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Hartle 2002

Black holes and Neutron stars
strong-gravity compact objects:

*remark: massive BHs are not "dense"

GM
Rc2compactness parameter :



MUSES Collaboration

nature’s laboratory for physics at extreme

https://media.wired.com/photos/59323c08aef9a462de9817dc/master/w_1800,h_1200,c_limit/ut_interstellarOpener_f.png



LIGO Lab

Abbott+2017







Gμν = 8πTμν

∇μ Tμν = 0• Spacetime tells matter how to move

• Matter tells spacetime how to curve

governing equations are 
highly complex and nonlinear



you can try this by hands, but…

…



https://www.researchgate.net/figure/The-three-phases-of-black-hole-merger-courtesy-Kip-Thorne_fig1_1968660



solving Einstein’s equations on computers 

‣ modeling GW sources

‣ astrophysical phenomena with strong gravity & dynamic spacetime

Pretorius 2005 
Campanelli+ 2006 
Baker+ 2006

Breakthroughs in 2005 
(annus mirabilis)

Einstein’s GR (1915)
ADM / 3+1 formulation (circa 1960)

LIGO’s first detection of GW (2015)
seminal kilonova event (2017) Pretorius 2005 Campanelli+ 2006

numerical relativity
physics in strong gravity, tackled with supercomputers



Video credit : SXS collaboration (https://www.youtube.com/watch?v=c-2XIuNFgD0)

Binary black hole merger

Video credit : SXS collaboration (https://www.youtube.com/watch?v=c-2XIuNFgD0)

Binary black hole merger

https://www.youtube.com/watch?v=c-2XIuNFgD0
https://www.youtube.com/watch?v=c-2XIuNFgD0


Visualizations from Kiuchi+ (https://www2.yukawa.kyoto-u.ac.jp/~kenta.kiuchi/GWRC/index.html)

https://www2.yukawa.kyoto-u.ac.jp/~kenta.kiuchi/GWRC/index.html
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Solving PDEs on computers

Part  I

methods / codes / numerics / ...



e.g. Lotka-Volterra equations (predator-prey model)

dx
dt

= Ax ℏ Bxy
system of 2 ODEs (not PDE)

e.g. Schrodinger equation in 1D

dy
dt

= Cxy ℏ Dy

Gμν = 0
e.g. Einstein equations in vacuum

system of 10 PDEs, 
4 independent vars, 10 dependent vars  gμν(xa)

i∂ Ψ−
Ψt

= ℏ ∂2

2m
Ψ2−
Ψx2 + V− PDE, 2 independent vars, 1 dependent var −(x, t)

Partial differential equations (PDEs)



PDEs may permit analytic (exact) solutions

however, in general situations, they need to be solved numerically

Gμν = 0
Flat (Minkowski) space 
Schwarzschild geometry 
…

Ψ2u
Ψt2 = c2 ∇2u

Plane wave 
Spherical wave 
…

e.g. Wave equation (3D)

e.g. vacuum Einstein equations



Ψu
Ψt

= α
Ψ2u
Ψx2

• 


• 


•

x ∈ [0, L]
u(x,0) = u0(x)
u(0) = u(L) = 0

Example — heat equation



Common practice :

• discretize computational domain

Ψu
Ψt

= α
Ψ2u
Ψx2

• 


• 


•

x ∈ [0, L]
u(x,0) = u0(x)
u(0) = u(L) = 0

Example — heat equation



Common practice :

• discretize computational domain

• approximate the PDE into discrete version

• apply initial condition

Ψu
Ψt

= α
Ψ2u
Ψx2

• 


• 


•

x ∈ [0, L]
u(x,0) = u0(x)
u(0) = u(L) = 0

Example — heat equation

dui

dt
= α ( ui+1 ℏ 2ui + uiℏ1

(Δx)2 )
ui = u0(xi)



Common practice :

• discretize computational domain

• approximate the PDE into discrete version

• apply initial condition

• evolve with time

• complete simulation

Ψu
Ψt

= α
Ψ2u
Ψx2

• 


• 


•

x ∈ [0, L]
u(x,0) = u0(x)
u(0) = u(L) = 0

Example — heat equation

dui

dt
= α ( ui+1 ℏ 2ui + uiℏ1

(Δx)2 )
ui = u0(xi)

ui(tn+1) = ui(tn) + (∗) × Δt

≡ (∗)



Numerical simulations in astrophysics

Grid-based (Eulerian) Particle (kinetic) simulations Lagrangian (e.g. SPH)

Galishnikova+2023

Rosswog 2015

SXS



Lovelace+2025





Foucart+ 2203.08139





Porting requires human effort

When you spent your entire PhD porting a legacy 
code onto GPUs but now NVIDIA has deprecated 
the CUDA version you learned

(but maybe not anymore?)



Formulations

Part  II

initial value problem, constraints, well-posedness

*many equations & examples brought from Duez & Zlochower 2019 
(https://arxiv.org/abs/1808.06011)

https://arxiv.org/abs/1808.06011


“Hey Siri,

don’t try this at home

and collide two black holes”
???



until mid 1990s, all NR used 3+1 or ADM equations, but 3D evolution failed

What was missing?

• well-posedness

• constraint growth



<latexit sha1_base64="zet95W8CcZOemB31UdrLTElej64="></latexit>)︄
ω2

ωt2
→↑2

[︄
εE = 0

<latexit sha1_base64="DY0yvde1iKlX07iz4fvBzuUg0wM="></latexit>)︄
ω2

ωt2
→↑2

[︄
εB = 0

e.g. Maxwell equations in vacuum
(Gauss constraints)





Hadamard (1902) :

• solution exists
• is unique
• depends continuously on initial data and boundary conditions

Well-posedness







BSSN formalism
Shibata & Nakamura 1995, Baumgarte & Shapiro 1999
+ critical gauge choices (~2005)

Generalized harmonic formulation
Pretorius 2005, SXS collaboration

3+1 equations are not well-posed (only weakly hyperbolic)



a 'good theory' should have a 'good formulation'

e.g. higher-order metric derivatives ( ) in alternative theories of gravityΨ3g, Ψ4g, ⋯



Relativistic hydrodynamics & matter physics

Part  III



How can we see black holes?
(by the way, we can now 'hear' them)

img credit: SXS



How can we see black holes?

black holes can be observed when 
interacting with their surroundings

(by the way, we can now 'hear' them)

img credit: SXS



begin with Newtonian hydrodynamics :

Physical quantities describing the fluid at 

‣ mass density

‣ velocity

‣ energy density (~temperature)

(x, t)
ρ

v
ϵ

*pressure from P = P(ρ, ϵ) :  equations of state (EOS)

e.g. Classical ideal gas
P = 2

3 ϵ ( = nkBT )

e.g. Electron degeneracy
P = (3π2)2/3∂2

5m8/3e
ρ5/3

Evolution of fluid



What laws of physics do we have?

‣ mass conservation

‣                (~momentum conservation)

‣ energy conservation

Ψρ
Ψt

+ ∇ ⋅ (ρv) = 0

Ψv
Ψt

+ (v ⋅ ∇)v = ℏ ∇P
ρ

Ψϵ
Ψt

+ (v ⋅ ∇)ϵ = ℏ P(∇ ⋅ v)
ρ

F = ma

Basic equations in Newtonian hydrodynamics

Ψ
Ψt

+ v ⋅ ∇note) convective derivative

makes equations nonlinear





ΨtU + ∇ ⋅ F = S
Conservative form of PDEs

this is a good form !

evolved variables 
(conserved variables)

flux source ‣ Advantageous when solving numerically 
(Lax & Wendroff 1960, Hou & LeFloch 1994)

Can we write Newtonian hydro equations into this form?

U =
ρ

ρvj

ρϵ + 1
2 ρv2

, Fi =
ρvi

ρvivj + Pδij

(ρϵ + 1
2 ρv2 + P)vi

, S = [
0
0
0 ]

Yes

Ψρc

Ψt
+ ∇ ⋅ J = 0e.g. charge continuity

‣ Important for correct shock speeds

conserved (evolved) variables   vs  primitive variables U {ρ, vi, ϵ}
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Tμν = ρhuμuν + Pgμν

General relativistic hydrodynamics

∇μTμν = 0

stress-energy tensor (ideal fluid)

‣ conservation of energy and momentum

∇μ(ρuμ) = 0‣ conservation of mass ΨtU + ∇ ⋅ F = S
cast to the conservative form

Physical quantities describing the fluid at           :(x, t)

}

U =
D̃
S̃j

τ̃
= γ

ρW
ρhW2vj

ρhW2 ℏ P ℏ ρW
, Fi = α

D̃ṽi

S̃jṽi + γPδi
j

τ̃ṽi + γPvi
,

• Valencia formulation  (Marti+1991; Banyuls+1997)

S = α γ
0

TμνgνσΓσ
μj

Tμ0Ψμα ℏ αTμνΓ0
μν

ṽi = vi ℏ βi /αW = αu0

= (1 ℏ γijviv j)ℏ1/2 used by current NR codes



U = γ
ρW

ρhW2vj

ρhW2 ℏ P ℏ ρW

Fi = α
D̃ṽi

S̃jṽi + γPδi
j

τ̃ ṽi + γPvi

S = α γ
0

TμνgνσΓσ
μj

Tμ0Ψμα ℏ αTμνΓ0
μν

Newtonian hydro GR hydro

* flat space :  α = 1, βi = 0, γ = 1, Γσ
μν = 0

* non-relativistic :  vj ≪ 1, ρ ≫ ϵ, P

See analogies:

U =
ρ

ρvj

ρϵ + 1
2 ρv2

Fi =
ρvi

ρviv j + Pδij

(ρϵ + 1
2 ρv2 + P)vi

S = [
0
0
0 ]

variables

• mass (1) 
• momentum (3) 
• energy (1)

relativistic effects

~ variables x velocity



Tμν
EM = FμσFν

σ ℏ 1
4 gμνFαβFαβ

add contributions from EM fieldTμν = Tμν
matter + Tμν

EM

b2 [uμuν + gμν

2 ] ℏ bμbν
Bi = ℏ ∗Fiμnμ

U =

D̃
S̃j

τ̃
B̃k

= γ

ρW
(ρh+b2)W2vj ℏαb0bj

(ρh+b2)W2 ℏ (P+b2/2) ℏ ρW ℏ(αb0)2

Bk

,

Fi = α

D̃ṽi

S̃jṽi + γ(P+b2/2)δi
j ℏbjB̃i /W

τ̃ ṽi + γ(P+b2/2)vi ℏαb0B̃i /W
B̃kṽi ℏ B̃iṽk

, S = α γ

0
TμνgνσΓσ

μj

Tμ0Ψμα ℏ αTμνΓ0
μν

0

bμ ≡ ℏ ∗Fμνuν

b0 = WBivi /α, bi = (Bi + αb0ui)/W

General relativistic magnetohydrodynamics



Applications

Part  IV

compact binary mergers / accretion disks / jets



Visualizations from Kiuchi+ (https://www2.yukawa.kyoto-u.ac.jp/~kenta.kiuchi/GWRC/index.html)

Amplification of magnetic fields in BNS merger remnants

https://www2.yukawa.kyoto-u.ac.jp/~kenta.kiuchi/GWRC/index.html
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• pulsar emissions

• collapsing neutron stars

• compact binary merger precursors

• magnetar quakes

Parsons+2026

Magnetospheric transient models

Most+ (incl. YK) 2024 Most & Philippov 2023

Yuan+2022
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Magnetospheric shockwaves from 
collapsing magnetars  (Most+2024)

shockfront

Temperature

Lorentz factor





Y Kim+2025

Formation of a transient ‘black hole pulsar’ from BH-NS merger





dashed line:  (h + b2/ρ) ut < ℏ 1

Accretion onto a recoiled SMBH merger remnant

Y. Kim, E. R. Most, H-Y Wang (2026)



www.seramarkoff.com



spinning black holes can launch bipolar outflows :  jetsCREDIT

NASA/JPL-Caltech





GRMHD simulation of tilted accretion disk and jets

jet

accretion disk

Y. Kim, E. R. Most, H-Y Wang (2026)



powered by Summit @ Oak Ridge

800 GPU cards (~100,000 CPU cores)

Black hole wind tunnel experiment 
(Bondi-Hoyle-Lyttleton accretion)

Y. Kim & E. R. Most (2025)



Mass density Magnetization



62Courtesy of Nils Vu



63Courtesy of Nils Vu



some other stuff



Habib+2026



Not all problems require numerical relativity

https://kiaa.pku.edu.cn/info/1031/10642.htm

https://www.mdpi.com/2073-8994/14/2/309



Not all problems require numerical approaches

https://arxiv.org/abs/1303.1957

https://arxiv.org/abs/1303.1957


Not all problems can be done numerically

simulating the sun requires the energy output of another star

https://www.cambridge.org/core/journals/journal-of-fluid-mechanics/article/turbulent-dynamo/8E03224E306A1DF360489DBA3DB09E06



Source: Interpretable Machine Learning by Christoph Molnar


