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Neutron Star

A NEUTRON STAR: SURFACE and INTERIOR

CORE . CRUST:
20US
M: tt |

ATMOSPHERE
ENVELOPE
CRUST
OUTER CORE
INNER CORE

Neutron Su ups rfl 1 ' \-’/
1 Vortex Proto b upe
" Neutron Vo rt )/

courtesy of D. Page 3

M= | .4~2.0Me
R=10~15km
A~ |10°7 nucleons

Peenter = SEVEral X pj

N 1, ~0.16 fm™3 ~ 1.6 X 10%m™>

po ~ 2.04 x 10 kg - m™>



SAMTHE! (Neutron Star)

Wikipidea/Neutron_star

outer crust 0.3-0.5 km
ions, electrons

inner crust 1-2 km
electrons, neutrons, nuclei

outer core ~ 9 km
neutron-proton Fermi liquid

few % electron Fermi gas

inner core 0-3 km
quark gluon plasma?



SAMTHE! (Neutron Star)
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Neutron Star of Known Mass

+16 comp.
B2127+11C (x)
B2127+11C comp.
JO0737-3039A (i)
J0737-30398B
J1756-2251 (J)
J1756-2251 comp,
J1807-25008 ?s)
J1807-25008 comp. (?)
B23035+46 Se)
J1012+5307 (m)
J1713+0747 (r)
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J. Lattimer,
Annu.Rev.Nucl.Part.Sci.62,485(2012)

and https://stellarcollapse.org by C. Ott
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Maximum mass of Neutron Stars
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Low-Mass X-ray Binary

Rus [km] = 1112738 GAX |1748.9-2021

i. i Mys [Mo] = 1.76%022

—~

Z,

P

=

x = 0.28+323
Table 9
Most Probable Values for Masses and Radii for Neutron Stars Constrained to X
Lie on One Mass Versus Radius Curve
Object M (M) R (km) M (Mg) R (km)
ph = R Tph > R

0.22 0.53 0.34 0.42
4U 1608-522 1.52J10.18 1 1.04j1 50 1.64’:0_41 1 1.82’10.89
0.12 0.86 0.450 0.47

EXO 1745-248 1.55’:0_36 10.91”:0_65 1.34’:0_28 11.8210_72 -
0.13 0.39 0.37 0.42
4U 1820-30 1.57*_0_15 10.9110.92 1.57‘:0'31 11.82“:0_82
0.21 1.00 0.28 0.18
M13 1.4810_64 1 1.0411.28 0.901’L0_12 12.21“:0_62
 Cen 1.43%0.2¢ 1180994790 12.097%%%
1.19 1.37 0.10 0.95
X7 0.832’:0.051 13.2513.50 1.98ﬁ0.36 1 1.3’:1.03




Observation by NICER

Focus on NICER Constraints on the Dense Matter Equation of State

Zaven Arzoumanian & Keith C. Gendreau (NASA Goddard Space Flight Center)

December 2019




Hot spot region model in Riley 2019
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NICER observations
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Mass and Radius of Neutron Stars
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Mass and Radius of Neutron Stars
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Deriving TOV egq.



Derving TOV eq. (1)
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Derving TOV eq. (2)
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Derving TOV eq. (3)




Derving TOV eq. (4)
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Derving TOV eq. (5)
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Derving TOV eq. (6)
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Equation of State (EoS)

Hard (stiff)

Y.-M. Kim et al. (EPJA 2020)
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Equation of State (EoS)

|. Equation of state :a thermodynamic equation relating state variables
(PBV, T, E) which describe the state of matter under a given set of
physical conditions. - from Wikipedia

- NS is cold on the nuclear scale (I MeV ~ 1010 K) :frozen in the
point of view of hadronic and leptonic compositions.

uter crust 0.3-0.5 km

/ |ons, electrons

inner crust 1-2

electrons, neutrons, nuclei

outer core ~9 IKIN
neutron-proton Fermi liquid
few % electron Fermi gas

inner core 0-3 km

quark gluon plasma?
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Degenerate Fermi Gas

1 W W W
NE) = ’ v J—

e EIT g
% 0.6 |
T—-0 S
CCJ 04
1, E<E; g 02|
AE) = -
0, E>E; ; |
0 0.5 1 1.5

Energy (E/Ef)
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Degenerate pressure of Fermi gas

Initial mass of progenitor star (with solar metallicity)

Nuclear burning

Brown White Dwarf Neutron Black
Dwarf (He or C/0)  onepewny —Star Hole

- L, .
0.09M 7~ 11M, 25 ~ 40M

ZAMS (zero age main sequence) mass

Slide from C.Lee (PNU)’s lecture

22



Degenerate pressure of Fermi gas

Evolution of star

Nuclear burning
as star radiates |

White Dwarf (O/NerFe wD) Neutron

(He or C/O) ? Star
gra'Vity ™~ Pdeg, electron gra’Vity ~ Pdeg,nucleon BIaCK
Hole
R~ flxed gravity > P, deg,nucleon

r radi
as star radiates T + aravity ~ Posantum?

Slide from C.Lee (PNU)’s lecture
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Degenerate Pressure of electron gas (I)
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Degenerate Pressure of electron gas (2)

/M.sau‘“@-
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> "2 gy P
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Degenerate Pressure of electron gas (3)

—




Degenerate Pressure of electron gas (4)

grc (Vi
D fe=32 ), VPP

p=o MV, E=ymc”
_ 2 %
UV = %7/ — PC [)

~ ‘Z/’C WFr( oFe
? Pe/'_ ;/L% s "J ”‘VMZC;C J/O




Degenerate Pressure of electron gas (5)
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Degenerate Pressure of electron gas (6)
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Degenerate Pressure of electron gas (/)




Another way to obtain Pe
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Polytropic equation of state

_ | 1+1/n
p=Kp" =Kp'" C1<Ka<Ks
1.0 ,
——- Kn=05 ——. Kn=10 , |
2 p ﬂﬂﬂﬂﬂ n=05 _—___ gn=1.0 | PR
e =(1 +a)pc; + =1 0l E E B -
s KDS1O0 L. KR=10-15 /,’
>, K ¢ AN ,
:(1 + Cl)pCO | F — lp , ~no 0.6 /./ . ///
(@=0)
2
S_9 _p_p
c(z) de €+ p

M. Kim et al.,, JKPS, 78, 932-941(2021)
https://link.springer.com/article/10.1007/s40042-02 [ -00084-4
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https://link.springer.com/article/10.1007/s40042-021-00084-4

M-R Relation in Various EoSs

Recall that . .
Vertical line follows N=1 polytope

/ in Lane-Emden Solution

M(R) = 4zRT=¥

A

(N + 1)K]%551_3;VV
4rG

0" (&)

CS

Z

20F

Mass (Mg)
sy

1.0

0.58 I <N<3
N<1 3/4 <1 ' <2
'>2 0.0

8 10 12 14 16
Radius (km)



Polytropic EoSs vs. Realistic EoSs

M. Kim et al. (JKPS 2021)

Mass [My]

Ki<K2<K3

3 0_ — — Kr11=0.5 — Kr11=10 Kg=1.0—>0.5 2 5 i
B Kr21=05 —— Kg=10 — . Kg=1.0—»1.5 '
—n — Kg=05 — Kg=10
2.5 —r 2.0 -
/" RN
RN \
2.0- : Tl / _____ N 1.51
RN / : ) ™
\ : et i
1.5 == H !*A 1.0
s —— KIDS
1.04 ~._ ] RN 0.51 — Gsk
. ’ i —— SlLy4
// N\ ./ N
0-5 T “ f“ — T T A : . O-O T T T T
8 10 12 14 16 18 8 10 12 14

Radius [km]

n>=|.0
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Nucleus and Strong force

Strong Force

The strong force holds together things that have the

same charge. It’s stronger than the electromagnetic

force, so that’s why atoms with multiple protons and

neutrons don’t fly apart. But most importantly, it

holds together the quarks that make up protons and

neutrons themselves. Each proton contains two up

quarks and one down. Each neutron contains two

down quarks and one up. Proton

RN

\. Neutron

Image: NASA
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Effective field theories and energy scales

Degrees of Freedom Energy (MeV)
Lattice quantum chromodynamics ==========

1 -~
1 0.0 &
e O “%° O
I _g quarks, gluons
I
I m
i = @ 940
I (] neutron mass
1 3
: g constituent quarks
. . . 1 <
Chiral effective field theory ========= p1Q ©
’ | 140
1 : pion mass
. . 1 ’
Microscopic A-body methods ======= 11 ! beryone, Mesons
1 1
(L
. . . . 1 ! —
Configuration interactions ===== 2117 3 8
11! 8 proton separation
. . T 4 = energy in lead
Density functional methods I S
. ----I m , tr
Mean field methods 1l 9 —g
1Y 2
[ Q 1.12
: 1 v{bgat.ior;‘al
state in tin
R 2
1
. . 1 nucleonic densities
Effective theory of collective modes ==+ | and currens
|
| ¥ o 0.043
1 rotational
l state in uranium
|
: collective coordinates
\ 4 W. Nazarewicz

Slide from Dean Lee’ lecture in Nuclear Physics School 2020
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EoS for a Neutron Star

Energy per nucleon

p : baryon density [fm™?]

E V
1 (p,0) = —e(p,0) =¢€(p,0)/p s _ Pn—pp
0
Pressure
OF A OFE LOE/A(p,9)

P =

77 (00| 4 = 75 ap(p,5)\A=/) P B

Beta Equilibrium

Pp = Pe T Pu (_I_IOK)

fin = [p + e e = pu(= 1K)
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Nuclear Equation of States

v

%(I@ 0) = —€(p,0) =€(p,0)/p

y &(p, d)

= E(p,6 =0) + Egym(p)0* + O(6%) + . ..,

Pn — P
g P
<
(1N
-10- TS SNM___==22"" po ~ 0.16 : saturation density
-20

0.00 0.I05 0.l10 O.l].5 O.IZO 0.125 0.l30
-3
n [fm=] Kim et al. (JMPE 2020)



Nuclear Equation of States

£(p,0) = Eo + 3 Kox”

+ 200x° + O(x*),

S(p)=J+ Lx + 1I<symx =+ 6stmx + Rsymx

~+ O(x ),

d3
= 27 —éa .0
Qo = P() d,o (0, 0)

b,

P=P0

P=L0

39

(P — po)

X =

3P0

Incompressibility /o =~ 230 MeV

Skewness

K) ~ —2000 MeV



Nuclear Symmetry Energy

£(p,0) = Eo + 3 Kox”

+ 200x° + O(x*),

S(p)=J+ Lx + leymx 4 6stmx 4 Rsymx

+0(x),

S = Esym(po)

d
L = 3p0 d—S(P)
0

d* S(p)

Ksym = 9'03 dpz 0

b,

P=pP0

P=pL0

40

stm

R sym

27,00 55(,0)

P=L0

81,00 d_S(P)

P=P0



Nuclear Symmetry Energy

E
~ = E(p,6 = 0) + Eyym(0)3® + O(8") + ...

~»

L P — Po Ksym P — Po ?
Esm :Esm o
i) = Eam(po) + 5 (2522 ) + S (

50

40 A

30 A

20 -

10 A

E/A (MeV)

0 -

—-10 -

—-20 A

0.00 0.05 0.10 0.15 0.20 0.25 0.30

. Kim et al. (I/MPE 2020)



Nuclear Symmetry Energy

J.M. Lattimer / Nuclear Physics A 928 (2014) 276295

100
Gandolfi and Steiner (2016)
3 T T T T T T T I T | J | ' I ' Sn —n
- ) error associated with E 80 B8
9 &GW sym
2.5+ s

60
2
2
40
Q0
20
E__=30.5MeV (NN)
0 1 | 1 | 1 | Sym | ! | 1 1 | ]
8 9 10 11 12 13 14 15 16
R (km)
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Constraints on Symmetry Energy

Model £0 Ey Ky —Qo J L —K; Minax
Exp/Emp|~ 0.16|~ 16.0| 200 ~ 260 | 200 ~ 1200 | 30 ~ 35 40 ~ 76 372 ~ 760 |>=1.93 ~ 2.05
CSkP - - 1202.0 ~ 240.3|362.5 ~ 425.6(30.0 ~ 35.5|48.6 ~ 67.1|360.1 ~ 407.1 -
GSkI | 0.159 | 16.02 230.2 405.6 32.0 63.5 364.2 1.98
SLy4 | 0.160 | 15.97 229.9 363.1 32.0 45.9 322.8 2.07
Skl4 0.160 | 15.95 248.0 331.2 29.5 60.4 322.2 2.19
SGI 0.154 | 15.89 261.8 297.9 28.3 63.9 362.5 2.25
KIDS |0.160 | 16.00 240.0 372.7 32.8 49.1 375.1 2.14

43
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Constraints on EoS

(a) T T T I 1 T T | T T I | T T T (b) 1000 E J v (c) 1000 E I J T v | J ! ' ! ] ! ' ! ' I
8 - EFT m—— | C C
Lattice Chiral EFT set 1
Lattice Chiral EFT set 2
KIDS(APR)
6 -4 @« 100 ¢ w100
gy e - e »
3 S S
Z > >
= =
= i a =, =
g’ z :
& 10 | & 10 b
2 + - - ] L, FLOW exp.
|/ EXP.+ASygtifr ] L Kaons exp. |
EXP.+ASysoft | L GMR exp. -==w=--
KIDS(APR) g KIDS(APR)
1 1 1 l 1 1 L I 1 L 1 l 1 L L 1 1 1 1 l 1 L L 1 l L 1 1 1 l 1 1 1 I 1 1 1 1 l 1 L L 1
0 0.04 0.08 0.12 0.16 1 2 3 - 1 2 3 -
p/Po p/Po p/Po

Fig. 1 Energy below (a) and pressure above (b, ¢) the saturation density. The result of an EFT and lattice chiral EFT in a is taken from [16] and
[17], respectively. The results from experiment in b are from [21,22], and those in ¢ are from [22-25]
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Properties of Nuclei

9.5
9.0 A
— 8.5
%) 8.0 —
> —x'
= 75 208
< Pb
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6.5
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5.5 1 -
208
5.0 o Pb
'c as
y—
4.0 -
o —a— KIDS —— Skl4
ad 3.5 4
—&— GSkI SGI
3.0 1
—»— SlLy4 ¢ Exp.
2.5 4
0.6
E ‘4
4= 04
Q
f 0 2 —
S —
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0.0 07y Pb
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Kim et al. (I]MPE 2020)
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Standard Skyrme effective interaction

E. Chabanat et gl. /Nuclear Physics A 627 (1997) 710-746 713
NILO Skyrme pseudopotentlaf
Viry,rp) =ty (1 4+ xoPy) 0(r) central term

+_;.t, (14 xP,) [p’25(r) +5(,)p2] 2nd order derivative

+1t (1 4+ x72P,) P . o(r)P non-local terms (2.1)
+ét3 (1 + x3P,) [p (R) ]0 o(r) density-dependent term
+iWpo - [P' X 8(r)P] spin-orbit term .
with:
r=ry —rj, R=%(r|+r7_),
P= él; (V, -V, , P ccof P acting on the left
and
o=0+0,, P,=(1+0o)- -02) /2.
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Skyrme-type Energy Density Functional

B’ 3
E=—1+ =t ——t 290)08% + — Y t3,0 T3
ST+ Stop — (1o +2y0)p8” + - Z P

N—1
Z(t3n + 2y3.)p0 8% + —(92‘1 — Sty — 4y2)

n_l

Vo)* 1 V 08)?
o ;)) 64(3t1—|—6y1—|—t2—|-2y2)( po)

1 1
+ —(2t1 +y1 4+ 2t +y2)T — g(tl + 2y — 1 — 2y;)

J-V J, -V
szqtqlio( p,OHqupq), (15)

q
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Relativistic Mean-Field (RMF) theory

O-w-p model 2 3 1
oU _ d*p oo
820 | 80' — ~9oPs . ga=1§ﬁﬁ/ (27r)3EZmaf (z.p )
2 2 . 3
(8 + mw)UJV — gw];)/ .71’: =g Z- _(-l)a (2:)55;* pgfa(.’l,‘,pa)
a=p,n,p,n a

(0* + m2)p¥ = g,3¥

d3
'3/-"' —_ 3 p 7
48 ]I 9 _Z_ B Ta / (27T)3E; pa, fa (IB, pa)



Relativistic Mean-Field (RMF) theory

TABLE 1. Parameter sets.

_ Parameter Set I Set II NL3
H1e ng v a& : S fo (fm?) 10.33 same 15.73
S “8 E + Z a(a ’» b0 5 f., (fm?%) 542 same 10.53
s SON £, (fm?) 0.95 315 134
(5 riasii fs (fm?) 0.00 2.50 0.00
A (fm™ 1 0.033 same -0.01
B —0.0048 same —0.003

and compare with (3.26) to read the energy dens ——
equations to rewrite the energy density as
D 2

€ = 'bmn(800)3 40(860)4 pe 2"120’2 oy 2m wp + 2mpp03

+ZZJB+ : / Vk2+ (mp — 8,80)2 k> dk

22

ka
+Zn2/ ‘/kz—l-mikzdk (5.50)

The pressure is given by

= — 1bm,(8,0)® — }c(g,0)* — 3m2a? + smliwg + 'imf,p(zn
i Seplet i 2
+§ZB: > [ k*dk/\/k? + (mp — 8o 80)
5.51)
32 f K* dk/\[k2 + m? . (

v 5 =% 3 2k Ihﬁ
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https://www.youtube.com/watch?v=BorIWC42tXk
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https://www.youtube.com/watch?v=BorIWC42tXk

Yo LSC J(@//MIXE®.

500

Al : Fermi/GBM [ A .. SALT
T 300 o uw \ ........ ESO-VLT
= 32200 S ® =
= & S
©
g 100 £5
- > C
o
50 S
-12 -10 -8 -6 -4 -2 0 2 - 6 400 600 1000 2000
t-1, (S) wavelength (nm)

GW

LIGO, Virgo

y-ray I.

Fermi, INTEGRAL, Astrosat, IPN, Insight-HXMT, Swift, AGILE, CALET, HE.S.S., HAWC, Konus-Wind

| || il | |0 ||
X-ray ®

Swift, MAXI/GSC, NuSTAR, Chandra, INTEGRAL

uv -~

Swift, HST

Swope, DECam, DLT40, REM-ROS2, HST, Las Cumbres, SkyMapper, VISTA, MASTER, Magellan, Subaru, Pan-STAR

HCT, TZAC, LSGT, T17, Gemini-South, NTT, GROND, SOAR, ESO-VLT, KMTNet, ESO-VST, VIRT, SALT, CHILES! ‘
BOOTES-5, Zadko, iTelescope.Net, AAT, Pi of the Sky, AST3-2, ATLAS, Danish Tel, DFN, T80S, EABA I II II Illll Il I I I” | | | I

REM-ROS2, VISTA, Gemini-South, 2MASS, Spitzer, NTT, GROND, SOAR, NOT, ESO-VL¥Ranata Telescope, HST

Radio

ATCA, VLA, ASKAP, VLBA, GMRT, MWA, LOFAR, LW,

AN U T T A

-100 -50 050 102 10° 0° 10" |
- (S) t-t, (days) |

MA, OVRO, EVN, e-MERLIN, MeerKAT, Parkes, SRT, Effelsberg




2017-08-17 12:41:04 UTC
2to|1 gl H|21 F30} Mz ZA

KMTNet(MELf/et2d =8+

£

SSS17a

lagellas

+9F TTA[ZE =

_?_
e d20 BAZS0| FYARAZ =F oazyHo=R
JHAEE A= 25 AR BZAIR O|F of 457 FH AR

(KMTNet, BOOTES-5%HZE )

JdFEH: LIGO, NASA, 1TM2H/UC Santa Cruz and Carnegie Observatories/Ryan Foley, MEoistn E7| =X H A FC
MESITHEAHTH/ A A NSF/Sonoma FEOH/A. Simonnet, NRAO (




Heavy Elements from BNS mergers

S Rosswog 2015

10" | | | | | | !

Ye=0.12

80 101 123 144 165 186 208 229 25
Massnumber A

solar pattern vs NS-merger
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Supernovae:
neutrino-driven wind
r-process peak at A~130

NS mergers:
r-process peak at A~195



Heavy Elements from BNS mergers

cosmic ray fission
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A new constraint by GW Observation

A(1.4M.)=190+3%_ 5

2000+ AN

\ Less Compact 4{9 s, hT(f) _ Af—7/66i\I/T (f)
| 2

1500 _' More Compact

v = 2nft
T(f) P+ ”f c T 12817’05/

+ AU + AUSK AVEN)
. 39 - 6595 ~ 3115 -
A\Ilggla\} = — TA’UIO —+ '1)12 (m 6A — ?A)

250 000 750 1000 1250

Abbott et al. (LSC andVirgo), arxiv:1805.11581 (PhysRevLett.121.161101)



Response of NS to GW during inspiral

Ringdown

M"'14M©

time

perturbative approaches

<——known———={ supercomputer<——known———

~1000 cycles | simulr?tions
~1 min g
Qz’j — _)\gz'j
9 RS A :Tidal deformability

A= ——ky k2 :Tidal Love number




Measurability of tidal
deformability



Tidal term in GV waveform

hr(f) = Af =0 (f)
Ur(f) =

tidal __
AlI,6PN o

P + Zﬂ'ftc | 1287’]’05 (PN

T A\IIZSSII)’III\} + AWSES Awm )
>4 6595 « 3115 -

“~ Apl0 126595 5 3115 % 4

2 BT (364‘S 64 ) 4)

16 (m1 -+ 12m2)m‘11A1 -+ (m2 -+ 12m1)m‘21A2

A=

13

(m1 + mg)°

2 5 2\ O
B 5 c 2 ( Re
NEVPEE T AN
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M. Favata, PRL.112.101101 (2014)

(1)

v = (mfM)/3



Accumulated GWV phase (1)

the number of wave cycles in frequency domain

1
ANcyc,\Il — ﬂ

fi = 10 Hz,
the low frequency cutoff for

Advanced LIGO
due to seismic noises

Woaveform models:
TaylorT?2 for ANcyc
T&)’IOI’FZ(SPA) ANcyc,LIJ

-‘I’(fz) - U(f1) + (f1—f2)

—

av

df]’

(7.8)

1.4M, + 1.4M , f, = 1000 Hz

Moore et al.,, PRD.93.124061(2016) 3.5PN(circ)

PN order AN oy AN ¢y w AN ol
OPN(circ) 16 031 986 372 1821
OPN(ecc) —463 —-36 137 —6.37
1PN(circ) 439 21743 125
1PN(ecc) —15.8 —1193 —0.332
1.5PN(circ) —208 —8520 -94.8
1.5PN(ecc) 1.67 103 0.113
2PN(circ) 9.54 294 6.70
2PN(ecc) —0.215 —-154 —0.008 17
2.5PN(circ) —10.6 —218 —10.6
2.5PN(ecc) 0.0443 2.61 0.004 73
3PN(circ) 2.02 18.2 2.80
3PN(ecc) 0.002 00 0.119 | -0.000238
—0.662 —4.39 -0.977
59 Total 15785 962 445 1843




Accumulated GWV phase (2)
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waveform model:
TaylorF2(SPA)

Mch=1.188M-
MI=M2=1.365M-



Accumulated GWV phase (2)

A, - AV, A=800
10°} 1/2-cycle
_1:_
_2:_
-3 _ A\IJ?ITDSPN only
llllll A\Ijggal\ll7 A p— 400
4| e == AUHR A=800 |.
a3 === AUGR,A=1200
101 102 10°

waveform model:

' TaylorF2(SPA)

{ Mch=1.188M.
| MI=M2=1.365M.

~600 Hz



Measurement Errors via Fisher Matrix

Fisher matrix

. doh  Oh i
1) Re < a)\z‘a)\] > >\Z — Mchirp7777¢07t07 31’2,€O,A,

covariance matrix -

S hr(f) = Af~70e™T(f)

3
v =@, + 2xft, A PP
correlation matrix 1) =@ / 128025 (A¥3 s

Cij = Xij/\/ LiiXj; + AWqpy + AUSEL + AU + AV

Measurement Errors

0 = \/ 2ij
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Measurement Errors of Tidal Deformability
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Distance [Mpc]
Kim, Kim, Kwak, Choi, Cho and Lee, JKPS (2021)
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Calculation of Tidal
deformability



TOV Eq. vs. Diff. Eq. for Tidal deformability

a spherical symmetric star in hydrostatic equilibrium

Gy =811, dsy = g( ) dx® dx”
—e" dt?* + " dr? + r* (d6* + sin®0 d¢?).

Taﬁ:(p p)uauﬁ pg&%’)

TOV eq.
AP GMp (. P\ ([, 4xPr®\ (  2GM
dr r? e - M2 rc?

oM _ — A2 ( ¢ ) Mass & Radius
dr c?
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TOV Eq. vs. Diff. Eq. for Tidal deformability

static linearized perturbations due to an external tidal field

_ (0
gaﬁ o go‘ g T haﬂa T. Hinderer (2008), K.Thorne and A
5G/u/ — 87T5T,ul/ | Campolatta;ro.(|967) |

I
diag[—e" " Ho(r), e Hy(r), r*K(r), r* sin*0K ()| Yom(0, ).

0Ty = —0p = —(dp/dp)~"ép 0T} = dp




To obtain Tidal Love number; k2 (1)

Jou i
ko = - 22 (1-20)22+2C(y — 1) — 9 T. Hinderer, Ap), 677, 1216 (2008)

X {20[6 — 3y +3C(5y — 8)] +4C3[13 — 11y + C(3y — 2) + 2C%(1 + y)]

+3(1—20)%2 =y +2C(y — 1)] In(1 — 20)}_

_RB(R) ., GM
Y="HR) T Re




To obtain Tidal Love number, k2 (2)

dH
@ =0 =2(1-2
r dr

1-2-) XH{ 27 [5¢ + 9P + (de/dP)(e + P)]

o) ()

r

TOV

iP  GM)p P 47rPr 2GM
o 14+ —

dr r? pC?

dM €

k2 (A\,\) depends on NS EoS !!
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25(1—2—) - 1+—+2m~( p)}

Compositions of a NS
F. Weber 2005




Constraints on Equation of State

prefer soft EoS: GW 17081 7,strangeness

2.5 -

-
U

Mass [Mg]
[
S

—— KIDS =—— Skl4 === Skl4+hyp.
0.571 — Gskl — SG - == _SGIl+hyp.

— SlLy4 ———
8 10 12 14 16
M. Kim et al. (IJMPE 2020) Radius [km]

prefer hard EoS: M_max, NICER

0.0




Polytropic EoSs vs. Realistic EoSs (2)

2 \ D 2\ °
C 2 [ Re
A= \N/M =G = — ko
/ GM 3 \GM
K <K><K3
0.30
——— KD=05 . Kp=10 —— KIDS
ook NN e KD =05 Kg=10 ~-~ GSkI
oo KD=10-05 ~--= SlLy4
, ~ 1 by LN, N e MS1
Y4 - -« MS1b
0. o,
\ N\ x”x
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p/p,

Density profiles for polytropic eos
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PHYSICAL REVIEW D 81, 123016 (2010)




Tidal Love number, k2

High k2 low k2
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Tidal Love number, k2
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Measurements of GW 170817

P(2 Pruc)= 3.5%27.1 7 x1034 dyne/cm?
P(6 Pruc)= 9.0%7976 x1035 dyne/cm?

20001 Less Compact %} 10%7;
\ Y | -

A(1.4M.)=190+3%_ 5

%, N

More Compact

00‘ 250 500 750 1000 1250 o
3
A plg/em’
Abbott et al. (LSC and Virgo), arxiv:1805.11581 (PhysRevLett.121.161101) Pruc= 2.8 x101% g/cm?3
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gamma2 gammal

gamma3

Posteriors w/ Piece-wise Polytropic EoSs

Reference for Piece-wise Polytropic EoSs : Read et al. PRD 79, 124032 (2009)

34.29*9

==

R

o —————— ] (==

GW170817

MR samples: EoS-insensitive model
PRL, 121, 161101 (2018)

5.69+023

3.0513:%8

+0.08
-05—0.06

=W
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gamma2 gammal

gamma3

34.96

| +

oo
==

e = i (e [ ]

PSR J0030+0451

MR samples: 2 spot model
Miller et al., ApJL, 887, L24 (2019)

5.99+0.01

2.53%93¢
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2
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Bayesian analysis on EoS parameters

P({Eo, Ko,Qo, J, L. K, Qeym }|data) Draft in preparation

Radus fkmy « 12 40710

/ ‘ KIDS -> Skyrme parametrization

Racius [y = 11 7500

ﬁ‘f.ﬁ  KIDS parameters (&_i,f i) only
f{ & w/o Wo, 0.&0,(t1,t2,y1,y2)-terms

Rty

.'. n,.m 581 644

> » p & YR TEERERE ri‘d’é‘?é’,&',&f""{"

\\\\\\\\

@
ﬂ

Precise measurements of R, A
=> constraints of EoS & Nuclei properties
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Eos-insensitive relation

1500+ Insensitive to EoS
1250 - K.Yagi and N.Yunes, Phys. Rep. 681 (2017) |
1000 C = ag + a1 (InA) + as(InA)?
< 750
a_0=0.360,a_I=-0.0355,a 2= 0.000705
500+
250 - C=GM/RCA2

805 0.10 015 020 025 0.0
M/R
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Lambda

Radius [km] = 12.58

+0.72
—0.82

o=

Lambda-Radius relation

Implication of PREX 2 -
PhysRevLett.126.172503 (2021)

R (km)
Kim et al., PhysRevC.98.065805 (2018) 1200 12I-5 113 131-5 114 lé}.S
900 . . , B
800 - ] [ Allowed i
L
Q\
700/ 1000 &
L ° il
600/ - o
~ 500} % F -
= 2
Sj 400 800 - A
300 i GSk' |
SLy4 I 1
200/ Skl4 |1
SGl
05 10 12 13 14 15 015 02 025 03 035
Radius (1.4M.) [km] Ri)ﬁ](fln)

Lambda = 435.74*

147.15
124.18

Red line: A (1.4M(®) = 2.88 * 10-6 (R/km)7>
[C] PhysRevLett. 120.172703.pdf

Blue line: A (1.4M(®) = 1.35 * 10-3 (R/km)50
Implication of PREX 2 - PhysRevLett.126.172503 (2021)
=> A\ ~ R48

Magenta line: A (1.4M(®) = 1.05 * [04 (R/km)6:0

Q Q Q Q
S & S
Y.-M. Kim, in progress
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Astrophysical GW Sources - NS

Coalescing Binary Transient Burst’
Systems P Sources

« Black hole — black o 0 L . asymmetric core
hole ' . =& collapse supernovae

gt3al?0k hole — neutron e "0 . cosmic strings
* Neutron star —

neutron star (Unmodeled

(modeled waveform) waveform)
Credit: Chandra X-ray Observatory

« 777

Credit: Bohn, Hébert, Throwe, SXS

Stochastic

Background Continuous

Sources
* Spinning neutron

* incoherent sum of stars
unresolved ‘point’ AR (monotone waveform)

sources

* residue of the Big Bang

Credit: Planck Collaboration (StQChaStiQ incoherent
noise background)
Credit: Casey Reed, Penn State

In D. Reitze’s presentation in LIGO ODW #1,2018




Continuous Gravitational VWaves (CW)

non- [ransient sources

x 10 Example Continuous Gravitational Wave
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credit: A. Stuver/ LIGO

Credit: Casey Reed, Penn State

Continuous Sources



NS Oscillations 2026 7{28Hm 2810|C - ZIxIS/HtZH

& H|2AIA El S (Non-radial)

Ho| HHO| 9|-0f2H, € Y=

7% ThAl0] T
21x/0] o2t FIE 9IA0| CHE

20| & +X0| HXCH ZoECt ot 2 B0 227 I{EHo| Wr|= ES
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NS Oscillations

Oscillation Modes

= p-modes (pressure modes)

2l2: ot

2 e TS

= g-modes (gravity modes)
=: 25 (buoyancy)
oA

Ho| EHO| 2|-0fzH, F &

= f-mode '
% & o] MHE
= fundamental mode (n=0) S X[of w2t XS 2{A0| CHS

= Cepheid variable
H0| = 7l 2 B0 S 25 IR0 47|= XS




Equilibrium Structure of Star

Fluid equation (Euler equation).

1. Continuity Equation

op .

—+ V- (pv)=0

" (pY)

2. Momentum Equation
ov

pE+pT5-VT5+VP=—pV(I)

3. Energy Equation

de P_
p—+v-Ve+—V.v=0
ot p

For spherical star (non-rotating, non-magnetized), LHS of 1. Continuity and 3. Energy equation
is 0. The remaining equation is 2. Momentum equation and can be rewritten in spherical

coordinates as

r 1 2 P
CjZ_P =—p GA;” where M, = 47r[ p(r)rdr ‘ d <r d ) = —4nGp
r r 0

A= EAtE ZeRt= S0



Linear Stability Analysis

Let us revisit hydrodynamic (Euler) equation in
spherical coordinates
1. Continuity Equation
0 1 0
P +
ot r?or

O%ﬁ:Q

2. Momentum Equation

ov v op 9D
—_ V = — p—),
oot TP Tor T TP o

3. Equation of State
P = Kp',

4. Poisson Equation

Equilibrium (background) solution

or, 0D,
o P
Assume,
p = po+op,
P = P, + oP,
v=0+4ov,
D = P, + 6D,

where subscript O denotes background
(equilibrium) solution while 6-ed variables
represents Eulerian perturbations.

We can define radial displacement, {, then

the perturbation of velocity can be written as
o¢

oV = —.
ot

dZl= ALY ZoRI= S0 A



Radice et al.,Annu. Rev. Nucl. Part. Sci. 70, 95—-119 (2020)
“The Dynamics of Binary Neutron Star Mergers and GW170817”

10—22 :- ] ] L] 1] L] L L L] —:
- Inspiral (slow motion) Merger (fast motion) ) Postmerger :
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Overlap region

Numerical relativity
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few (H2)
Inspiral Merger GW phase Viscous phase Spin down
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h, (10%° Mpc)

Radice et al.,Annu. Rev. Nucl. Part. Sci. 70, 95—-119 (2020)
“The Dynamics of Binary Neutron Star Mergers and GW170817”
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Stergioulas, Bauswein, Zagkouris , and Janka, MNRAS. 418, 427-436 (2011)

“Gravitational waves and non-axisymmetric oscillation modes in

0.2 [T T T T T T T T T

0.1 3 =

h. [r/Mgun]

0.1 -

h(f) 12 [Hz )

FFT

10°

10° |

f (kHz)

Figure 3. Model Shen 12135. Top panel: time evolution of the GW am-
plitude /. Middle panel: total (black), pre-merger (red) and post-merger
(green) scaled power spectral density, compared to the Advanced LIGO and

mergers of compact object binaries ”

h. [r/Mgun)

FFT

I

W T

10% |

10° b

f(kHz)
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Stergioulas, Bauswein, Zagkouris , and Janka, MNRAS. 418, 427-436 (2011)

“Gravitational waves and non-axisymmetric oscillation modes in
mergers of compact object binaries’
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Table 1. Extracted mode frequencies.
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Figure 5. Same as Fig. 3, but for model LS 12135.
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Next Generation GVV detectors
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Derive 2nd order Diff. eq of H
for tidal deformability



Selected references

A.E.H. Love (1909) - The Yielding of the Earth to Disturbing Forces

K.S. Thorne & A. Campolattaro (1967) - non-radial pulsation of NS

J.B. Hartle & K.S. Thorne (1969) - stability of rotating NS

K.S. Thorne (1998) - Tidal stabilization of rigid rotating, fully relativistic
neutron star
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Tidal Love number and Tidal deformability

T. Hinderer, ApJ, 677, 1216 (2008)

(1 — gu) _ _%_3Qij (ninj_l(sij) _{_0(%)

2 r o 2r 3
1 o 3
Egl-jx’xf o(r’), (1)
\E A : Tidal deformability
Q” - Y (Qi; : Quadrupole moment of NS
9 R5 E;; .+ External quadrupole tidal field
A — kg ko : 1 = 2 Tidal Love number
3 G

2 5 2\ O
B . c 2 ([ Rc
rear o a( E) A= (E2)'
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Tidal coefficients (deformability)

Multipole moments induced by a external tidal field

electric-type tidal coefficient (even parity)

Mass moments 16578 electric-type tidal field

Spin moments S‘é magnetic-type tidal field

magnetic-type tidal coefficient (odd parity)
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Metric in linearized perturbation

even parity
(1—=2m*/r)H(T,)Y M H\(Ty)V M ho(T,r)(8/00)Y LM ho(Tyr)(8/0¢) ¥V LM
H\(Ty)Y M (1=2m*/r)'Hy(Tyr) Y™ h(T)r)(3/30)V LM m(Tr)(0/0) Y 1 M
Sym Sym - PLK(Ty) Sym
ur= +G(T,r) (82/06%) ]V "
Sym Sym r’G(T,r)(3%/969 ¢ v} K(T,r) sin%
— 0809 /sinfd ) ¥V 1M +G(T,r)(0%/d¢d ¢
~+sinf cosfd/a6) |V LM
(13)
odd parity
0 0 —ho(T,r)(0/sinfd ) ¥V LM ho(T',r) (sinfd/06) Y LM
0 0 —h(T,r)(9/sinfd ) ¥V .M hi(T,r)(sindd/06)Y M
Fuy= |
“ISym  Sym  ha(T,r) (92/sinf800 o— cosfd/sin®0d o) ¥ 1M Sym
Sym Sym  hs(Tr)(0%/5in00 0d o+ cosfd,/ 90 —sindd2/d098) V1 — ho(Tr) (sinfd?/ 809 o— coshd/d o) V LM
(12)
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Regge-Wheeler gauge and M=0

even parity hyy=exp(—1kT)Pr(cosb)

Ho(1—2m*/r) H, 0 0
H, Hy(1=2wm*/r)1 0O 0
X
0 0 r’K 0
0 0 0 72K sin%
| (20)
odd parity 0 0 0 ho(r)
0 0 0 }’ll(f)
By =

o 0 0 0

Sym Sym 0 O
Xexp(—1kT) (sinfd/06) P (cosh). (18)
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Regge-Wheeler gauge and M=0

even parity hyy=exp(—1ikT)Pr(cosb) . H=H0=H2’K
H0(1—27On*/r) H, 0 0
H Hy(1—2m*/r)"t 0 0
8 0 0 r’K 0
0 0 0 72K sin’f
k=0, stationary case | (20)
odd parity 0 0 0 k() W=h0
0 0 0 Kb
By =

Xexp(—1kT) (sinfd/06) P (cosh). (18)
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Even parity (Electric-type) metric Fn. H

Regge & Wheeler (1957), Thorne & Campolattaro (1967)

5G,uy — 87T5Tluy A g =

diag[—e" " Hy(r), e" " Hy(r), r*K(r), r* sin® 0K ()] Yom(0, ©).

0Ty = —dp = —(dp/dp)~'op 6T} = dp

2 1 2 2m
H'" + C,H' + CoH = 0. Ci=y a0/ =) =L e Tk o) |
(28)

+
Co= e’\[— €(€r2 D + 47(e + p)j—; + 47r(e + p)]

1
+ " + (V) + 5(2 —rv )3y + X))

+
— e’\[— €(€r2 D + 47(e + p)j—; + 477 (5e + 9p)]

- ()2, (29)



Electric-type tidal coefficients (1)

General solution

H = apPp(x) + agQp (%), x=r/M—1
¢c = M/R
y = rH'/H ag = ap/ap

sz(x) + a€Q€2(X)

ext —_— 1 _|_
W= 0H 0y )+ aln)

p’ez(x) — CYepez(X)
Qlez(x) — C)’eQez(X) x=1/c—1

dy — —
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Electric-type tidal coefficients (2)

Damour and Nagar , PRD 80, 084035 (2009)

o (SHOOe_V)grOWing - ngowing(r) - aPﬁ€2(X)Y€m - 1 A 1
\ ¢ W = EXLGI?J — EreﬁLGA,
~ — 4 . .
aP(M) Yé’m’ ( O)
. . A _\ A
— (SHOOe—V)decreasmg — Hdecreasmg(r) — aQQ{’z(X)Y{’m + ( ) ML
Wt =G——9,[—L
F\~(€+1) ¢! r
= aQ(M) Y(’m’ (41)
aLr—l — (_)(’(2€ . 1)!!ﬁLr—(€+l) Géo(X) — _exp(_zwA/Cz),
A — 4 A
A AA GoalX) = = 5 Wa,
My = neGr,
4
A — A o A
agp (GM\2t+1 GM\2(+1 Ea(X) = 0. W +c2 IrWa,
(2€ — I)HG/.L(; — ( 3 ) — ag(—z) .

GL(T) = [5<L—1E§(>(T, X) Jxe—
99 |



Electric-type tidal coefficients (3)

Damour and Nagar , PRD 80, 084035 (2009)

M\2(+1 M\2(+1
(20 — NG, = 2 (G ) =a€(G—) . (45)

dp C(z) C(z)

o Ay GM\2¢+1 B 2k€ ot
Gl (2€ — 1)!!( c? ) (20— 1)!!R - (49)
T
ke = S a
— 1C2€+l ﬁlez(x) — CWISez(X) (49)
- Qlez(x) —cyeQp(x) lx=1/c-1

100



Electric-type tidal coefficients (4)

Damour and Nagar , PRD 80, 084035 (2009) 7 1

2 2
Ci=—-+=-(—-A)=- [—m+47rr(p —e)]
ro 2 r r?

Electric-type tidal coefficients (28)

GM\2¢+1 2k € e + 1
one=gromile)  ~geopif @ o= | - CID s e+ p)—p +dm(e + p) |

+ "+ (V) + 5(2 —rv)(3v + X))
HII+C1H’+C0H=O. =e"[—€(€+1)

d
+ 47r(e + p)ﬁ + 4 (5e + 9P)]

we calculated the case, [=2 — (W2, (29)

k, = g(l —2¢)*c[2cy — 1) —y + 2]{2c(4(y + 1)c* + (6y — 4)c® + (26 — 22y)c? + 3(5y — 8)c — 3y + 6)

—3(1 = 20)%2cly — 1) — y +2) 1og(1 ! 26)}_1,

ky = ,§/(1 —2c)*c[2(y = )2 =3(y —=2)c+y — 3]{2c[4(y + 1) + 209y — 2)c* = 20(7y — 9)c? + 5(37y — 72)c?

1 -1
—45(2y — S)e + 150y — 3)] — 15(1 — 20220y — 1)e? — 3(y — e + y — 3) 1og(1 | 26)} , 51)
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Higher Tidal Love Numbers

Damour and Nagar , PRD 80, 084035 (2009)

0.12
—— =2 (SLy)
hy | = (Mw)?/3
N —— (=3 (SLy)
0.1} // TN ——-{ig(FPs)- tidal 5/2
N | AWt Ly, g
0.08 | [ N\ ] |
// A\Ifgldal ~ )\3 $9/2
< 006f / N | o o
'/ R tida tida —3
0.04 | ’/ R\ _ ‘A\DB /A\IJQ | ™ 0(10 )
o) We hardly expect to
observe higher terms of

% 0.05 01 015 02 025 0.3 0.35 tldal defOrmabiIit)’ in the
waveform
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Magnetic-type tidal coefficients

Damour and Nagar , PRD 80, 084035 (2009)

Likewise,

Magnetic-type tidal coefficients

A
e
A — A LTA 4 - + 3 _ /
SL — 0-€HL‘ P r2[2m dar (P e)]'7[’
€€ +1) 6m
— pA — — —
o — £-1 b (GM)26+1 € [ 2 3 + (e p)]tﬂ 0. B
Cae+2) 20— 1N\ 2
_ €—1 Je 20+1
4€ +2) 2¢— 1!
] (A . A
o= 2L — 20+ w/p(i) — CYodd ‘pP(’:) |
i G ‘J,Q(r) — CYodd WQ(") F=1/c
1 M\5
Go, = 4—8J2R = 4_8b2(c—%)
96¢3(2¢ — 1)(y — 3) 73)

J2 = 52c(12(y + 1)c* +2(y = 3)c? +2(y — 3)c? + 3(y — 3)c — 3y +9) + 3(2c — 1)(y — 3)log(1 — 2¢))’
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Magnetic-type tidal coefficients

Damour and Nagar , PRD 80, 084035 (2009)

Likewise,
Magnetic-type tidal coefficients ~0.005 |
¢
A — SFALA 4 - -0.01 |
S7 = o, Hj. ot
-0.015
Go — £=1  be  (GMYH S
¢4+ 2) 20— 1)!!( cg) et |
— -1 Je 20+1 I
40 +2) 2€— 1N 0%
j(_ = | -0.03
1 1 GM\5 ' : : '
Gor = — i-RS5=_—b (_) , 0.05 0.1 0.15 0.2 0.25 0.3
72T T\ 2 c
5 — —_
i 96¢°(2c — 1)(y — 3) (73)

a 52c(12(y + 1)c* +2(y — 3)c> +2(y — 3)c2 +3(y — 3)c — 3y + 9) + 32c — 1)(y — 3)log(1 — 2¢))
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Tidal Love number and Tidal deformability

(1—g4) _ M B 30; i 151'1' L0 i T. Hinderer, ApJ, 677, 1216 (2008)
2 ro 2r3 3 r3
| A
+55,-J-xlxj+0(r3), (1)
A : Tidal deformability
Qij — _Agij (Qi; : Quadrupole moment of NS
9 RS Eii + External quadrupole tidal field
A= 3 ?kQ ks : 1 = 2 Tidal Love number
RE(R
scs V= C= G

- (1—20)°[2+20(y — 1) — 9] H(R) Rc2

X {20[6 — 3y +3C(5y — 8)] +4C?[13 — 11y + C(3y — 2) + 2C*(1 + y)]

+3(1—2C)%2 -y +2C(y — 1)]In(1 — 20)}_
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Tidal term in GV waveform

hr(f) = Af 70T (f) M. Favata, PRL.112.101 101 (2014)
3
\I’T(f) = @, T 2ﬂ'ftc | 1287’]’05 (PN

+ AU+ AU javg), O
6595 ~ 3115 -~
| 012 C6A—"_"A), (4
-’ (364‘S 64 ) @)

16 (ma + 12mg)miA1 + (mg + 12m1)m3As
- 13 (my + mg)?

2 5 2\ °
B . C _g Re
NESVVIRT R D TE A
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Higher order terms in GWV phase ()

Post-Newtonian spin-tidal couplings for compact binaries -
arxiv:1805.01487 PN o]

o2 A23,32, 023,32 | A3 | 03
5 LO «x A
6 NLO xdéA | LOx X
3 3715 55 113 6.5 |[NNLO xA|NLO x3¥| LO xT
T) = 1_|_ —_|__1/ x_*_ — X 7 LO
w( ) 128y 15/2 ( 756 9 ) ( 3 8 ... |Lo
38 1.5 O 2
X (mx1+mn2x2) — gV(Xl +x2) | 7 +O(z")
5 6 X LS, T\.6.5 7
+Az® + (0A+X)2° + (A +X+T)z>° + Oz )},
15 £ X T(gsen — 816r2) AD
( ) = MA [( m 771) 23
4993n;  249T?\ (1)
288 oA - ( _ ) o
A= (264 — ) c M§ +(1 ¢ 2), (16)  ;_[(593 1105  56Tm o, 18 9 *
n - [( 4 8m 8 ’71) X2 —v (272,\&,12) . 20405,}2)} +1e2). (21
6607 66397 ) N
A (4595 15895  5715m 32577%) NS -5t 5 “8m)xa|
28 28m 14 7 M5 +(12), (19)
+(12), (17) 0865 4933 AoV
S o o 2
8 (1) =" [( 3 3m +1644n1) X Xl] M?
_ (6920 _ 20740\ c®05 +(1+2), (20)
2_( - 21771) e + (14 2).
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Higher order terms in GWV phase (2)

Rotational-tidal phasing of the binary neutron star waveform
- arx1v:1805.01882

= ﬂx_“’ 39]\:1: + 328 — X 285
128 2

— A3z’ + 35 :1:8] : (8)

~ 1

+x® [36(35 + 614/q)A7 — (7 — 4751/)55” — 231635 /g — 347457 /g }

~ 4000 14
As = gar7¢
N 29925 1 9

1 2
(@AY + 25 /q),
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Dynamic tide

PRL.116.181101 (arxiv:1602.00599)
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