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Binary Compact Stars 
as Sources of Gravitational-waves 



Observation of Gravitational 
Waves (GWs)

● GWTC-1 (Gravitational-Wave Transient Catalog) 
○ O1 (Sep. 12, 2015 - Jan. 19, 2016)

■ First detection of GWs 
○ O2 (Nov. 30, 2016 - Aug. 25, 2017)

■ First detection of a binary neutron star inspiral 
○ 11 GW sources 

● GWTC-2, GWTC-2.1
○ O3a (Apr. 01, 2019 - Oct. 01, 2019)
○ 44 GW sources 

● GWTC-3
○ O3b (Nov. 01, 2019 - Mar. 27, 2020)
○ 35 GW sources 

● GWTC-4 ?
○ O4 (May, 24, 2023 -  )
○ Hundreds of GW sources?

GWTC-3 (Abbott et al. 
2021)



https://www.ligo.caltech.edu/MIT/image/ligo20211107a



Binary black holes (BBHs)
● More than 90% of GW sources ever detected
● Strong GW signal
● Detectable frequency for current interferometric GW detectors 
● Predictable waveforms 
● Coalescence 

○ Inspiral - Merger - Ringdown 

M. Favata/SXS/K. Thorne



Stellar Dynamics



BBH Formation
● Evolution of stellar binary 

NGC 4414 
The Hubble Heritage Team (AURA/STScI/NASA) NASA Headquarters - Greatest Images 
of NASA (NASA-HQ-GRIN) - 
http://nix.larc.nasa.gov/info;jsessionid=1sl2so6lc9mab?id=GPN-2000-000933&orgid=12 
http://imgsrc.hubblesite.org/hu/db/images/hs-1999-25-a-full_tif.tif

http://nix.larc.nasa.gov/info;jsessionid=1sl2so6lc9mab?id=GPN-2000-000933&orgid=12
http://imgsrc.hubblesite.org/hu/db/images/hs-1999-25-a-full_tif.tif


BBH Formation
● Dynamical evolution of star cluster

○ Core collapse, Mass segregation 
○ Binary formation, Binary heating 
○ Hardening of binaries 
○ Escape from cluster

M80 (NGC 6093)
NASA, The Hubble Heritage Team, STScI, AURA - Great Images 
in NASA Description

Nuclear star cluster of Milky Way
Stefan Gillessen, Reinhard Genzel, Frank Eisenhauer - 
http://www.eso.org/public/outreach/press-rel/pr-2008/pr-46-08.ht
ml

Cohn (1980)

http://dayton.hq.nasa.gov/IMAGES/LARGE/GPN-2000-000930.jpg
http://dayton.hq.nasa.gov/IMAGES/LARGE/GPN-2000-000930.jpg
http://grin.hq.nasa.gov/ABSTRACTS/GPN-2000-000930.html
http://www.eso.org/public/outreach/press-rel/pr-2008/pr-46-08.html
http://www.eso.org/public/outreach/press-rel/pr-2008/pr-46-08.html


N-Body



N-body system
● Dynamical system of many particles

○ Astronomy
○ Molecular dynamics
○ Fluid dynamics
○ Ecology and evolutionary biology
○ Economics 
○ Human activities
○ … 

● In Astronomy, 
○ Planets, stars, galaxies, cosmology, …



Two-body problem (in classical dynamics)

● System of two masses interacting through mutual 
gravitation 

● Newton’s law 
● Analytical solution

○ Kepler orbit (point mass)
○ Circular, Elliptical, Parabolic, and Hyperbolic orbits

https://en.wikipedia.org/wiki/Kepler_orbit#/media/File:
OrbitalEccentricityDemo.svg



Two-body problem (in classical dynamics)
● Elliptic orbit 

○ Semi-major (a), semi-minor (b) axis

○ Eccentricity 

○ Orbital period 



Two-body problem (in general relativity)
● Perihelion precession of Mercury’s orbit 
● Orbital decay of Hulse-Taylor binary pulsar 

https://en.wikipedia.org/wiki/Tests_of_general_relativity#/me
dia/File:Apsidendrehung.png

https://en.wikipedia.org/wiki/Hulse%E2%80%93Taylor_pulsar#/media/File
:PSR_B1913+16_period_shift_graph.svg



Two-body problem (in general relativity) 
● Einstein’s theory of general relativity
● Considers gravitational effects due to the curvature of spacetime
● Test particle limit 

○ Geodesic equation
○ Schwarzschild, Kerr metric 

● Comparable mass
○ Approximation method for general relativity 

■ Post-Newtonian, Post-Minkowskian, Effective-One-Body
○ Numerical relativity 

● Spin effects



Blanchet (2014)



Two-body problem (in general relativity) 

● Dynamical capture (Gravitational-wave capture)
○ Unbound orbit to bound orbit by emitting GWs 
○ Hyperbolic to elliptic orbit 
○ Energy radiation > orbital energy 



Two-body problem (in general relativity)
● GW radiation during the 

inspiral phase

A. Stuver/LIGO, https://www.ligo.org/science/GW-Inspiral.php



Two-body problem (in general relativity)
● Circularization 

○ Decrease of eccentricity 
○ Why the quasi-circular orbit is considered primarily in the 

current GW detector

Peters (1964)



Three-body problem
● No general closed-form solution exists, generally chaotic.
● Restricted three-body problem

○ one negligible mass under two massive bodies 
○ Lagrange points 

● Special case solutions 
○ Euler’s collinear solution, Figure-eight shape, …

● Numerical methods are required in general. 

https://en.wikipedia.org/wiki/Lagrange_point#/media/F
ile:Lagrange_points2.svg



https://en.wikipedia.
org/wiki/Three-bod
y_problem#/media/
File:5_4_800_36_do
wnscaled.gif



Three-body problem
● Kozai-Lidov mechanism 

○ Hierarchical triple system: Perturber is far from the other two masses
○ Oscillations in the eccentricity and inclination of the inner binary’s orbit 
○ Conservation of z-component angular momentum
○ Eccentric merger of binary black holes

https://planetary.s3.amazonaws.com/web/assets/pictures/20180226_kozai-lidov-cycle.png



Three-body problem
● Three-body process

○ Binary formation through the interactions of three or more 
bodies



Three-body problem
● Binary-Single, Binary-Binary

Samsing (2018) zevin et al. (2019)



N-body simulation

● N-body simulation
○ Numerical approach is generally required for N ≥ 3.
○ Direct N-body: O(N2) forces
○ Tree method (Barnes-Hut algorithm), Particle mesh, …
○ Integration method
○ Time stepping
○ GPU

https://en.wikipedia.org/wiki/Barnes%E2%80%93Hut_simulation#/media/File:2D_
Quad-Tree_partitioning_of_100_bodies.png



Summary

● Binary compact stars, which are the main sources of gravitational 
waves, can form in dense star clusters. 

● N-body simulation is required for investigating stellar dynamics 
within clusters. 

● In studies of binary compact stars, relativistic effects should be 
taken into account.


