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Abstract
This lecture introduces a basic theory for gravitational waves (GWs). We derive the wave equation from the Einstein
equation using relativistic perturbation theory. The polarization of GWs is explored by an analogy with electromagnetic
waves (EMWs). To give a theoretical basis for detection of GWs by EMWs, we introduce the perturbation of geometrical
optics and its beyond.

1 Perturbations

1.1 Mathematical Setup

Let F be a 5-dimensional manifold that is foliated by a one-parameter family of 4-dimensional manifolds M, where A
is a parameter. We introduce a one-parameter group of diffeomorphisms ¢, : F — F with a parameter e such that
e [M)] = Myie. We define @ (€) as a pull-back of a geometrical quantity @ through ¢, given by

Q) = 0-.Q. (1)

Its Taylor expansion at € = 0 is given by

Q(6) = Q+¢Q (0) + 5Q (0) + O (%), 2)

1
2

where Q and Q is the first and second order derivative with respect to e, respectively. From eq. |D we identify that

Q(0) = £,Q, 3)
Q (O) = ‘CUEUQ, (4)

where v is the generator of ¢, as
v(f) = lim = (fob— ), o)

for an arbitrary scalar field f.

1.2 Definitions

Imposing metrics on M, and considering € as the perturbation parameter, we define the background spacetime on Mg and

the perturbed spacetimes on M. The perturbed value for a physical quantity @ on the background is given by @ (¢)

Notice that the perturbed quantity depends on ¢. and we implicitly assume a choice of that.
When @ (€) is O (¢") at A = 0 where n is nonnegative integer, it is convenient to introduce a quantity Z such that its
pull-back Z (¢) = ¢*.Z is O (1) at A = 0 and satisfies

Qe)=€¢"Z(e), (6)
at A = 0. Then, the perturbed quantity is expanded by

Q(e):en{Z+€Z(0)+O(62)}, (7)

at A = 0 where we call Z the leading-order value and Z (0) the linear perturbation provided by

where v is the generator of ¢..



1.3 Gauges
Notice that there are infinite ways to choose ¢. on My. A change of map for Z (0) at A =0 from ¢, to ¢, is given by
Ly Z — L7 =LeZ, 9)
where v and v are generators of ¢, and ¢., respectively, and £ = v’ — v. Moreover, ¢ is tangent to M because
EN) =0 N —-v(N\)=1-1=0, (10)
where A is understood as the scalar field on F. Hence, we can evaluate £¢Z on My which means

[552],\:0 = ﬁEIA:(, [Z‘)\:O] . (11)

By the formulation of £, we can generate all possible linear perturbations using eq. @D

Assume that we performed a measurement of a perturbation for a physical quantity. Can we know what ¢ is used
for the measurement? No. If we have an ambiguity on the perturbation caused by the choice of ¢., the measurement is
garbage because we do not know what ¢, is used in the measurement. So we can not get any physical information from that.
Meanwhile, let us consider a quantity Z for which eq. vanishes. It is possible only when the quantity Z on My is zero, a

constant scalar, or constructed by Kronecker delta with constant coefficients |1, 2]. Then, its linear perturbation Z (0) does

not have the ambiguity because all perturbations by ¢, are identical. In this case, a measurement of Z (0) provides proper
physical information.

Let us rephrase these by introducing the concept of gauge. Gauges are redundancies of mathematical representation for
a physical reality. For a fixed F, a perturbation of a quantity has gauges by the choice of ¢.. The gauge transformation is
given by eq. @ For a quantity for which eq. vanishes, its perturbation is gauge-invariant. In terms of measurement,
only gauge-invariant perturbations can provide physical information.

1.4 Metric

From now on, we assume that all quantities live in Mg if there is no explicit mention. The perturbed metric is expanded
into

Gab (€) = gab + €hap + O (), (12)
where h is the linear perturbation of g. The perturbation of identity endomorphism § vanishes because
W L,6Y, = L, (6%0°) — 6% L0
=0 (13)
for any vector v. Then, the perturbation of inverse metric becomes

£Ugab — gacgcdﬁvgdb

= 9" {Ly (9eag™) — 9" L1 gea}
— _hab. (14)

1.5 Levi-Civita Tensor
The normalization condition of Levi-Civita tensor,

—4! = EabcdS“de (15)
is perturbed as

0= Ev (gaegbfgcggdheabcdgefgh)
= 25ab6d£1)5abcd - 4hab5acde€b6de

= 2e"UL e gpea + 4107, (16)
We can prove L,¢ is 4-form using the identity given by
X{XIXSXILoeabed = Lo (Eavea X XIXEXT) — eanealn (X{X5X5XY), (17)
for arbitrary arguments X,,. Switching X; and X, in the above, we get

X§XPXEXILveavea = Lo (Sabea XS XIXEXE) — capealo (X§XTXEXY)
= Lo (CabeaX{ XEX5XT) + cavealo (X{XEX5XE)
= —X{XSXSXIL e abea- (18)



In the same way, for all permutations of arguments X, sign changes of L,¢ are identical to €. Therefore, L€ is 4-form.
Because all 4-forms are proportional to &, we can write

»Cveabcd = QEqgbhed- (19)
Substituting the above to eq. (L6), we get a as
1
o = ih’aa' (20)
As a result, we get
1
£v‘gabcd - iheegabcd- (21)
1.6 Covariant Derivatives
Let us consider a operation V (¢) defined by 3
V(e) = oL Vo, (22)

where V is the Levi-Civita connection associated with the spacetime metric g on M.. In fact, this operation is also the
Levi-Civita connection associated with the perturbed metric g (€) on Mg as shown by

V() §(e) = 9= Voror g
=0, (23)
Via (€) Vi (€) f = 0% V(udid™ Vi f
= ¢~ ViaVyf e
=0, (24)

where f is an arbitrary function. The difference between covariant derivatives of a tensor T' with respect to v (e) and V on
M is written by (refer [3])

k l
(vc (6) _ vc) Taln.akbl-ubl _ ZTal...d...akblmbl Caidc (6) _ ZTaln.ale“'d'“bl Cdbic (6) , (25)
i=1 i=1
where 1
C% (€) = §§“d (€) (Veoa (€) + Voged (€) — Vagee (€)) , (26)
where % (€) is the inverse of gqp (€).
Defining C and V as
Yo — 1: 1 a
C%e = lim =C% (¢), (27)
. 1/
V:lgr(l)g(V(e)—V>7 (28)

we get

: 11, i ) _
C%, = lim Y 4 (€) (Vedba (€) + Videa (€) — Vadye (€))

e—0 €

= tim 5% (6) £ (Ve Gt (6) — ghe) + Vo (G (©) — g0) — Vi (e ) — )

e—0
1
= igad (Vehpa + Vohed — Vahee) (29)
k 1
- ay--ak ay--d--a Ya; a--a ~d
v kbr..b, = ZT kbl...bl C%ge — ZT ' kblmdmbl C bic- (30)
i=1 i=1

As a result, the linear perturbation of covariant derivative for T becomes
1
L,VT = lim = [¢* VT — VT]
e—0 €
1 -
= 1im ~ [V (T(e) - T) + (
e—0 €

=VL, T+ VT. (31)
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1.7 Riemann Curvature

Riemann curvature tensor of the Levi-Civita connection V associated with the spacetime metric g satisfies the Ricci identity
as
R% X" =2V VX (32)

where X is an arbitrary vector. Let us consider the linear perturbation of the above as
L, (Rabchb) = ZV[CE’U (vd]Xa) + 2v[cvd]Xa

=2V VgL X® 42V Vg X* 4207, Vg X® — 20V X*

= RabchUXb + 2V[C (C’a\e|d] Xe) + 2Cae[cvd]Xe

= Rabcdﬂva + 2XbV[cCad]b. (33)
By the Leibniz’ rule of Lie derivatives, we get

LyR%q =2V .C%,
= V[Cvd]h“b + V[CVMhd]“ — V[Cvahd]b

1 € a a (& a a
= 5 (W R%cq = 1% Rca) + V(eViyihg® = VieVhap (34)

1.8 Einstein Equations

The linear perturbation of Ricci tensor Ricy, = R°,,, and scalar Scal = Ric”, are given by

LRicyy = 6% LR, 4 + RE,qpLod?.

1 1
= VCV(ahb)c - gvcvchab - §vaahcc

1 1
= V(@ Vhie = 5V Vehay = 5V Vah®. = R,%%heq + Ric®(, hy). (35)

L, Scal = g®°L,Ricq, — h*®Ricyp
= VpVoh® — VPV ke, — h*Ricys (36)

For the Einstein tensor, we get
. 1 1
L,Gap = LoRicgy — ihabScal - igabEUScal
1 c c 1 cd 1 c 1 d c 1 cdp s 1
= —§V Vehay + VeV oy — igadeVCh - ivbvah .+ §gabv Vah. + §gabh Riceq — ghabScal. (37)
Spacetime is governed by the Einstein equation given by
Gap = 81Ty, (38)

where T is the stress-energy and we introduce geometrized unit, ¢ = 1 and G = 1. Its linear perturbation is given by

,CvGab = SﬂﬁvTab. (39)

1.9 Geodesics

Why a test mass follows geodesic? The proof is given by the Einstein equation. Let us consider a dust having stress-energy
tensor as

Tab = pvave, (40)

where p is the energy density and v is the 4-velocity such that

v-v=-1 (41)
Perturbed quantities are expanded by
ple)=p+e(dp)+0 (), (42)
7 (€) = v* + € (60)" + O (€7), (43)
Top (€) = Tup + € (6T),,, + O (€2) . (44)



We assume that background spacetime is vacuum as

p=0, (45)
Tup = 0. (46)

In this case, v is not well-defined on the background. We use a definition for v as
v® = lim ¢ v°. (47)
e—0
Then, §T is given by
(0T) g = (6p) vavy (48)

We would like to know a motion of infinitesimal dust with the energy density dp in the limit of the vacuum background,
i.e., v. The contracted Bianchi identity derived by the Einstein equation will give the answer:

0=25(V'Tw) (49)
=V’ (6T),, — TerCC," — TueC40 — WPV Ty, (50)
=V (6T) 4 (51)
=V’ ((6p) vavs) (52)
=1,V ((6p) 0°) + (6p) Vs (53)

Note that V,v® is orthogoanl to v because

0=V, (v-v) (54)
= 20,V v (55)

By the orthogonal decomposition of eq. , we obtain

0=Va((6p)v"), (56)
0= V,v" (57)

The first equation is the conservation of energy flux and the second equation is the geodesic equation.

2 Gravitational Waves

In this lecture, we only consider perturbations with Minkowski background. It means that (M, g) is Minkowski spacetime
where g is the flat metric.

2.1 Minkowski Background

The Riemann tensor of Minkowski spacetime vanishes:

R%..=0. (58)
Thus, the Levi-Civita connection for any tensors is commute:

ViaVy = 0. (59)

Assuming T (e) = O (€?), we get the linear perturbation of the Einstein equation as

1 1 1 1
0= —EVCVchab + VCV(ahb)c - igabvdvchal - §vbvahcc + §gabvdvdth (60)
Defining h as
_ 1
hab = hab - §gabhccv (61)
we get
1 c T cT 1 crd7,
0= —§V Vehay + v(av hb)c - igabv Vheq. (62)



2.2 Lorenz Gauge

We impose a gauge condition, so-called Lorenz gauge, given by
Vlhay = 0. (63)
Then, the perturbed Einstein equation becomes the wave equation:
0=VV, ha. (64)

Note that eq. does not determine gauge uniquely. We can generate a set of gauges satisfying the Lorenz gauge condition
by the gauge transformation given in eq. (9):

h;b = hap + £§9ab7 (65)

where h and h/ are metric perturbations in given gauge and new gauge, respectively, and ¢ is a vector. Their relation in A
becomes

hep = hab + Vabs + Vila — gap V. (66)
If both gauges satisfy the Lorenz gauge condition, we obtain

VOV, = 0. (67)

2.3 Wave Solution

Let us consider a wave solution of the metric perturbation with the wave equation in eq. given by
By = / BN (k) hap (k) eT6R) (68)
N

where N = {k : k- k = 0} — {0} is the set of null vectors, h d*\ is the infinitesimal amplitude, and P is the phase such that
k® = VeP. N is decomposed into the future-directed subset A/T and the past-directed subset N/ ~, respectively. Because h
is real, N7 and A/~ have one-to-one correspondence given by

hay (=k) = hiy, (k). (69)
When we introduce a globally inertial coordinate system {t, &}, components of k and the phase P are given by

k= w (1, ke, Ky, K2) (70)
P, Zw,k)=w(—t+k-I), (71)

where w is the frequency and k is the unit spatial vector for the propagation. Then, GWs become
0 g N ) .
hab (t’ f) = / 270') /dz/{hab (w’ lﬁ)) eZW(*tﬁLm-w)’ (72)
oo 2m

where [ d?k is the integration over all directions. When we introduce parameters (6, ¢) of the spherical coordinate for  as
Kk (6, ¢) = sin 6 cos @& + sin O sin ¢3j + cos 62, (73)
GWs become

(e’ 27 1
hap (t, &) = / ‘217‘: /0 do / 1d(cose) hap (w, 0, p) e (~tHr(0:9)-F) (74)

2.4 Traceless Gauge

Let us investigate possibilities of the further gauge restriction given by
he, =0, (75)
which is the traceless gauge. For the above, we have to transform gauge with £ satisfying
0=h", +2V.&", (76)

where h is a metric perturbation in given gauge. Because we only consider gauges satisfying the Lorenz gauge condition, &
is the solution of eq. (67). Thus, it has form of

¢ = / BN (k) € (k) PR, (77)
N



Then, eq. becomes
0= / BN (B, + 2ikof ) 1P (78)
N

Choices of € to vanish the integrand of the above for all k € A realize the traceless gauge.
In summary, our gauge choice have been

0= Vbhab7 (79)
0= h%, (80)
which implies
= kPhay (K), (81)
0=h", (k) (82)

for all £ € N. Among gauges satisfying the above condition, the gauge transformations are given by ¢ satisfying

0 — h/aa
= R, 42V, &0
=V, &° (83)
which implies
ka2 (k) =0, (84)
for all k € \V.
2.5 Riemann Tensor
From eq. , we obtain
L,R™, = —2VEv (85)
1 - )
== / PN 4kl kb e (86)
2 Jn

Note that the perturbation of Reimann tensor is gauge-invariant because its background value vanishes.

2.6 Introducing Observer

Let us consider a time coordinate ¢ in a globally inertial coordinate system {t,Z} on Minkowski background spacetime. Its
Eulerian observer have 4-velocity u given by

ut = —g* (dt), (87)
The 3+1 decomposition of a wave vector k € N is given by
kY =w (u® 4+ k%), (88)

where w = —u - k is the frequency and k = k/w — u is the spatial unit vector of propagation. We define a projection operator
P onto the vector subspace orthogonal to n and k as

P = 6% + uup — K%Kp. (89)
Then, it is idempotent,
P% =P P, (90)
and its trace is
Pt =2 (91)

Let us impose an additional gauge condition as

hapub = 0. (92)



The the gauge conditions we have chosen including the above is so-called the transverse-traceless (TT) gauge condition. All
gauge conditions we impose are summarized in

0= u’hap (k) (93)
0= Kk hap (k) (94)
0="",(k), (95)

for all k € NV.
Let us show that the TT gauge condition determines a gauge uniquely. Orthogonal decomposision of 5 for traceless
gauges is given by

£ = au® + Br* + X°, (96)
where X¢ = P b, Because eq. implies & = 3, we get form of
£ =7k + X (97)

For two gauges satisfying the TT gauge condition have a transformation,

0 = hlub
= (hab +Vap + vbga) u’
= (vafb + bea) ubv (98)
with € satisfying
0=1 (kagb + gakb> u® (99)
=i{ka7y(k-u)+ (&ka+)~(a) (k:-u)} (100)
= (2&1@1 + Xa) (k-u). (101)

It implies that 4 = 0 and X = 0. As a result, é vanishes and both gauges are indentical.

2.7 Polarization of Amplitude
We consider a set of rank (0,2) tensors T satisfying egs. to . It has projection operator A given by

a a 1 a
A% =P PYy — 3P °P.a. (102)

A right-handed orthonormal basis {e? : A =+, x} for T has properties,

et ef =548, (103)

efbegig“csbdefu%f =B (104)

where 6§47 is the Kronecker delta, e47 is the Levi-Civita symbol for two dimension, e,pcq is the spacetime Levi-Civita tensor,
and - is the inner product for 7 defined by

z-y = 9°°g" Tapyed, (105)

for z,y € T. The collection of right-handed orthonormal bases are parametrized by ¢ with the relation,
el (9) = cos (29) e/, (0) +sin (29) €, (0), (106)
e, (9) = —sin (29) e/, (0) + cos (29) e, (0), (107)

where {e” (0)} is a fiducial basis.
Let us consider a phase adjustment of h by « as

hrap = {?R (Babe—m) 1S (Babe—m) } e, (108)

such that the real part and imaginary part are orthogonal to each other. Note that « for the orthogonalization is not unique.
So, we introduce a “standard” process for the orthogonalization given by



—r/2<a= %Arg (Eﬁ) < /2,

hy = \/9% (iwfm) R (iwfm) >0,

et = i% (ize*m) eT.

Then, e* is uniquely determined by the right-handedness of the basis {eA A=+, ><} for 7 and

hy =S (ﬁe_m) cex.
Finally, we get the form

~ = A
hab = hAeabem.

(109)
(110)

(111)

(112)

(113)

This is an analogy to the form for elliptically polarized electromagnetic waves given in [4]. Introducing unit eigenvectors x

and y for e with positive and negative eiginvalues, respectively, we get

1

el = 7 (TaZb — Yalp) ,
1

Cop = \ﬁ (TaYp + Yap) -

Exercise: Show that Vur’ > |hy| in the above process.

2.8 Changing Observer for Metric Perturbation in TT Gauge
A metric perturbation in the Lorenz and traceless gauge has decomposition as
iLab = A]Afa];?b + Baifb + I%aBb + éab7

where

k= u® + k°

A = hgpuub,
Ba = —iLaCuaPCb,
Cap = hea P, P .

We find that the metric perturbation in the TT gauge is only taking C.
In another observer with 4-velocity u’, we have

hay = A'klky + BLk, + k. B} + C",.
Then, we get
Cly = heaP", P,
- (Al%al%b + Baky + ka By + éab) pe prd
= CuP “ P /db7

(114)

(115)

(122)
(123)
(124)

where P’ is the projection operator orthogonal to v’ and «’ as defined in eq. . Note that & and &’ are proportional to wave
vector k, thereby, proportional to each other. As a result, P'% k* = 0. It is the transformation rule for metric perturbations

in the TT gauge.

2.9 Perturbation of Observer

In our setting for u, 7?77 implies that p is a constant of motion as
0 =u*Vp.

In the TT gauge, 7?7 implies that v is spatial as

(125)

(126)



and 77 becomes

0=u, (ubvba + pvbvb) + puVyu,. (127)

Then, we get
u'Vyo = —pVa0?, (128)
ubVyv® = 0. (129)

If 0 = 0 and v = 0 before arrival of GWs, ¢ = 0 and v = 0 are maintained even though the GWs are passing. So we set

o =0, (130)
v=0, (131)

over the spacetime. It means that test masses are fixed on the spatial coordinate {#} and their masses are constant of
motion.

3 Generation of Gravitational Waves by a Weak Source

3.1 Weak Source

We put a weak source that does not spoil Minkowski background as

Tap (6) = e{Twr + O (e)}. (132)
From eq. , we get the in homogeneous wave equation as
VVehay, = —167T,, (133)

in Lorenz gauge. Note that, by the contracted Bianchi identity and the Einstein equation, we have the conservation law,
VPT,, = 0, that is consistent with the above due to the Lorenz gauge condition, V?hy, = 0. Using Green’s function satisfying

0.G (x — ') =6 (x — '), (134)

where [J,, is the d’Alembertian for the coordinate z and §* is the 4-dimensional delta function, we get the solution of eq. (133))
as

o () = —167 / B’ G (@ — a') Ty (2) - (135)

The solution of eq. (134)) depends on the boundary conditions. By imposing Kirchoff-Sommerfeld no-incoming radiation
boundary condition, we get

G(z x’)——mé(t—|£’—:ﬁ’|—t/). (136)
Then, eq. becomes
hap (t, %) = 4/d3x' T (t Tg},f;f" 7). (137)
3.2 GWs from Slow Source at Far Zone
Using Fourier transformation of T', we get
o (1, &) = / T (@) e (138)
o 2T
Conservation of T provides
0=09,T1%"
- [ O; ;L: (FiT (w,2) + 9T (0. 5) ) e, (139)
that implies
T (w, &) = 1wl (w, T) . (140)



Substituting eq. (138]) into eq. (137)), we get

B T -
hap (t, %) = 4/d3x’ w (t |fff,|x %) (141)
1 o0 d - i Z—7
= 4/d3x’ o7 / Q—WTab (w,f’)e‘“"(t_‘*_* ) (142)
r—x oo 4T
oo d i iw‘f—fw "
= 4/ % C_th / de/ ﬁTab ((A}, f/) . (143)

We assume that the source is compact and the frequencies of interests are sufficiently small such that w |2 — '] is almost
constant over the source. Then, h becomes

_ 4 > d . N
o (1, ) = & / dw pia(=t+r) / B Ty (w0, 7) (144)
\%

T J_ o 2m

where r = |Z| and V is the spatial domain of the source. Introducing a globally inertial coordinate system {t, &}, we consider
the integration of T" only for spatial components as

/vd3gc T (w, ) = /vdsx {8k (xiTkj> - xi(“)kaj} (145)

= —iw/ AP ' T% (146)
%
1 A A
= —fz'w/ d*x (:c’TOJ —&—xJTOZ) (147)
2 v
1 N . ~
= —Eiw/ >z {8k (x"a:JTOk) - xlm](‘?kTOk} (148)
v
1 N
= —7w2/ P 2’2 T (w, T) (149)
2 v
Let us define the second moment of 7% as
MY (t) = / Pra'eI T (t,7), (150)
v
* 4 . o
z/ & e_“"t/ Pr2'2? T (w, T) (151)
— 0 27T v
Its second-order differentiation becomes
rij Fdw 5 3, i, 700 -
MY (t) = — — w’e dr ' T (w, X) (152)
—00 271' v
< g ,
:2/ —we—wt/ BT (w, 7). (153)
— 00 271' v
As a result,
o 2 .
hY (t, &) = =M"Y (t —r). (154)
r

Using eq. (102]), we get the metric perturbation in TT gauge as
2 ..
thT (t7 f) = 7ACdab (72) ch (t - T) ’ (155)
T
where 7 = Z/r and @ is the quadrupole moment defined by

1
Qab = Mab - g'YabMaav (156)

where Yap = Gap + UgUp-

4 Detection of Gravitational Waves by Light

4.1 Maxwell’s Equations

Maxwell’s equations for the 4-potential A become

VPV [ Ay = Aja, (157)
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where j is the electromagnetic 4-current and we introduce Gaussian unit system as ¢y = 1/47 and po = 4w. Using Lorenz
gauge,

V@A, =0, (158)
we get
V'V, A, = Ric?, Ay — 47jq. (159)

Exercise: As you know, Maxwell’s equations consist of 4 equations. However, with the EM 4-potential A, we only need
Gauss’s law and Ampere’s law as in eq. (157). Why?
Exercise: Prove that the conservation of electric charge, V%5, = 0.

4.2 Geometrical Optics

Let us consider a local Lorentz frame {¢, Z}. In the frame, £ is defined as a typical length over which the waves vary and R
is defined as a typical components of the Riemann curvature tensor, which is the curvature radius scale. When the frequency
of electromagnetic waves w is much larger than 1/L where L = min (£, R), geometrical optics is valid. Let us consider
electromagnetic waves given by

Aq (t,7) = 2R {{Aa tw B, 4+ 0 (w?)} eiwq(@f)} , (160)

such that [* = V4q is future-directed. In the vacuum, j = 0, eq. 1| becomes the wave equation for A as

ViV, A, =0 (161)
Through,
Vido = 2 [{iwly (Aa + w0 Ba) + Vida + 0 (w71) b ei1]
_ szle +ily By + VyAa + O (w )} WZ} 7 (162)
ved, =28 [{iw (I- A) +i (I B) + V4, + 0 (') f 1], (163)
VeV g = 2 | {iwl, (iwh Ao + ilyBa + Vi ) + Ve (B4, +0 (1) 1]
2R [{ 200y Ag + w (—l},l}Ba Fil,Vy A, + iV, (z},[xa)) +0 (1)} eM} , (164)
VOV, A, = 2R [{—oﬂ (i- Z) Ao 4w (— (Z- Z) Ba + 2il’Vy A, + iAabeb) ) (1)} eiwq} : (165)
we get
0=1-1, (166)
in the leading-order of w and
0=1-4, (167)
0= 20V, A, + AVl (168)

in the next-to-leading-order. Rewriting results in Q = wq and [ = wi , we obtain the evolution equations along [ as

°VeQ=1-1
=0, (169)
1PV, = g*I°V,V.Q
= gaclbvcvbQ
1 ac
= 59"V (D)
=0, (170)
in the leading-order and
- 1 -
I’V A, = —EAavbzb (171)
1-A=0 (172)
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in the next-to-leading-order. Introducing the real amplitude A = V/ A. A* and polarization vector fa = A, /A, we get

0=V, (4%,
0=1"Vyfa,
0=1-f.

(173)
(174)
(175)

The first equation is conservation of the number of light rays, the second equation is the parallel transport of polarization,

and the third equation is the transverse condition of polarization.

4.3 Perturbation of Rays

We introduce the Minkowski background spacetime and monochromatic plane electromagnetic wave given by

A, =28 [AaeiQ] ,
where A and I, = V,Q are constant over spacetime. We impose Lorenz gauge and radiation gauge as

0=V"A,,
O=u-A,

implies

Meanwhile, GWs are in the TT gauge given by

for all k € \V.
Perturbed phase is given by

Q () =Q+eS+0(€).
The linear perturbation of [ becomes

L1" =L, (9"°V,Q)
= —h%, + V25,

Then, eq. (169)) provides
0= (=h"l+V*S)l, +1°V,S,

implies

a 1 a1b

1V S = —hgpl®l°.

2
The general solution of S is decomposed into the particular solution and the homogeneous solution as
S =8P 48"

The particular solution can be solved using
SP = / 3N (k) SP (k) ePGR),
N

Plugging it into eq. (227)), we get

The homogeneous solution have to be satisfied

(176)

(177)
(178)

(179)
(180)

(181)
(182)
(183)

(184)

(185)

(186)

(187)

(188)

(189)

(190)

(191)



implies S" (t,2,9,2) = X (¢ = —t + 2,9, 2).
Let us consider the frequency as

w=—-u'V,Q. (192)
Its perturbed value becomes
@(e)=w+ea+0 (), (193)
where
a=—v%, —u'V,S
= —uV,>S. (194)

Note that « is gauge-invariant because w is constant on My. We give boundary condition at the 3-dimensional timelike
plane P that is the congruence of emitters as

= [ av SP —uV,S" (196)
1 )
= d3/\/ (k) ik z—h A1) PR L9 X (g =t +x,y,2)| (197)
2 k-1 »
= [ d3j\/ hapl@1Peis(—tHr-Witz2) 1 g X (¢ —t,y,z)] , (198)
'P
implies
1 - ) o
0, X (q,y,2) = —= | d°N (k) =—hgpl@1Peiwslatryi+z2)) (199)
N k-1
1 - ) o
X (q.y.2) = i | AN (k) o=hap (k) 12106t 022D 4 € (y, 2) (200)
v .
1 1 - . I
S™(t, %) = 7t d°N (k) 7ghan () [01beiwe(ZtHNTHR(E=NDN) L O (y, 2). (201)
v .
We conclude that
L. sar L7 ab DGR LiPGR)
S=—Zi | BN —hay (k)% (176 ik, )e *) O (y,2) (202)
2y k-1
where
Dtz k) =ws (1 —kK-A) (A T). (203)

Before arrival of GWs, we assume no perturbation as S (¢t < ty,0 < < L,y, z) = C (y, z) = 0. Therefore,
S Li [ o Lt (670 girennn) (200
2 In k1" ’
where

(P+D)(t,#k1) =Pt —\-Z,5— A\ Z):k). (205)

Perturbed amplitude is given by

Aq(e) = A, +€eB, +0 (62) ) (206)

The evolution of the amplitude, eq. (171)), provides

. . 1. )
"7y B, — oy Aul? =~ A, {vb (=A%l + VS) + zccbcb} (207)
I’VyB, = fA VPS4 = (v he, + Vph¢, — Vehay) AL, (208)
It gives
5o 1 L1 55 _ A _ 7 iD(k,0) iec e pej ib| iPGk)
Ba= 500 {2/{ — Al {k (k z) A} {k (k z) /\} e n (kah , + kohS, — k hab) A2 e (209)
1 [1- - , - - N
— —A, bic iD(;k,l) c ¢ _ 1c A b| iP(Gk) 21
T {2 Fel®Ik - (u— \) e +<kahb+kbha khab) A e (210)
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B, = / AN = AahpelTk - (u — X) PR 4 (kahcb + kyhe, — k%ab) Ab| PR 4 G
D |2

where C,, (t,2,y,2) = Y,
0= (- abzb+vas)Au+z-B

7 Aa kA a b _iP(;k) ~
/d./\/hab<A 2(k~l)l>le +1-C

=—z / d%\/—k 45 p (k) 101be(PHDIGED 4. &

—_

Co= /d?’./\f—h 1P PHDIGED L O (g = —t + 2,y,2) la

The radiation gauge provides
0= (B+iSA)-u
1 k -
/ 3N - 'Z; hap A%1PePGR) — C (g = —t + 2,1, 2)
k - uy
d3 ha Aalb iP (k)
/ N g har

As a result,

. 1- . _ . - SN o~ o
B. = / d*N 5 [ Aahpelblk - (u — \) e P+HDIGED (kah°b + kyhe, — k‘hab) Aclbelp(’k)}
N (k l)

5
1 )
dS ha. k lb i(P+D)(5k,l)
+ = / N P b ( ) e

3 Abcsz)A
/d./\fiklh l la

1. -\ - .
= 3 Aok - (1 — N) + (k- A) hgpl? b /PFDIGRD
= [N gy [ { At 20 (k- ) ot}
- { (ol + ol = K ) Acl® + L (- ) o AP0 1709

4.4 Perturbation of Rays in Double Null Gauge

We introduce the Minkowski background spacetime and monochromatic plane electromagnetic wave given by

A, = 2R [AaeiQ] ,

where A and [, = V@ are constant over spacetime. Let us consider GWs in the double null gauge given by

0= k% (),
0= 1% (k),
0=nhe, k),

for all k € .
Perturbed phase is given by

Q (¢) =Q+eS+0(e).
The linear perturbation of | becomes

L1 =L, (9"°V,Q)
= —h®[, + V°8S.
= V°S.

15

(g = —t+ z,y, 2) is quantity satisfying 1"V,C, = 0. The Lorenz gauge, eq. 1] provides

_paby, + d?’/\/ hbc (k) i1° {kaez‘P(;k) _ (k“ _ (k ) [) )\a) ei(P+D)(;k,l)}] i,

(211)

(212)

(213)

(214)

(215)

(216)

(217)

(218)

(219)

(220)

(221)
(222)
(223)

(224)

(225)



Then, eq. provides
0= (—h®l+V*S) Iy +1°V,S
implies
1°V,S =0.
The solution have the form of
S(t,z,y,2)=X(qg=—t+z,y,2).
Let us consider the frequency w = —u*V,Q. Its perturbed value become
() =w+ea+0(e?),
where
a=—v%, —u'V,S
= —1/ N (k) ﬂfz wtubetPGR) — 4oy, 8.
2 Jy o ab a

0 = u’Vyus

0= u"Vpv® +u’C*,u’

1 - - -
i (k)7 = =i (kbhac + ko9, — k:“hbc) ubu

0% = —h“bub + k®hpeubu®

2 (k- u)

1 1 ~ )
a__ _pa b = 3 a ‘bc1P(;k)
v hbu+2/j\/d/\/(k})k_ukhbcuue

(226)

(227)

(228)

(229)

(230)

(231)
(232)

(233)

(234)

(235)

Note that « is gauge-invariant because w is constant on My. We give boundary condition at the 3-dimensional timelike

plane P that is the congruence of emitters as

0=[a]p
= {—1/ >N (k) ﬂﬁabu“ubeip(;k) —u'V,S
2 N k-u P
k-1

1 - ) -
= |: / d3N (k) 7habuaub62wg(7t+ﬁ.w) + aqX (q =—t+ r,y, Z) )
N U P

1 k-1~ . I
_ = / dSN (k) 7habuaubelwg(*t+l€'(yy+zz)) + aqX (q = 7t,y, Z) s
N cu

implies

1 - _ o
(9qX (q,y, z) = 5 d3N (k.) uhabuaubezwg(q+ﬁ.(yy+zz))

=
Pl
e

N . . A
— habuaubezwg(qJFﬁ'(yy"rzz)) + C (y’ Z)

k'l 7 b

~hapu®u el (SHNTHRE- D) 4 o (

Y, 2)
We conclude that

g Qi/ngN (k.'?j)gi?'abuaub (1 _ eiD(;k,l)) ¢PCR) 4 O (y, 2),
where

D(t, %k 1) =wg (1— - A\) (- 7).
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(236)

(237)
(238)

(239)

(240)
(241)

(242)

(243)

(244)



Before arrival of GWs, we assume no perturbation as S (t < tp,0 < < L,y,2) = C (y, z) = 0. Therefore,

S — lz/ BN k-l Pyl (eiP(;k) _ ei(P+D)(;k,l)) 7
2 T (k)

where
(P+D)(t, Tk, 1) =Pt —\-7,&—X(\-Z);k).

Perturbed amplitude is given by

eq. (L71)) provides
~ . ~ 1~ .
I'VsBa — Cp Add’ = 5 A, (vbvbs + zccbd,) ,

implies

- 1 -

I’V,B, = §Abzcvchba,
gives
1., -
= 54’ + Ca,

where C, (t,x,y,2) = Y, (g = —t+ z,y, z) is quantity satisfying ’v,C, = 0. eq. 1’ provides
implies

Let us consider the intensity,
I =FE?
= 44° v[ APV Agu
(ZA elQ) 2R ('AaeiQ)
= ( Aoe@ — idgem Q) (1A — A1)
2% -

( ) 2’3Q+A-A*}.

Its perturbed value become
I(e)=1+eJ+0(e),
where
J = w?2R [_ (QA B- h“”ilailb) e¥Q 1 94 B* — h“bflaﬁﬂ

— W22R [—2 (21 : é) e¥Q 4 24. é*}

(245)

(246)

(247)

(248)

(249)

(250)

(251)

(252)

(253)
(254)

(255)

(256)

(257)

(258)

Note that J is gauge-invariant because [ is constant on M. We give boundary condition at the 3-dimensional timelike plane

‘P that is the congruence of emitters as
0=1[J]p
= w?2R {—2 (;1 Y (g = —t,y, z)) eZwlat X Wit=2) L 9 4. Y™ (q,y, z)} ,

implies

(259)
(260)

(261)
(262)

(263)
(264)



4.5 Beyond Geometrical Optics

Please refer |5 |6l [7].
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