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Perturbations
GW Propagations
GW Generations

GW Detections
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e To understand perturbation gauges.

* To understand how GWSs propagate
and the physical effects they produce.

e To understand how GWs are

generated.

 To understand the principles of GW
detection using electromagnetic

WaVes.

Lecture Goals
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Spherical Chicken in a Vacuum

.. chickens ... won't lay any
eggs...

.. physicists then does some

-
- ‘ : ‘
"

s "‘?

calculations ...

.. | have a solution but it only

works with spherical chickens in
a vacuuml!

TV Drama "Big Bang Theory"


https://www.youtube.com/watch?v=Id0Ppz4OBKE

Perturbations

Perturbation:

o = Qperturbed o Qbackground
Vacuum Alir

Qbackground
Qperturbed

Spherical

Chicken
Chicken

Perturbation
Parameter

Background System . Perturbed System



Gauges in Perturbations

Perturbations in Two Different Gauges: _ i

redundancies for a

AQ = Qperturbed - Qbackground

1Y — ) . ' single physical reality
A Q _ Qperturbed Qbackground

: Vacuum Air
Qbackground
Qperturbed
0 -
perturbed
Spherical : . w
Chicken | » W

O ' Perturbation
" € v Parameter

Background System o Perturbed System



Gauge Transformation

A'Q—-AQ = QI,)erturbed o Qperturbed = €L E Qperturbed
— 2
= €Z cbeackground +0 (6 )

Vacuum 5/ Air

Qbackground
Qperturbed

Spherical

Chicken \f

Chicken

0 \ {l, - Perturbation
€ . l Parameter

Background System o Perturbed System



Rigorous Mathematical Definition

e For a one-parameter foliation of spacetimes ./ _ on 5-dimensional manifold

* ¢.: one-parameter group of map between #, and

e Perturbed Quantity in 4|,
° gb:Q = Q+€§/”UQ+ 0, (62)
e (: quantities on 5D manifold
e ¢ pullback operator by ¢.
e (J: quantities on
o Z Q:linear perturbation

® »: generator of ¢,
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e Gauge freedom = freedom to choose @,

e Gauge Transformation
¢ 2,0-2,0=%:0

e Example: Metric Perturbation
* hy, = ZL8u
* hy, =L 8u

° hy—hy, =Ly, = V.S + V&,

foré eI (%O)

11

.
.
0
"
"
L
-----

Perturbation Gauges

.
.
.
.
.
.
.
.
.
.
.
.
.
.
-
-
an "
P
.
PRI
---------

-
.
.
......
- -
-----
-------
------------

.
.
.
.
.
.
.
Y
.
-

Credit: C. Park / ApJ 940 58



Gauge Invariance

e Stewart-Walker theorem

° EUQ is gauge-invariant it and only it Z:Q = 0
tor all &.

e Z:0=0 < (Qiszerooracombination of

constant scalar and Kronecker delta.

e Example: Perturbation of Flat spacetime

e h, =< g ,isnotgauge invariant because

gab#()

* Linear perturbation of the Riemann tensor

(5R)abcd — SZUIAQ“M IS gauge invariant because
Rabcd — O

Credit: C. Park / ApJ 940 58
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Geometrized Unit System

e ¢ =299792458 m/s = 1 Astrophysicists be like:

e 15=299792458 m
e G=6.6743x 107" m’kg~1s2 =1

6.6743 x 10711
1 kg =
2097924582

time: seconds
distance: meters

il :
mass: Kkg
!
O

m

time: seconds
distance: seconds
mass: seconhds




Wave Equations

 Plane Wave Equation in Flat Spacetime

e \Wave Equation in Flat Spacetime

e 0=y =09y=g"00y uv=0,1.23)
e Scalar Wave Equation in Curved Spacetime

e 0=VeV y=g"V _V,w (valid only for scalar field)
e \Wave Equation in Curved Spacetime

e 0= A rw = — (d5 + 5d) @ (for differential forms)




Wave Equation for Metric Perturbation

®* Finstein's Equations

° SﬂTab = Gab
e Perturbations on Flat Background Spacetime

iIn Lorenz gauge

_ ~ C
o 81(0T), = Z,Guy = =5V V. hy
® "ab — "ab H Sab 8cd

e Lorenz gauge condition: V?h , =0

e Riemann tensor perturbation

. (5R)abc ,==2vVlv




Gravitational Waves

* \Wave propagations in vacuum region
e (oI), =0

e Gravitational Waves
e V'V .h, =0
e V¢V, (6R), ,=0
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Effects of Gravitational Waves

_t- GW
ime propagation
tidal force tidal force
tidal force tidal force
tidal force tidal force
free falling free falling

test particle test particle



Properties of Gravitational Waves (GWs)

* Propagation speed: speed of light
* Transverse wave: propagation direction L tidal direction

 Two polarization modes: plus polarization and cross polarization

p
p <

L
tion ® et

+ polarization X polarization

19
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Metric

dl,: infinitesimal

displacement 1 $
dl,: infinitesimal l

displacement 2

S
-



Metric in Components

* |nfinitesimal Displacement
o dl, = (dt,,dx,,dy,,dz)
o dl, = (dty, dx,,dy,,dz,)
* |nner product

81t 8Six gty 8tz dfz
& 8w &y 8| |dx
Syt Syx  Syy Syz| |dy,
gzt gzx gzy gzz de

dl; -dl, = g, dx‘dx; = [dtl dx; dy, dzl]

* where g, is symmetric such thatg,, = g,,.



Metric Perturbation of GWs

e Redefinitonofh:h, =< g, <1 *® Letusconsiderthe coordinate
displacement

* Metric perturbationin TT |
dl = (0,drcos a,drsina,0)

(Transverse Traceless) gauge

° g“bhaTbT =0 VbhaTbT = 0
TT _

. h()//t = ()

o Then, VOV h:" =0  (i,j=123)

e Components of metric

10 0 0 00 0 O
o —p +nTT= |0 L oo|, |V a A O
o MY T T 0 010 0 h, —h, O
0O 0 O 1 00 0 0



Metric Perturbation of GWs

e The physical length of dl is given by

—1 0 0 0 0
O 1+h  he O |drcosa
dl - dl = '
‘ [0 drcosa drsina O] 0 h, 1—h, 0| |drsina
0 0 0 1 0

1 1
o Vdl-dl = dr { L+ —h, cos (2) +—hysin 2a) }

Y

A h, /2

+ polarization X polarization



e Monochromatic Plane GWs propagating to +z axis

— TT _
g//w o 77/41/ T h,m/ o

-

+ polarization

Gravitational Waves

—1

o O O

0 0 0 0 0

10 of, 0 hy

01 0| [0 A

O 0 1 0 0
y

X polarization

0 0
h, O
—h, 0
0 0

oS | W, (—1+2) + ¢

propagation of GWs






Solution with 67

e Perturbed Einstein's equations

© VV h, =—16x(sT) ,

e Note that 6T is gauge invariant.

e (Green function solution

. ]
hy, (£,X) = 4J AN = &T),,
N

(6T, (1= |7 -%].%)

° = 4Jd3x’

e JJ: past null cone

TIME

S\N\RE | (GHT COVY
OBSERVER —
ACE N
GP \g\@@\\%\\\\
AAST LIGHT CON®

'



GWs from Slowly Varying Source

e Second Moment of Energy

7 _ 3. 00 - TR ‘
o M7 (1) = Jd x" (oT) (t,x ) x"x'!  tidal bropagation
: force / direction :
e Atfar zone with slowly varying source,
2 '
o W (1,X) =—MY(t—r) _
r o % wave front :
X encusassssssssssssssssssssssnsnasannnnnnnnnnnns®
e 1" with Quadrupole moment Far Zone
1 r= |55|
k
. Q5= M;— oM

2
® h;T (t, .X) — 7Akll]le (t — I”)

e A:traceless projection to the tidal plane




sNext.Generation
‘Gravitational-wave
~ Detectors




Electromagnetic Detector

* |[nterferometer ® Pulsar Timing Array

(&) NKomer
— L

Pulsar

| EMW GW
Interferometric Detector
.
T ol
p | | | | I | I I
. 0 2 4 6 8
LIGO Hanford LIGO Livingston Time (s)

29 Pulsar Timing Array



Interferometric GW detector

e GWSs in + polarization at interterometer (at z = 0)

h, O
o N, = 0 —n, COS (—a)gt+qb)

e Phase difference without GWs

¢ A =2w,(L,— L)

e Phase difference with GWs

, |
o Li (1) =1L, {1 +5h+cos (—a)gt+¢)}

, |
o L, (?) =L2{1 —5h+ccs (—a)gt+qb)}

o ()= A+ (Ly+ L) hycos (—wyt + )



Pulsar Timing Array (PTA)

e Correlation of measurements from two pulsars

5T, 5T,
o =C h , he
(i) = C@ )

pulsar 1

pulsar 2

0.3+
0.2+
S
U 0.1 B
O. \/

0 n T
2

a

Hellings and Downs / ApJ (1983)



Geometrical Optics
in Perturbed Spacetime




Electromagnetism in Curved Spacetime

e Maxwell's equations e EM potential

o OF = V°F , = 4nj e We can introduce EM potential A such
that = dA =2V A, atleastlocally.

¢ dFZSV[anC] :O
e Then,

AgrA = — (d5+5d) A
= —-V’V,A_+Ric’ A, = — 4xj

e [ ftield strength tensor

e j: electric 4-current

o d: exterior derivative
e with Lorenz gauge 60A = — VYA =0

e O: codifferential

e ¢ = 1/4x and py = 4x: Gaussian unit

33



Geometrical Optics in Curved Spacetime

In a local Lorentz frame {t, 55} it the frequency of
electromagnetic waves are large enough such that

e o=1/Lox1 LEmin(%,EZ)

e R: curvature radius scale Z: medium variation length scale

EM potential A can be described as

Credit: Matias Koivurova

~)

o A, (1,X) =2R |A, (1,X) e0(1)

1 >

e A:amplitude Q: phase

e [“=V?Q: wave vector w=—1,=—090 > 0: frequency

't is the EMW in the geometrical optics regime.

Rays can be introduced in geometrical optics. >

34 Geometrical Optics with Lens



Geometrical Optics in Curved Spacetime

e By introducing an order analysis parameter a — 0 such that
e | =0 (05_1) A =0 (ao)

* which means that phase changes much faster than the amplitude.

e Maxwell's equations in the leading-order give L
WKB Approximation in Quantum

e [-]=0: wave is propagating to null direction Mechanics / Credit: TU Delft

e [“V (O = 0: phase is constant along wave propagation :

e [’V,I1% = 0: waves are propagating along null geodesic

z e,
 From the next-to-leading-order
~ ~ Y
e ()= Va{ (A -A*) l“}: number of rays are conserved — photon number
conservation "o
e 0=1[- A: transverse wave " Cross-sectional

()

area of bundle

35 MTW Figure 22.1



Monochromatic EMW in Flat Spacetime

e Monochromatic Wave Form u

o A, (6,%) = 2R |A 05

a

~)

e A _:constant amplitude K

. Q( X) = w, (—t+k, - X): real phase
e w,=—uV_Q:frequency observed by u
® K.: unit spatial propagation direction
e [“"=V0=w, (u“ + Kg): wave vector
e From the Maxwell's equations
e 0=g,l°” (null condition)

e () = lebl“ (null geodesic) emitter receiver

36



Linear Perturbation of Geometrical Optics

e Perturbed EMWs Z l
* $:0=0+e50+0 (%) | i
e O w,= w,+ edw, + O (62) K,

e Note that dw, is gauge invariant because @, is
constant scalar.

* Perturbation of Geometrical-Optical Equations

I b
o [V 60 =—h,I
2
e bw,=—u*V, 00+ (bu)'l,=— 0,60 inTT gauge.

emitter receliver

37



Linear Perturbation of Geometrical Optics

e Boundary Condition U l
e ow, = — 0,00 =0 at the emitter. | i

e For convenience, we just set 60 = 0 at the emitter. K,
e Solution
5Q _ J'dZK J'OO da)g 1 il (a) y ) lalb (eiP B eiP’) <t9x>
° °)_ 2= 2i(k-l) w\Tee
L
e where
o P(1,%) = W, (—t-I-Kg-)_C))Z GW phase (t—L,X - Lx,) -

e P (t, 55) =P (t — L, X — LKe)I retarded GW phase emitter receiver

38



Interferometric GW Detector

e Phase Difference in Dark Port at

N
X
I, . h . N
P(t,—2L%) _ ezP(t—2L,O)> yy ( oiP(t.=2L3) _ ezP(t—ZL,O))
_|_

1+1<y

50 — 5Q(y) — _ %a) J

272 za)

~ Lo, (2952 — $952) h,, (6,0)  for (a) L < 1)

e For LIGO, I
* W, ~ 10°Hz

e .~ 10°m 2L

¢ w,L ~ 1077 <« 1

39




Pulsar Timing

e Change of Pulse Period

ﬂz ow, =J'd21< on dog 1 h,Kkx” (eip—eip')
. 0 g_oo 2r 21—k, - K

* For PIAs,

* W, ~ 10~° Hz

€

EMW GW Pulsar

e L ~10°pc ~10"m

¢ 0L~ 10° > 1

Radio telescope ' | ' | ' | ' |

40



Pulsar Timing Array

e Correlation e o
5T, 5T,

e where a

Lt 1., . 2 . 2
e Cl(a) =Z 26 sin” (a/2) + sin“ (a/2) In sin“ (a/2)

0.3¢F
0.2+
S
S 0.1
0.
~0.1% v 1
0 n T
2
a

41 Hellings and Downs / ApJ (1983)



Summary

e Perturbation gauges are mathematical redundancies in the description of
perturbations, arising from the mappings between the background and
perturbed spacetimes.

 The linearized Einstein's equations in vacuum imply the wave equation for GWs.

e For weak and slowly varying source, the time-varying quadrupole moment
generates GWs.

e The geometrical optics is valid when the frequency of electromagnetic waves is
much larger than the inverse of the characteristic spacetime length scales.

e GWs affects the phase of light rays. This effect enables the detection of GWs.

e Thank you for your attention. &



