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Eulerian VS Lagrangian

e Grid based | - Particle based

« Solving partial differential | « Solving Force equation
equation

* Ex) PLUTO, FLASH |« Eyy Particle in Cell, SPH



Types of partial differential equations

0%u 0%u 0%u
Ox? Ox0y Oy? Exam ple

B% — AC > 0: Hyperbolic Wave Eqg
B4 — AC = 0: Parabolic diffusion Eqg
B% — AC < 0: Elliptic LaPlace Eq

Wave Eqg

O*u 4 0%u

2 S 0




Upwind scheme

ou ou . .
- +az-=0  Advection equation
u; — Uy
+a A =0 for a>0 .
§ Upwind scheme
Uiy — U 0 f 0
+a Ao = or a<
a” = max(a,0), a”~ = min(a, 0)
_u b Wi Y
YT TAr YT T AL

1

u =y — At [a_f_u:; + a’_u;]
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~ Basic concept of the
Eulerian Hydrodynamic simulation



Hydrodynamic conservation equation

dp | d(pu)

=, Mass conservation
ar + 8x
d(pu
(:t ) + _(pu + p) 9 Momentum conservation
0 :
(gteT) —(pueT + pu) = (gtT) —( uht) =

Energy conservation



Finite difference VS Finite volume

(b)

Cell
averaged
value

At
Gijk =Gijr — E(FH%J,k —F_1;1)

At
- A_y(Gi’j+%’k — Gi_j—%,k)



Conservation equation to characteristic equation

du Ju du Ju
S— — O, —1 — -1 —lAZ " — .
5 T4 =0 0740=A ® 071740z =0
Jacobian matrix Diagonalize
B dv= Q0 'du
v [« A0V
— TTAQ— =90
[> at + O an
- 0 0 -
d d “ wav lon
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Riemann Problem

Left

U,

Right

RW

time




n step
Primitive
variable

n+1 step
Primitive
variable




Time Integration: Runge-Kutta method

dy
1. :f(tay)a y(tO) = Yo-
dt
1
Ynt+l = Yn T+ E (kl + 2ko + 2k3 + k4) h, Yo +hks
tn+1 :tn +h
o+hka/
k’l — f(tnayn);L ) §0+::1/z
_ h ky
kZ_f(tn+27yn+h2), Yo
_ h ko
k3_f(tn+2,yn+h2), ;

ky = f(tn + h, Yy, + hkg) . to to+h/2 to+h



Time Integration: Runge-Kutta method

100
0.75 A1
0.50 A1
0.25 1
0.00 A
-0.25 1
-0.50 A
-0.75 1

-1.00 A
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Summary

« Widely adopted scheme for Hyperbolic PDE: upwind scheme

» Widely adopted scheme for time integration: RK4

100

B? — AC > 0 : Hyperbolic ol
B? — AC = 0: Parabolic o
B? — AC < 0: Elliptic o075

-1.00 A




Periodic boundary

NX 1 2 3 R R RRR




