkNn0S4nNkPeG/DxgQ="></latexit>

∂µAµ = 0



GW Science

• Astrophysics

‣ Properties of compact objects (interior of 
NS, population, etc.)

‣ Origin/mechanism of high-energy 
phenomenon

‣ Multi-messenger observations

• Test of GR

• Cosmological implications

Credit: Casey Reed/Penn State University

Continuous waves
Credit: NASA

Burst

Stochastic background
Credit: ESA

Compact binaries

Credit: SXS project
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Laser interferometer as GW detectors
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a consortium of European national agencies, as well as 
NASA. It convincingly demonstrated some of the key 
performance requirements for the full LISA mission, 
most notably the displacement sensitivity and control 
of spurious acceleration noise required for LISA. More 
on LISA science is presented in the next section, whereas 
the LISA and LPF detector technology is discussed in 
detail in the last section.

PTAs
Pulsar timing arrays (PTAs)64–67 explore the nano-
hertz portion of the GW spectrum ranging from  
10−9 to 10−6 Hz. Rather than using laser light to meas-
ure variations in detector length as ground- based and 
space- based detectors do, a PTA measures variations in 
the radio frequency pulse arrival times at the Earth from 
an array of millisecond pulsars68,69 (FIG. 6).

Pulsars are rotating neutron stars that act like cos-
mic lighthouses, appearing as periodic pulsating radio 
sources. Because millisecond pulsars, pulsars with peri-
ods between roughly 1.4 and 30 ms, possess rotational 
stabilities comparable with the best atomic clocks, they 
are ideal timing sources. Once effects such as rotational 
spin- down, astrometric position and motion, and orbital 
effects from binary companions are accounted for, the 
pulse arrival times can be precisely modelled and pre-
dicted to fractions of a microsecond for up to decades 
into the future70, and variations arising from GW pertur-
bations can be measured. Distortions in the spacetime 
around Earth or the pulsars will produce systematics 
in timing residuals (deviations of the measured pulse 
arrival times relative to the predicted arrival times), 
and, crucially, spatially correlated systematics in the 
timing residuals of the array of pulsars across the sky71. 
A GW emitted from a single binary system passing the 
pulsar- Earth system will cause two frequency compo-
nents in the time series of the timing residuals: one from 
the spacetime variations at the pulsar (‘pulsar term’), the 
other from variations at the Earth (‘Earth term’), with 
different frequencies resulting from changes in the 
orbital frequency of the emitting source during the time 
it takes for the radio pulses to travel to the Earth. The top 
panel of FIG. 7 shows the expected detection in the form 
of the Hellings and Downs curve, the correlated response of 
a pair of pulsar- Earth baselines to a stochastic GW back-
ground averaged over all sky positions and polarizations 

as a function of the angle between the pulsar pair- Earth 
baselines71.

Pulsars are observed at monthly or more rapid 
cadences in order to sample and measure changing pro-
perties, such as the position of the pulsar (that is, proper 
motion) and varying dispersion due to the interstellar 
medium. In addition, they must be observed for roughly 
one half- hour per observation to average over enough 
of the pulses to mitigate the effects of jitter induced by 
astrophysical and receiver noise. The observations them-
selves cover very wide bandwidths (>GHz) or occur 
near- simultaneously at multiple radio frequencies in 
order to correct for the effects of interstellar dispersion. 
Pulsar timing instruments must have fine frequency 
reso lution (~1 MHz) to correct for these effects, coupled 
with high time resolution in order to sufficiently sample 
the roughly millisecond- wide radio pulses.

As each pulsar needs to be timed for about a year 
(equivalent to one Earth orbit) to be properly localized 
and understood, PTA experiments must have years- long 
durations. In practice, the lower end of the frequency 
window is given by the length of the data set (currently 
about 1 nHz), whereas the upper end is given by the 
cadence of the timing observations (currently about 
1 μHz). Timing residual amplitudes of about 100 ns or 
less are resolved for the best timed millisecond pulsars.

Today, there are three major PTAs: the Parkes PTA72 
in Australia, the European PTA Consortium65 and the 
NANOGrav73 consortium in North America. These 
arrays regularly achieve sub- microsecond timing on 
over 100 millisecond pulsars (MSPs), which collec-
tively form the International Pulsar Timing Array74 
(IPTA). PTA science is often sensitivity- limited, and 
many of the MSPs being discovered in recent sur-
veys have flux densities that often require hour- long 
observations with 100- m class (or larger) telescopes 
to achieve the requisite sub- microsecond timing. The 
Five- hundred- meter Aperture Spherical Telescope 
(FAST) (500 m diameter) and MeerKAT (64 antennas ×  
13.7 m diameter) telescopes have been commissioned, 
and are now commencing regular MSP timing, joining 
many existing 64–100- m class facilities in the Northern 
Hemisphere, and the Parkes 64- m telescope in the 
Southern Hemisphere. FIGURE 7 illustrates the radio 
telescopes used for pulsar timing experiments around 
the globe. NANOGrav has used two telescopes — the  
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Fig. 3 | The concept of a simple laser interferometer gravitational- wave detector. A gravitational- wave (GW) strain 
shortens one arm while lengthening the other as it passes the detector, resulting in a slight difference in round- trip travel 
time for the laser light. This, in turn, leads to a phase shift of the light in one arm of the detector relative to the other, 
creating a change in light intensity at the photodetector. The time- dependent intensity recorded by the photodetector 
produces a reconstruction of the propagating GW.

Timing residuals
Deviations of the measured 
pulsar pulse arrival times 
relative to the modelled arrival 
times based on the known 
physics of pulsar emissions.

Hellings and Downs curve
The predicted angular 
correlation of the timing 
residuals of an ensemble of 
independent pairs of pulsars  
as seen from Earth resulting 
from the presence of a 
gravitational- wave background.

www.nature.com/natrevphys

ROADMAP
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Fig. Bailes et al., Nature Reviews Physics 3, 344 (2021)
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Detector noise

• Detectors are contaminated by 
various noise (seismic, laser 
frequency, thermal, etc.)

• Power Spectral Density (PSD)

• Current ground-based 
detectors are sensitive to 
10~1000 Hz GWs.

18
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Continuous gravitational 
waves
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• CW = Continuous Waves = long-duration, quasi-monochromatic GWs

• Rotating neutron stars, pulsars

- “mountain”, r-mode, pulsar glitches, BNS remnants, X-ray binaries

- Probing EOS of nuclear matter, dark population of NSs

• Exotic sources

- Boson cloud around rotating BHs

- Planetary-mass PBH binary inspirals

- Dark matter direct interaction

consequent small backreaction effects. For this reason, the BH geometry is very well
described by the Kerr metric, even in the presence of massive bosonic clouds.

2. Bosonic clouds around BHs: a quasi-adiabatic approximation

For concreteness—and also because it is where most of the work on BH superradiance is
framed—we focus on the action for a minimally coupled massive scalar field, which can be
either real or complex (we use Planck units):

S x g
R

gd
16

1
2 2

* , (1)4
,
*

,

2⎛
⎝⎜

⎞
⎠⎟∫ π Ψ Ψ μ Ψ Ψ= − − −μν

μ ν

although the qualitative aspects of our analysis are valid also for other massive bosonic
fields4. The resulting field equations are 2� � Ψ μ Ψ=μ μ and G T8π=μν μν with

( )T g* 1
2

* . (2),( , )
,
* , 2Ψ Ψ Ψ Ψ μ Ψ Ψ= − +μν μ ν μν
α

α

A full nonlinear evolution of this system in the case of a spinning BH was recently
performed [25]; following the development of the instability is extremely challenging because
of the time scales involved: MBHτ ∼ is the light-crossing time, 1Sτ μ∼ is the typical
oscillation period of the scalar cloud and M M( )9τ μ∼ is the instability time scale in the
small-Mμ limit. In the most favorable case for the instability, 10 S

6τ τ∼ is the minimum
evolution time scale required for the superradiant effects to become noticeable5. Thus, current

Figure 1. Pictorial description of a bosonic cloud around a spinning BH in a realistic
astrophysical environment. The BH loses energy ES and angular momentum LS through
superradiant extraction of scalar waves and emission of GWs, while accreting gas from
the disk, which transports energy EACC and angular momentum LACC. Notice that
accreting material is basically in free fall after it reaches the innermost stable circular
orbit. The cloud is localized at a distance M M1 22μ∼ > .

4 Here we neglect possible scalar self-interactions beyond the mass term. Nonlinearities can give rise to interesting
effects, for example a condensate of axion-like particles governed by a sine-Gordon potential
V f f( ) [1 cos ( )]a a

2 2Ψ μ Ψ= − would collapse and produce a ‘bosenova’ explosion when M f m M1600( )S a P
2≈

[31, 36], where fa is a model-dependent decay constant and mP is the Planck mass.
5 The minimum instability time scale corresponds to M 0.42μ ∼ (see e.g. [19]). Although this value is beyond the
analytical, small-Mμ approximation, the numerical result is in good agreement with an extrapolation of the analytical
formula [23].

Class. Quantum Grav. 32 (2015) 134001 R Brito et al

3

CW sources

Brito et al., Class. Quantum Grav. 32, 134001 (2015)

K. Gill
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GWs from pulsars
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CHAPTER 2. GRAVITATIONAL WAVES

Figure 2.3: The P -Ṗ plot of the pulsars. From this figure, we can roughly classify all pulsars
into three types, 1) normal pulsars, 2) millisecond pulsars, and 3) magnetars. Possible
sources of gravitational waves that can be detected by the ground-based detectors are
millisecond pulsars, which have a period ⇠ O(10

�2
)sec. The pulsar catalog is obtained from

ATNF catalog. (https://www.atnf.csiro.au/research/pulsar/psrcat/) The figure is
plotted with the module psrqpy and slightly modified.

• “Mountain” on neutron stars. If there is a mountain on the neutron star, it can
produce quadrupole moment. The ellipticity ✏ is estimated by

✏ . 2⇥ 10
�5

⇣
ubreak

0.1

⌘
,

where ubreak is the crustal breaking strain.

• Magnetic fields. Neutron stars are believed to have strong magnetic field. It causes
the deformation of neutron stars. For the case of toroidal magnetic field, the ellipticity
can achieve

✏ ⇠ 3⇥ 10
�11

✓
RNS

10km

◆4 ✓
MNS

1.4M�

◆�2 ✓
B

1012G

◆2

.

21

https://www.atnf.csiro.au/research/pulsar/psrcat/

Plotted by psrqpy

h0 ' 10
�26

✓
Qz

1.1⇥ 1045 g cm2

◆✓
r

1kpc

◆�1

⇥
✓

fgw
100 Hz

◆2 ⇣ ✏

10�6

⌘

<latexit sha1_base64="oJWWk/N32N3GicMCvmqrI6wkTeQ="></latexit>

CHAPTER 2. GRAVITATIONAL WAVES

Figure 2.1: The schematic picture of a rotating triaxial ellipsoid. The coordinate {x0
, y

0
, z

0
}

is the co-rotating frame where the ellipsoid is at rest. Also, each axis of the co-rotating
frame coincides with each principal axis of inertia. The ellipsoid rotates around the z

0-axis
with the angular frequency ⌦.

Using the matrix

Rij(t) =

0

@
cos⌦t � sin⌦t 0

sin⌦t cos⌦t 0

0 0 1

1

A , (2.69)

we obtain the quadrupole moment in the laboratory frame as

Qij(t) = Rik(t)Rj`(t)Q
0
k` . (2.70)

Because of the quadrupole formula, the gravitational waves from rotating triaxial unequal
ellipsoid can be calculated as

h+(t) =
1

r

G

c4
4⌦

2
(Qy �Qx) cos 2⌦t̃ , (2.71)

h⇥(t) =
1

r

G

c4
4⌦

2
(Qy �Qx) sin 2⌦t̃ , (2.72)

with the retarded time t̃ defined by

t̃ := t�
r

c
. (2.73)

The ellipticity ✏ is defined by

✏ :=
Qy �Qx

Qz
, (2.74)

17

ellipticity

Qx, Qy, Qz: NS’s moment of inertia

Rough estimation

https://www.atnf.csiro.au/research/pulsar/psrcat/


Waveform model of CGWs

Two polarizaion of GWs
<latexit sha1_base64="U9ndp2zpGNOE8fATPXBqLxFU5nQ="></latexit>

h+(⌧) = h0 cos[�(⌧) + �0], h⇥(⌧) = h0 sin[�(⌧) + �0]

Phase of GWs

<latexit sha1_base64="vPGIz84Z3w2V1vcR3g8JfXVWoDQ="></latexit>

f (k) :=
dkf

d⌧k

<latexit sha1_base64="4rDhR8+iRzPyCy7ygGovqlC5uVI="></latexit>

�(⌧) = 2⇡
sX

k=0

f (k)

(k + 1)!
(⌧ � ⌧ref)

k+1

Frequency parameters

At emission, the model of CGWs is simpler than those of CBCs.

Detector motion makes it complicated.

in source frame
τ : time when wavefront reaches at SSB (solar system barycenter)

22



Waveform model of CGWs

3. Doppler modulation due to the detector motion

in detector frame

<latexit sha1_base64="jlOLRW62HxXz02Da0Do3em9y+Vk="></latexit>

⌧ = t� r(t) · n(↵, �)
c

τ : SSB time,  t : detector time

r(t) : detector location with respect to SSB

n(α, δ) : unit vector pointing from SSB to the source

2. Detector’s antenna patterns
<latexit sha1_base64="+MmW/Q1Bs8xMB2LS/bYPVeMn6Tg="></latexit>

F+(t;↵, �, ) = sin ⇣ [a(t;↵, �) cos(2 ) + b(t;↵, �) sin(2 )]

F⇥(t;↵, �, ) = sin ⇣ [b(t;↵, �) cos(2 )� a(t;↵, �) sin(2 )]

What we will observe is
<latexit sha1_base64="S2S6g+qb6cRL7AjtqTVIN8I8bqs="></latexit>

h(t) = F+(t;↵, �, )h0
1 + cos2 ◆

2
cos [�(t) + �0] + F⇥(t;↵, �, )h0 cos ◆ sin [�(t) + �0]

ψ : polarization

ζ : Angle btw arms, π / 2 for LVK

1. Inclination angle
<latexit sha1_base64="FJQmliwsgYHMrZWqojCgUNuqxdA="></latexit>

h+ ! h0
1 + cos2 ◆

2
, h⇥ ! h0 cos ◆Amplitudes of +, x modes
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Frequency modulation

Figure 5: Typical modulations of the CW signal frequency for an
isolated neutron star as a function of time. Top: daily modulation
(blue) due to the rotation of the Earth. Middle: yearly modulation
(red) due to the orbit of the Earth. Bottom: long-term decrease
(yellow) due to the spindown of the star.

For isolated stars, �R(tNS) = 0 and Eq. (47) gives tNS

directly in terms of functions of tdet; otherwise, Eq. (47)
must be numerically inverted to determine the function
tNS(tdet). Finally, the CW phase is

�(tdet) = 2⇡

smaxX

s=0

f
(s) tNS(tdet)

s+1

(s+ 1)!
. (48)

Figure 5 illustrates the typical timescales of modula-
tions for the CW phase of an isolated star. On timescales
of a day, the dominant modulation is from Doppler modu-
lation due to the Earth’s sidereal rotation. Over the course
of a year, the dominant modulation is Doppler modulation
due to the Earth’s orbit. And over many years of obser-
vation, we expect a steady spindown in frequency as the
neutron star loses energy.

2.2.5. Approximate phase
While the full phase expression of Eq. (48) is required

to accurately track the CW phase over long observation
times, it is often useful (see e.g. Sec. 4.2) to consider a
simpler, approximate form of the phase [23, 85, 93].

We first discard the Einstein and Shapiro delay terms
�E�(tdet),�S�(tdet), as they are always small compared
to the other terms in Eq. (47). We then expand Eq. (48),
and discard any terms of order f

(s)
t
s�n+1

NS
�

n
R···, where

n > 1, and �R··· is any of the Rømer delay terms. This is
because, over the time-span of an observation T , f (s) typ-
ically scales with T

�s�1, ts�n+1

NS
scales with T

s�n+1, but

the oscillatory Rømer terms remain of order unity. Terms
of order f

(s)
t
s�n+1

NS
�

n
R···, therefore, scale as T

�n, and are
small enough to be neglected when n > 1. Finally, if
�R(tNS) is present, we assume that the orbital motion is
slow compared to gravitational wave transit time across
the orbit, and we can therefore approximate �R(tNS) ⇡

�R(tdet). Applying these approximations yields:

�(tdet) ⇡ 2⇡

smaxX

s=0

f
(s)

⇢
(tdet � t0)

s+1

(s+ 1)!

+
(tdet � t0)

s

s!

h
�R�(tdet)��R(tdet)

i� (49)

= 2⇡f(tdet � t0)

h
�R�(tdet)��R(tdet)

i

+ 2⇡


ftdet +

1

2
ḟ t

2

det
+

1

6
f̈ t

3

det
+ . . .

�
.

(50)

In Eq. (50), the instantaneous frequency f(tdet � t0) is
usually replaced by a constant fmax, the maximum fre-
quency of the signal over the observation, thereby giving
the maximum modulation from the Rømer terms.

3. Challenges of continuous wave searches

The fundamental challenge of CW searches lies in ex-
tracting a very weak signal from comparatively noisy data.
While gravitational wave signals from the mergers of bi-
nary black holes and neutron star are strong enough to, on
occasion, be discernible to the naked eye [e.g. 7, 94], CW
signals are comparatively much weaker. We must there-
fore apply data analysis techniques to the data. All such
techniques rely on the idea of matched filtering : we formu-
late a model for the CW signal (Sec. 2), apply that model
to the data, and compute a detection statistic which tells
us which of two hypotheses are favoured: the signal hy-
pothesis, that the data contains a CW signal matching our
model; or the noise hypothesis, that it does not.

A first challenge is breaking the following circular de-
pendency: how we can detect an unknown CW signal,
when we must first know its model parameters, in order to
apply the model to the data, in order to detect the signal
in the first place? It is here that the distinction between
amplitude and phase parameters made in Sec. 2 becomes
important. To see why, we first express the detector re-
sponse functions F+(t), F⇥(t) using two new functions6,
a(t) and b(t) [23]:

F+(t) = a(t) cos 2 + b(t) sin 2 ,

F⇥(t) = b(t) cos 2 � a(t) sin 2 .
(51)

By combining Eqs. (1), (4), (5) and (51), we see that the
component h

2m
(t) of h(t) associated with each harmonic

6Note that, in contract to the definitions given in [23], I have
absorbed the factor of sin ⇣ into the definitions a(t), b(t).

10

Wette, 2305.07106
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• CW detection is challenging.

- Amplitude is quite small ~ O(10-26)

- Need to integrate O(yr) data

- Large parameter space

- # of templates can be O(1018)

• Various types of search pipelines

- Targeted searches known [f(0), {f(k)}, loc]

- Directed searches known location

- All-sky searches Unknown sources

CW searches

Fig. Sieniawska & Bejger, Universe 5(11), 217 (2019)

Web app “The CW Vista” by K. Wette
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https://cw-vista.streamlit.app/


Difficulties in CGW searches
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• Non-Gaussian detector noise
There are two types of non-Gaussian detector noise; glitches and lines. They can 
affect the sensitivity by increasing the false-alarm rate and elevating the noise PSD. 

• Computational cost
Due to the long duration and the detector motion, CGW searches are quite 
sensitive to the small difference in the signal parameters. It leads to heavy 
computational cost.



Glitches
Glitches
= burst-like disturbances

Unlike CBC searches, glitches cannot be 
the sources of confusion with CGWs.

But, it affects the estimation of PSD by 
increasing noise floor.

27



Instrumental lines
Instrumental lines
= narrow band, persistent artifacts

Sources:
• 60Hz power line harmonics,
• Violin modes of suspension
• Environmental disturbances, etc…

Instrumental lines can degrade the CW 
search sensitivity because they share the 
similar features with CGWs leading the 
increase of the false-alarm rate. Also, lines 
much affect on the PSD estimation.

Fig: https://gwosc.org/O3/o3speclines/
28



Tobs dependency of computational cost
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Resolutions
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Volume of the parameter space each grid covers ΔVgrid ~ (Tobs)-5 
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Long observational time leads to the rapid increase of the 
computational cost.
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Semi-coherent searches
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• Coherently processing entire observational data is not feasible. So, we divide it into 
short segments, process each segment coherently, and integrate them.           
Typically, Tcoh = 1800 sec. But, it can be longer.

• The sensitivity is degraded comparing with the fully-coherent search. But, with the 
computational resource limitation, semi-coherent searches show better sensitivity 
than the coherent searches.

• Each algorithm returns candidates which satisfies the criteria and is followed by the 
follow-up search to confirm whether the candidates are astrophysical signals or 
detector artifacts.



Search pipelines employed in O3 all-sky searches
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• Time-domain F-statistic

Maximum likelihood based approach.

• Frequency Hough, sky Hough

Hough transform. Frequency Hough makes Hough map in (f(0), f(1)) plane while sky Hough makes it in (α, δ) 
plane.

• PowerFlux

Adding SFT powers normalized by noise PSD and antenna pattern functions.

• SOAP-CNN

Combining Viterbi algorithm, machine learning technique to find the likely frequency track, and a 
convolutional neural network.

LVK collaboration, arXiv:2201.00697



F-statistic
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reference

Jaranowski, Królak, and Schutz, Phys.Rev.D58, 063001 (1998)



Multi-variate Gaussian distribution

•Multi-dimensional random variable 

•Gaussian distribution

•
•  is a covariance matrix 

n = (n1, n2, ⋯, nd)

p(n) ∝ exp [−
1
2

ni(C−1)ijnj] , (i, j = 1,2,⋯, d)

C

33



Notation s(t): strain data, h(t): GW waveform, n(t): detector noise  n = s + h

Assumption: detector noise is stationary and Gaussian with zero mean

Matched filter

34

Likelihood of s(t) 
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P (s|0) / exp


�1

2
(s|s)

�

2

We use λ to denote a set of the intrinsic parameters.

λ =
{
f0, ḟ , f̈ , · · · ,α, δ, θorb

}
, (11)

where θorb is the orbital parameters of the binary.
The detector output is

s(t) = n(t) + h(t;A,λ) = n(t) +Aµhµ(t;λs) , (12)

where n is the detector noise and the subscript s means the quantities related to the CGW source. Here, we use the
Einstein’s notation of summation. We omit the time t from the argument.

The detector noise is assumed to be Gaussian. Therefore, the likelihood of s with the null hypothesis (e.g., the
detector strain does not contain the GW signal) can be written as

P (s|0) ∝ exp

[
−1

2
(s|s)

]
, (13)

where

(a|b) = 2

∫ ∞

−∞
df

ã(f)b̃∗(f)

Sn(f)
. (14)

The second argument of 0 means the null hypothesis. Under the hypothesis in which the CGW h(t;A,λ) presents,
the likelihood of s can be written as

P (s|h) ∝ exp

[
−1

2
(s− h|s− h)

]
= exp

[
−1

2
(s|s) + (s|h)− 1

2
(h|h)

]
(15)

When we assume the template h(t;A,λ), the log-likelihood ratio is

lnΛ(A,λ) = ln
P (s|h)
P (s|0) = (s|h)− 1

2
(h|h) = Aµxµ − 1

2
AµMµνAν , (16)

where

xµ := (s|hµ) , Mµν := (hµ|hν) . (17)

We can maximize the likelihood ratio over the amplitude parameters A by analytical manner.

0 =
∂

∂Aα
lnΛ

∣∣∣∣
Â
= xα −MαµÂµ , (18)

where we use the symmetry Mµν = Mνµ. Then, we get the optimal values Â by

Âµ = Mµαxα , (19)

where Mµν is the inverse matrix of Mµν . We substitute Â into the log likelihood ratio, then we get

lnΛ(A = Â,λ) = xµMµνxν − 1

2
xαMµαMµνMνβxβ =

1

2
xµMµνxν . (20)

We define the F-statistic by

2F(s;λ) := xµMµνxν , (21)

This is nothing but the log likelihood ratio optimized over the amplitude parameters.
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noise-weighted inner product

noise power spectral density (PSD)

in the absence of signal
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Difficulties in matched filtering

• Waveform model depends on various parameters

• You need to calculate matched filter SNR for every points in the parameter space

• The number of parameters is ~10, leading to the search over ~ 10 dimensional parameter 
space. This is a time-consuming task.
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Rewrite signal model

36

• Parameters = { f(0),  {f(k)},  α,  δ,  h0,  ι,  ψ,  Φ0 }

Frequency evolution Amplitude
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Antenna pattern functions

7+s parameters are too heavy.
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F-statistic = likelihood ratio maximized over Aμ

37

Likelihood ratio can be rewritten by

Easily maximized over {Aμ}
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ln⇤ = Aµxµ � 1

2
AµMµ⌫A⌫ <latexit sha1_base64="xZUiyTahP1pWsO8e8qjdVVKT6L0="></latexit>

xµ = (s|hµ), Mµ⌫ = (hµ|h⌫)with
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2F := max
A

[ln⇤] = xµMµ⌫x⌫

: inverse matrix of 
<latexit sha1_base64="B18ttJMh+wrxIFoAysT30jvENRs="></latexit>

Mµ⌫ <latexit sha1_base64="oaE9A7Ok+VQbn2rjd8lhX9aaVCY="></latexit>

Mµ⌫

F-statistic 

Depending only on {f(0), {f(k)}, α, δ}

Using F-statistic, we can reduce the dimension of the parameter space by 4.



Statistics of F-statistic
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4F-statistic

In the absence of signal, 2F follows χ2 distribution with 4 d.o.f

If signal exists, 2F follows non-central χ2 distribution

with 4 d.o.f and non-centrality of (h|h)
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Semi-coherent F-statistc
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Divide data into N segments and sum all F-statistics over all segments

In the absence of signal, 2F follows χ2 distribution with 4N d.o.f

If signal exists, 2F follows non-central χ2 distribution

with 4N d.o.f and non-centrality of (h|h)

This is an another explanation why semi-coherent search lose sensitivity.
But, under the limit of computational resources, it is not the case.
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Frequency Hough
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reference

Antonucci et al., Class.Quant.Grav.25:184015,2008 (2008)

Astone et al., Phys.Rev.D90, 042004 (2014)



Peak map
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First of all, we make a periodogram and normalize it by noise PSD.

A pixel of the normalized periodogram is classified as a peak if a pixel satisfies two criteria:

(1) the power exceeds the given threshold, and (2) it is a local maxima.

Each pixel in a peak map has a value {0, 1}.

(Only noise)

Normalized power

for one SFT segment

Peak map

Yellow: 1

Purple: 0



Hough transform
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Assuming the relation between the input plane M and the parameter space Σ,

Hough transform converts each point in M into a set of points in Σ.

If a point in Σ is consistent to a point in M, it is incremented by one.

general procedure is essentially the same as in the dis-
crete case and is depicted schematically in Fig. 4: we look
for pixels in parameter space which are consistent with
the observations. There is, however, one technical differ-
ence, namely, since each observation is an extended re-
gion in M, the points in parameter space consistent with
this observation do not constitute a sharp hypersurface
Ui. Each pixel instead gives a region ~Ui bounded by two
such hypersurfaces. Given such a region, we can then
select pixels in parameter space. Since a pixel in parame-
ter space might intersect more than one ~Ui, we need an
unambiguous criterion to select pixels in parameter space
in order to ensure that each pixel gets selected at most
once by an observation. Given such a criterion, we can
continue the earlier strategy and construct a histogram in
parameter space by assigning a number count to each
pixel in parameter space. The pixel with the largest num-
ber count is our best candidate for a detection.

IV. THE HOUGH TRANSFORM WITH
NONDEMODULATED DATA

The steps involved in a single incoherent stage of the
search are outlined in Fig. 5. In this search, one starts by
breaking up the input data of duration Tobs into N seg-
ments each with a duration of Tcoh, which would be equal
to Tobs=N if there were no gaps in the data. Except for
precisely two exceptions, namely, Eqs. (5.35) and (6.41),
all the equations in this paper will be valid even in the
presence of gaps; we shall not assume Tcoh ! Tobs=N.
This is important because in practice, the real data stream
will inevitably have gaps in it representing times when the
detector is not in lock or the data is not reliable.

The next step is to compute the Fourier transform of
each data segment to obtain N SFTs. Select frequency
bins in each SFT by setting a threshold on the normalized
power spectrum. This produces a distribution of points in
the time-frequency plane —the manifold M—most of
which are noise but some excess of which are hopefully
present along one or more signal patterns given by

Eq. (2.4). Having selected points in the time-frequency
plane, go through the Hough transform algorithm to
obtain the Hough map, i.e., the histogram, in parameter
space !. The details follow.

A. Notation and conventions

We assume that the N different data segments have the
same time duration. Label the different segments by a !
0; 1 . . . "N # 1$ and denote the start time of each segment
by ta which will often be called the time stamp of the ath

data segment. Let each segment consist of M data points.
Let us now focus on the ath data segment which covers

the time interval %ta; ta & Tcoh'. Let x"t$ be the de-
tector output which is sampled at times tj ! ta & j"t
with j ! 0; 1; . . . "M# 1$. Here the data segment has
been subdivided into M subsegments with the times tj
defined to be at the start of each subsegment; this implies

Hough
transform

Σ M

FIG. 4 (color online). A schematic view of the Hough trans-
form for the discrete case. An observation consists of a pixel in
M which goes over to the region enclosed between the dotted
lines under the Hough transform. This in turn leads to a
selection of pixels in parameter space. The shaded pixels are
the ones which get selected and are the ones consistent with the
observation.

Break up data into 
smaller segments

Compute normalized
power−spectrum for

each segment

Select frequency bins

Perform the Hough
transform

Select candidates
to be followed up

FIG. 5. A single stage of a hierarchical continuous wave
search involving the Hough transform. The starting point is
to break up the data with total observation time Tobs into N
segments and to compute the Fourier transform of each seg-
ment. The next step is to select frequency bins from each SFT
by setting a threshold on the normalized power spectrum and
use the selected frequency bins to construct a Hough map. The
output is then a set of candidates in parameter space obtained
by setting a threshold on the Hough number count.

BADRI KRISHNAN et al. PHYSICAL REVIEW D 70 082001

082001-6

Fig: Krishnan et al., PRD70, 082001

Parameter space Peak map

For each grid in Σ, 
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Example: linear function + noise
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Data {(xi, yi)} (i=1,2,…,100),    yi = 1.0 * xi + 0.5 + ni,    ni ~ N(0,0.02)

We assume the model y = a * x + b and estimate (a, b).

Hough map (parameter space) Input plane



Doppler correction for peak map
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For each grid on the sky, we shift the peak map to demodulate the frequency and 
make a Hough map. Therefore, we have a Hough map for each grid on the sky.

Doppler correction



Hough map
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After the Doppler correction

Accounting the frequency resolution, each peak is transformed into a stripe in 
parameter space.
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general procedure is essentially the same as in the dis-
crete case and is depicted schematically in Fig. 4: we look
for pixels in parameter space which are consistent with
the observations. There is, however, one technical differ-
ence, namely, since each observation is an extended re-
gion in M, the points in parameter space consistent with
this observation do not constitute a sharp hypersurface
Ui. Each pixel instead gives a region ~Ui bounded by two
such hypersurfaces. Given such a region, we can then
select pixels in parameter space. Since a pixel in parame-
ter space might intersect more than one ~Ui, we need an
unambiguous criterion to select pixels in parameter space
in order to ensure that each pixel gets selected at most
once by an observation. Given such a criterion, we can
continue the earlier strategy and construct a histogram in
parameter space by assigning a number count to each
pixel in parameter space. The pixel with the largest num-
ber count is our best candidate for a detection.

IV. THE HOUGH TRANSFORM WITH
NONDEMODULATED DATA

The steps involved in a single incoherent stage of the
search are outlined in Fig. 5. In this search, one starts by
breaking up the input data of duration Tobs into N seg-
ments each with a duration of Tcoh, which would be equal
to Tobs=N if there were no gaps in the data. Except for
precisely two exceptions, namely, Eqs. (5.35) and (6.41),
all the equations in this paper will be valid even in the
presence of gaps; we shall not assume Tcoh ! Tobs=N.
This is important because in practice, the real data stream
will inevitably have gaps in it representing times when the
detector is not in lock or the data is not reliable.

The next step is to compute the Fourier transform of
each data segment to obtain N SFTs. Select frequency
bins in each SFT by setting a threshold on the normalized
power spectrum. This produces a distribution of points in
the time-frequency plane —the manifold M—most of
which are noise but some excess of which are hopefully
present along one or more signal patterns given by

Eq. (2.4). Having selected points in the time-frequency
plane, go through the Hough transform algorithm to
obtain the Hough map, i.e., the histogram, in parameter
space !. The details follow.

A. Notation and conventions

We assume that the N different data segments have the
same time duration. Label the different segments by a !
0; 1 . . . "N # 1$ and denote the start time of each segment
by ta which will often be called the time stamp of the ath

data segment. Let each segment consist of M data points.
Let us now focus on the ath data segment which covers

the time interval %ta; ta & Tcoh'. Let x"t$ be the de-
tector output which is sampled at times tj ! ta & j"t
with j ! 0; 1; . . . "M# 1$. Here the data segment has
been subdivided into M subsegments with the times tj
defined to be at the start of each subsegment; this implies

Hough
transform

Σ M

FIG. 4 (color online). A schematic view of the Hough trans-
form for the discrete case. An observation consists of a pixel in
M which goes over to the region enclosed between the dotted
lines under the Hough transform. This in turn leads to a
selection of pixels in parameter space. The shaded pixels are
the ones which get selected and are the ones consistent with the
observation.

Break up data into 
smaller segments

Compute normalized
power−spectrum for

each segment

Select frequency bins

Perform the Hough
transform

Select candidates
to be followed up

FIG. 5. A single stage of a hierarchical continuous wave
search involving the Hough transform. The starting point is
to break up the data with total observation time Tobs into N
segments and to compute the Fourier transform of each seg-
ment. The next step is to select frequency bins from each SFT
by setting a threshold on the normalized power spectrum and
use the selected frequency bins to construct a Hough map. The
output is then a set of candidates in parameter space obtained
by setting a threshold on the Hough number count.

BADRI KRISHNAN et al. PHYSICAL REVIEW D 70 082001

082001-6

Parameter space (f(0), f(1)) Peak map on (t, f)
For each grid in Σ, 
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Sum is taken over the frequency track

consistent with the grid in Σ.

Calculating n for every grids in Σ, we get a Hough map. Fig: Krishnan et al., PRD70, 082001



LIGO-Virgo-KAGRA 
Observation

46



Fourth observation run (O4)

• O4 started on May 24, 2023

• Divided into three parts: O4a, O4b, O4c

• O4 concluded on November 18, 2025

LIGO

Virgo

KAGRA

From https://observing.docs.ligo.org/plan/ 
with some modifications
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O4a Known pulsar

- Targeting 45 known pulsars

- 5-vector pipeline

- Breaking the spin-down limits for 29 
targets

48
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Figure 2. Upper limits on h0 for the 45 pulsars in this analysis using the time-domain Bayesian method and considering
the single-harmonic emission model. The blue stars show 95% credible upper limits on the amplitudes of h0. Grey triangles
represent the spin-down limits for each pulsar (based on the distance measurement stated in Table 2 and assuming the canonical
moment of inertia). The pink curve gives an estimate of the expected strain sensitivity of both detectors combined during the
course of O4a. The upper limits from the other two pipelines are broadly consistent, as shown in Table 2.
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Figure 3. A histogram of the spin-down ratio considering
the single-harmonic emission model for 45 pulsars from the
Bayesian analysis.

J0540-6919. Similar to O3, for these pulsars we split O4a
data into two segments that exclude from the analysis
the period around [tg-1 d, tg+2 d], with tg the glitch
epoch. The segments are then analyzed independently.
The search did not highlight any statistically signifi-

cant outlier since the measured p-values are well above
the threshold set by a FAP of 10→2 corrected for the trial
factor. In Table 3, we report for each target the lowest
p-value found during the analysis and the threshold.
In the absence of any detections, we have calculated

upper limits at the 95% CL for each of the analyzed
targets. Our results are listed in Table 3 and shown in
Figure 5 comparing them with the expected sensitivity.

5.3. Brans-Dicke theory

Table 4 shows the results for the analyses on 45 pul-
sars using the D-statistic to search for dipole radiation
predicted by Brans-Dicke theory. No outliers have been
found in the analysis and we set upper limits on the ex-

Fig: Upper limit from targeted searches (from arXiv:2501.01495 )
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Figure 4. 95% credible upper limits on ellipticity ω95% and mass quadrupole Q95%
22 for all 45 pulsars using the Bayesian analysis

method and considering the single-harmonic emission model. The upper limits for each pulsar are represented by blue circles
while their spin-down limits are shown as grey triangles. Also included are purple contour lines of equal characteristic age
ε = P/4Ṗ assuming that GW emission alone is causing spin-down. Only the results for pulsars which surpassed their spin-down
are physically meaningful. The histogram on the right shows the distribution of the ellipticities obtained from the results (blue
filled bars) and in the spin-down limit (grey bars).

pected amplitude defined in Equation (7). The upper
limits in brackets shows the results using informative
priors on the polarization parameters for the pulsars in
Table 1.

6. DISCUSSION

In this section, we discuss the results in Table 2.
Motivated by the comparable results among the three
pipelines, we consider the Bayesian pipeline as a refer-
ence. As described in the previous section, we have no
evidence of a CW signal in any of the searches we con-
ducted.
We compare the O4a results with previous targeted

searches by the LVK Collaboration (Abbott et al. 2022,
2020, 2019c, 2017b), considering the first three observing
runs. The ratio between the O4a upper limits on h0 and
C21 and the corresponding upper limits set in previous
searches is shown in Figure 6.
34 pulsars out of the 45 considered targets in Table

2 have been already analyzed in the joint O2 plus O3
analysis (Abbott et al. 2022). Overall the corresponding
upper limits on the GW amplitude are comparable for

the single-harmonic search, with some targets showing
better results in O4a and some targets having worse re-
sults than those in Abbott et al. (2022), see Figure 6.
This is expected since the targeted search sensitivity of
the O2–O3 dataset is comparable to the O4a one, except
at very low frequencies. The targeted search sensitivity
can be expressed in terms of minimum detectable ampli-
tude (D’Onofrio et al. 2024), hmin. For a multi-detector
analysis considering n detectors and averaging over the
sky position and polarization parameters,

hmin → C

√√√√
(

n∑

i=1

Ti

Si

)→1

, (11)

where the factor C ↑ 11 (the exact value depending on
the considered pipeline), while Ti and Si are respectively
the e!ective observation time and the average power
spectral density (PSD) for the i-th detector. For the O4a
targeted search sensitivity (with an observation time of
approximately 1.3↓107 seconds for both detectors), see
the pink curve in Figure 2.

Fig: Constraint on ellipticity (from arXiv:2501.01495 )
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Summary
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Summary

• CGWs will provide us with the fruitful information about 
astrophysics, particle physics, and cosmology.

• Searches for CGWs are challenging due to the 
computational cost and non-Gaussian noise.

• Various semi-coherent searches are employed to detect 
CGWs. F-statistic and Hough transform are powerful 
tools.
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I didn’t talk the following:
• Targeted, narrow band, and directed searches

• Sophisticated techniques (grid placement, hierarchical algorithm, etc) 

• Pre-processing (gating, line cleaning, making SFT database, etc)

• Post-processing (clustering, coincidence, vetos, etc) and follow-up stage

• Many apps in lalsuite

• Machine learning & deep learning approaches
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CHAPTER 2. GRAVITATIONAL WAVES

Figure 2.3: The P -Ṗ plot of the pulsars. From this figure, we can roughly classify all pulsars
into three types, 1) normal pulsars, 2) millisecond pulsars, and 3) magnetars. Possible
sources of gravitational waves that can be detected by the ground-based detectors are
millisecond pulsars, which have a period ⇠ O(10

�2
)sec. The pulsar catalog is obtained from

ATNF catalog. (https://www.atnf.csiro.au/research/pulsar/psrcat/) The figure is
plotted with the module psrqpy and slightly modified.

• “Mountain” on neutron stars. If there is a mountain on the neutron star, it can
produce quadrupole moment. The ellipticity ✏ is estimated by

✏ . 2⇥ 10
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0.1
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,

where ubreak is the crustal breaking strain.

• Magnetic fields. Neutron stars are believed to have strong magnetic field. It causes
the deformation of neutron stars. For the case of toroidal magnetic field, the ellipticity
can achieve
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Figure 2.1: The schematic picture of a rotating triaxial ellipsoid. The coordinate {x0
, y

0
, z

0
}

is the co-rotating frame where the ellipsoid is at rest. Also, each axis of the co-rotating
frame coincides with each principal axis of inertia. The ellipsoid rotates around the z

0-axis
with the angular frequency ⌦.

Using the matrix

Rij(t) =

0

@
cos⌦t � sin⌦t 0

sin⌦t cos⌦t 0

0 0 1

1

A , (2.69)

we obtain the quadrupole moment in the laboratory frame as

Qij(t) = Rik(t)Rj`(t)Q
0
k` . (2.70)

Because of the quadrupole formula, the gravitational waves from rotating triaxial unequal
ellipsoid can be calculated as

h+(t) =
1

r

G

c4
4⌦

2
(Qy �Qx) cos 2⌦t̃ , (2.71)

h⇥(t) =
1

r

G

c4
4⌦

2
(Qy �Qx) sin 2⌦t̃ , (2.72)

with the retarded time t̃ defined by

t̃ := t�
r

c
. (2.73)

The ellipticity ✏ is defined by

✏ :=
Qy �Qx

Qz
, (2.74)

17

ellipticity

current upper lim. ~ 2 x 10-25

ex. Rotating distorted NS
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2.4.2 Axion clouds around black holes
According to the QCD or the string theory, ultra-light bosons can exist in the Universe
while they have not been detected. These bosons are called QCD/string axions. These
scalar fields may extract the energy and the angular momentum from the Kerr black hole
by the superradiance, and the bound state can be formed around the black hole. This
bound state is called “axion cloud”, and the coupled system of the black hole and the
cloud is regarded as the “gravitational atoms”. Because the cloud is formed by a number
of boson particles, the reactions of small event rates can be occurred in the cloud. In
BH-cloud systems, the pair annihilation of two axion particles and the level transition of
the clouds can emit the gravitational waves [36].

The system is characterized by the parameter ↵ which is defined by the ratio of the
Schwarzschild radius of the black hole and the Compton wavelength of the axion, i.e,

↵ :=
RSch

�axion

⇠ 7.5⇥ 10
�2

✓
MBH

10M�

◆⇣
maxion

10�12 eV

⌘
. (2.93)

where MBH is the black hole mass and maxion is the axion mass. The cloud is expected to
emit gravitational waves via various processes. Roughly speaking, the leading order of the
gravitational wave frequency is
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For ↵ ⌧ 1, the luminosity of the gravitaional waves from the axion cloud is estimated by
[37]
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Here, Mcloud is the mass of the axion cloud around the black hole and is estimated by

Mcloud ⇠ ↵MBH . (2.96)

By roughly rewriting Eq. (2.66) as
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the characteristic strain is estimated by
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The duration ⌧GW is estimated by
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Therefore, the gravitational waves lasts much longer than the observation period.
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consequent small backreaction effects. For this reason, the BH geometry is very well
described by the Kerr metric, even in the presence of massive bosonic clouds.

2. Bosonic clouds around BHs: a quasi-adiabatic approximation

For concreteness—and also because it is where most of the work on BH superradiance is
framed—we focus on the action for a minimally coupled massive scalar field, which can be
either real or complex (we use Planck units):

S x g
R

gd
16

1
2 2

* , (1)4
,
*

,

2⎛
⎝⎜

⎞
⎠⎟∫ π Ψ Ψ μ Ψ Ψ= − − −μν

μ ν

although the qualitative aspects of our analysis are valid also for other massive bosonic
fields4. The resulting field equations are 2� � Ψ μ Ψ=μ μ and G T8π=μν μν with

( )T g* 1
2

* . (2),( , )
,
* , 2Ψ Ψ Ψ Ψ μ Ψ Ψ= − +μν μ ν μν
α

α

A full nonlinear evolution of this system in the case of a spinning BH was recently
performed [25]; following the development of the instability is extremely challenging because
of the time scales involved: MBHτ ∼ is the light-crossing time, 1Sτ μ∼ is the typical
oscillation period of the scalar cloud and M M( )9τ μ∼ is the instability time scale in the
small-Mμ limit. In the most favorable case for the instability, 10 S

6τ τ∼ is the minimum
evolution time scale required for the superradiant effects to become noticeable5. Thus, current

Figure 1. Pictorial description of a bosonic cloud around a spinning BH in a realistic
astrophysical environment. The BH loses energy ES and angular momentum LS through
superradiant extraction of scalar waves and emission of GWs, while accreting gas from
the disk, which transports energy EACC and angular momentum LACC. Notice that
accreting material is basically in free fall after it reaches the innermost stable circular
orbit. The cloud is localized at a distance M M1 22μ∼ > .

4 Here we neglect possible scalar self-interactions beyond the mass term. Nonlinearities can give rise to interesting
effects, for example a condensate of axion-like particles governed by a sine-Gordon potential
V f f( ) [1 cos ( )]a a

2 2Ψ μ Ψ= − would collapse and produce a ‘bosenova’ explosion when M f m M1600( )S a P
2≈

[31, 36], where fa is a model-dependent decay constant and mP is the Planck mass.
5 The minimum instability time scale corresponds to M 0.42μ ∼ (see e.g. [19]). Although this value is beyond the
analytical, small-Mμ approximation, the numerical result is in good agreement with an extrapolation of the analytical
formula [23].

Class. Quantum Grav. 32 (2015) 134001 R Brito et al
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2.4.2 Axion clouds around black holes
According to the QCD or the string theory, ultra-light bosons can exist in the Universe
while they have not been detected. These bosons are called QCD/string axions. These
scalar fields may extract the energy and the angular momentum from the Kerr black hole
by the superradiance, and the bound state can be formed around the black hole. This
bound state is called “axion cloud”, and the coupled system of the black hole and the
cloud is regarded as the “gravitational atoms”. Because the cloud is formed by a number
of boson particles, the reactions of small event rates can be occurred in the cloud. In
BH-cloud systems, the pair annihilation of two axion particles and the level transition of
the clouds can emit the gravitational waves [36].

The system is characterized by the parameter ↵ which is defined by the ratio of the
Schwarzschild radius of the black hole and the Compton wavelength of the axion, i.e,
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where MBH is the black hole mass and maxion is the axion mass. The cloud is expected to
emit gravitational waves via various processes. Roughly speaking, the leading order of the
gravitational wave frequency is
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For ↵ ⌧ 1, the luminosity of the gravitaional waves from the axion cloud is estimated by
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Therefore, the gravitational waves lasts much longer than the observation period.
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Sasaki et al., Class. Quantum Grav. 35, 063001 (2018) as a review of PBH

The number of detectable low-mass PBH binary

Takahiro S. Yamamoto

2020年 2月 18日

1 STFT segment

STFTにおける各セグメントの時間幅 ∆T は「重力波放出による周波数変化 ḟ があっても一つの周波数ビ
ンに収まっていてほしい」という条件により強く制約される。

ḟTobs !
1

∆T
⇒ ḟ ! 1.7× 10−11[Hz/s]

(
Tobs

3× 107sec

)−1 ( ∆T

2× 103sec

)−1

. (1)

∆T ∼ 30secなら、ḟ ! 10−9Hz/sとなる。

2 Number density of PBH

銀河団の DM halo

MDM ∼ 1.7× 1015M"

(
R

3Mpc

)(
v

1500km/s

)
(2)

ダークマターの全質量のうち PBHが占める割合を fPBH とすると、銀河団 haloにおけるダークマターの個
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ンに収まっていてほしい」という条件により強く制約される。
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⇒ ḟ ! 1.7× 10−11[Hz/s]

(
Tobs

3× 107sec

)−1 ( ∆T

2× 103sec

)−1

. (1)
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# of PBHs in our Galaxy (assuming DM consists of PBHs)
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if PBHs form a binary, 
Fig: LIGO

ex. Small mass PBH binaries
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