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Aim : to understand quasinormal modes



Quasinormal Modes

QNM with l = 0, 1, 2, 3 for scalar field in Schawarzschil black hole by
using pseudo spectral method



gravitational wave and quasi-normal modes

1

I Inspiral Phase : Post-Newtonian (PN) Approximation
I Merger Phase : Numerical Relativity Simulation
I Ringdown Phase : Quasinormal Modes (QNMs)

h(t) =
∑
lmn

Almne
−iωlmn(t−t0)

1Ref. : https://physics.aps.org/articles/v18/160
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GW2501142

I GW250114 was a black hole merger detected by LIGO on
January 14, 2025.

I While scientists were unable to distinguish the ringdown from the
black holes’ collision with the far-fainter 2015 signal, they were
able to with GW250114, resulting from data with a far higher
signal-to-noise ratio (SNR).

I It provided the first very clear observational evidence of the
ringdown phase with multiple quasi-normal modes that can be
used to test black hole physics in detail.

I LISA is expected to achieve significantly higher signal-to-noise
ratios, making the inclusion of higher angular modes, overtones,
nonlinear modes, and late-time tails essential.

I Now, it is opening up for "black hole spectroscopy" era.

2A. G. Abac et al. [LIGO Scientific, Virgo and KAGRA], “GW250114: Testing
Hawking’s Area Law and the Kerr Nature of Black Holes,”Phys. Rev. Lett. 135 (2025)
no.11, 111403
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Ringdown phase by QNMs
I General relativity alone struggles to explain the presence of dark

matter, dark energy, and inflationary expansion.

I To improve general relativity, many alternative theories of gravity
have been proposed.

I One of the important missions of LIGO or gravitational waves is
to test general relativity.

How? Strong-field study by QNM!
I QNMs encode the strong-field spacetime geometry (M , a).
I Testing mutual consistency of (M,a) extracted from multiple

QNM modes (e.g., (2,2,0), (3,3,0), (2,1,0)).
I test No-hair theorem or modified gravity : An isolated, stationary

black hole is completely characterized by its (M,Q and J).
I event horizon structure : The presence of microstructures,

quantum membranes, or physical surfaces at or near the horizon
(r = rH + ε) changes the boundary condition from perfect
absorption to partial or total reflection (R 6= 0).
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normal modes vs quasi-normal modes
The purpose of this lecture is to understand

normal modes vs quasi-normal modes

In this lecture, we will understand them by studying

I normal modes : a particle in a box
I quasi-normal modes : a particle in a black hole
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normal modes vs quasi-normal modes



Quantum mechanics



Schrödinger equation
I the time-dependent Schrödinger equation

i~
∂ψ(x, t)

∂t
= − ~2

2m

∂2ψ(x, t)

∂x2
+ V (x)ψ(x, t) ≡ Ĥψ(x, t),

where ψ(x, t) : wave function

I If V has no explicit time dependence, we can make separation of
variables

ψ(x, t) = T (t)u(x),

i~
1

T (t)

dT (t)

dt
=

1

u(x)

{
− ~2

2m

d2u(x)

dx2
+ V (x)u(x)

}
,

i~
dT (t)

dt
= ET (t), T (t) = Ce−iEt/~,

I the time-independent Schrödinger equation

− ~2

2m

d2u(x)

dx2
+ V (x)u(x) = Ĥu(x) = Eu(x)



Hermitian (self-adjoint) operator
I In QM, observables correspond to operators that have certain

special properties.

A. the expectation value of an observable must be a real number

〈Ô〉 =

∫
ψ∗Ôψdx = 〈ψ|Ôψ〉 = 〈Ô〉∗ (1)

B. for operators that represent observables

〈ψ, Ôψ〉 = 〈Ôψ, ψ〉
(
〈g, f〉 = 〈f, g〉∗, ψ(x) ∈ H

)
(2)

Proof : Ôψ = Eψ, (3)

〈f, Ôf〉 = 〈f, Ôf〉∗ = 〈Ôf, f〉, E〈f, f〉 = E∗〈f, f〉
(4)

where 〈f, f〉 cannot be zero, so E = E∗ and hence E is real.
I Operators that correspond to observables are called Hermitian

operators.
I self-adjoint :

Ô = Ô† (5)
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eigenvalues and eigenfunctions : E and uE

−
~2

2m

d2u(x)

dx2
+ V (x)u(x) = Eu(x)

where E and uE(x) are eigenvalues and eigenfunctions

I eigenfunctions for different eigenvalues are orthogonal∫ ∞
−∞

dxu∗E1
(x)uE2

(x) = 0 where E1 6= E2 (6)

I the eigenfunctions become normalized∫ ∞
−∞

dxu∗n(x)um(x) = δnm (7)

I the eigenfunctions of H form a complete set

ψ(x, t) =
∑
n

Cnun(x)e−iEnt/~ +

∫
dEC(E)uE(x)e−iEt/~ (8)

the Cn and C(E) are arbitrary constants and functions of E.
I the set of all square-integrable functions, on a specific interval,

u(x) such that
∫ b

a
|u(x)|2dx <∞ (9)
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HuE(x) = EuE(x) : Hilbert space
I the collection of all functions of u(x) constitutes a vector space.

I Mathematicians call it L2(a, b), physicists call it Hilbert space.
I inner product

〈f |g〉 ≡
∫ b

a

f∗(x)g(x)dx = scalar (a real or complex number)

I square-integrable (norm)

||f || =
√
〈f |f〉 = positive-definite (non-negative real number)

I which satisfies completeness

f(x) =

∞∑
n=1

cnfn(x)
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A particle in a box
I Eigenvalues and Eigenfunctions
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I complete set :

ψ(x) =

∞∑
n

cnψn(x) (12)

Hermitian operator (self-adjoint)

Ô = − ~2

2m

d2

dx2
+ V (x) = Ô† (13)
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I solve Schrödinger equation
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I energy conservation
I observable is real (e.g. E ∼ ω is real)
I eigenfunctions are othornormal
I eigenfunctions form a complete set
I Hilbert space (inner product is well defined and

square-integrable)
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A particle in a black hole



Our background spacetime
Schwarzschild black hole

ds2 = −
(

1− 2M

r

)
dt2 +

1(
1− 2M

r

)dr2 + r2dθ2 + r2 sin2 θdφ2 (14)

I asymptotically flat in 4-dimensional spacetime
I a static solution
I a vacuum solution Tµν = 0

Rµν −
1

2
Rgµν = 8πTµν (15)
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from Schrödinger equation to Klein-Gordon equation
I Schrödinger eq. : the non-relativistic energy-momentum relation

i~
∂ψ

∂t
= − ~2

2m

∂2ψ

∂x2

(
ψ = e−i(Et−Px)/~

)
→ E =

P 2

2m
(16)

I the relativistic energy-momentum relation :

E2 = P 2c2 +m2c4 (17)

requires

Ê = i~
∂

∂t
, P̂ =

~
i

∂

∂~x
→ −~2 ∂

2

∂t2
ψ = −~2c2

∂2

∂~x2
ψ +m2c4ψ (18)

1

c2
∂2

∂t2
ψ − ∂2

∂~x2
ψ +

m2c2

~2
ψ = 0 → ∇2ψ +m2ψ = 0 (19)

where ∇µ =
∂

∂xµ
, xµ = {ct, x, y, z}, (20)

∇2 = ηµν∇µ∇ν , ηµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 = ηµν (21)



Klein-Gordon equation
Quantum mechanics + Relativity→ Quantum field theory

Klein-Gordon equation: ∇2ψ +m2ψ = 0 (22)

I ψ : fields (not a wave function)
I 〈ψ|ψ〉 =

∫
d3x|ψ(x)|2 : not Lorentz invariant

I Klein-Gordon inner product :

〈ψ|ψ〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ (23)

which is invariant under Lorentz transformation and ensures
conservation under time evolution



Klein-Gordon equation on curved spacetime (I)
I Klein-Gordon equation on curved spacetime (m2 = 0)

∇2ψ = ∇µ∇µψ = ∇µgµν∇νψ = 0, (∇µgαβ = 0) (24)

gµν∇µ(∂νψ) = gµν
(
∂µ(∂νψ)− Γγµν(∂γψ)

)
= 0 (25)

where ∇µψ = ∂µψ and ∇µAν = ∂µAν − ΓγµνAγ

and

ds2 = −A(r)dt2 +
1

A(r)
dr2 + r2dθ2 + r2 sin2 θdφ2 (26)



Klein-Gordon equation on curved spacetime (I)
Klein-Gordon equation on curved spacetime (m2 = 0)

∇2ψ = gµν
(
∂µ(∂νψ)− Γγµν(∂γψ)

)
= 0 (27)

ds2 = −A(r)dt2 +
1

A(r)
dr2 + r2dθ2 + r2 sin2 θdφ2 (28)

gµν =


−A(r) 0 0 0

0 1
A(r) 0 0

0 0 r2 0
0 0 0 r2 sin2 θ

 , gµνg
νγ = δγµ (29)

Γγµν =
1

2
gγδ
[
∂gµδ
∂xν

+
∂gνδ
∂xµ

− ∂gµν
∂xδ

]
, (30)

Γttt =
1

2
gtδ
[
∂gtδ
∂xt

+
∂gtδ
∂xt
− ∂gtt
∂xδ

]
=

1

2
gtt
[
∂gtt
∂xt

+
∂gtt
∂xt
− ∂gtt
∂xt

]
= 0

Γttr =
1

2
gtδ
[
∂gtδ
∂xr

+
∂grδ
∂xt

− ∂gtr
∂xδ

]
=

1

2
gtt
[
∂gtt
∂xr

+
∂gtt
∂xt
− ∂gtr
∂xt

]
=

1

2

(
− 1

A(r)

)[
∂(−A(r))

∂xr
+
∂(−A(r))

∂xt
− 0

]
=
A′(r)

2A(r)
(31)



Klein-Gordon equation on curved spacetime (I)

Γtrt =
A′(r)

2A(r)
, Γrtt =

1

2
A(r)A′(r), Γrrr = − A

′(r)

2A(r)
, (27)

Γrθθ = −rA(r), Γrφφ = −rA(r) sin2(θ), Γθθr =
1

r
, (28)

Γθφφ = − cos(θ) sin(θ), Γφφr =
1

r
, Γφφθ = cot(θ) (29)

∇2ψ = gµν
(
∂µ(∂νψ)− Γγµν(∂γψ)

)
= gtt

(
∂t(∂tψ)− Γγtt(∂γψ)

)
+ grr

(
∂r(∂rψ)− Γγrr(∂γψ)

)
+ gθθ

(
∂θ(∂θψ)− Γγθθ(∂γψ)

)
+ gφφ

(
∂φ(∂φψ)− Γγφφ(∂γψ)

)
= gtt

(
∂t(∂tψ)− Γrtt(∂rψ)

)
+ grr

(
∂r(∂rψ)− Γrrr(∂rψ)

)
+ gθθ

(
∂θ(∂θψ)− Γrθθ(∂rψ)

)
+ gφφ

(
∂φ(∂φψ)− Γrφφ(∂rψ)− Γθφφ(∂θψ)

)



Klein-Gordon equation on curved spacetime (I)

ψ(t, r, θ, φ) = e−iωt
Φ(r)

r
Y lm(θ, φ), (30)

∇2ψ = gtt
[
∂t(∂tψ)− A(r)A′(r)

2
(∂rψ)

]
+ grr

[
∂r(∂rψ)−

(
− A′(r)

2A(r)

)
(∂rψ)

]
+ gθθ

[
∂θ(∂θψ)− (−rA(r))(∂rψ)

]
+ gφφ

[
∂φ(∂φψ)− (−rA(r) sin2 θ)(∂rψ)− (− cos θ sin θ)(∂θψ)

]
(31)

using

1

Y lm

∂2Y lm
∂φ2

= −m2, l(l + 1) sin2 θ +
sin θ

Y lm

∂

∂θ
(sin θ

∂Y lm
∂θ

) = m2 (32)

then

Φ′′(r) +
A′(r)

A(r)
Φ′(r)− 1

A(r)

(
l(l + 1)

r2
+
A′(r)

r
− ω2

A(r)

)
Φ(r) = 0 (33)



Klein-Gordon equation on curved spacetime (II)

∇2ψ(t, r, θ, φ) =
1√
−g

∂µ(gµν
√
−g∂νψ) = 0, (34)

gµν =


−A(r) 0 0 0

0 1
A(r) 0 0

0 0 r2 0
0 0 0 r2 sin2(θ)

 ,
√
−g = r2 sin(θ) (35)

gµν =


− 1
A(r) 0 0 0

0 A(r) 0 0
0 0 1

r2 0
0 0 0 1

r2 sin2(θ)

 (36)

ψ(t, r, θ, φ) = e−iωt
Φ(r)

r
Y lm(θ, φ) (37)

∇2ψ(t, r, θ, φ) =
1

r2 sin(θ)

[
∂t

(
gttr2 sin(θ)∂tψ

)
+ ∂r

(
grrr2 sin(θ)∂rψ

)
+ ∂θ

(
gθθr2 sin(θ)∂θψ

)
+ ∂φ

(
gφφr2 sin(θ)∂φψ

)]
= 0 (38)



Klein-Gordon equation on curved spacetime (II)

∇2ψ(t, r, θ, φ) = ∂t

(
− 1

A(r)
∂tψ

)
+

1

r2
∂r

(
A(r)r2∂rψ

)
+

1

r2 sin(θ)
∂θ

(
sin(θ)∂θψ

)
+

1

r2 sin2(θ)
∂φ

(
∂φψ

)
(39)

Let us insert : ψ(t, r, θ, φ) = e−iωt
Φ(r)

r
Y lm(θ, φ)

= ∂t

(
− 1

A(r)
∂te
−iωt

)
Φ(r)

r
Y lm +

1

r2
∂r

(
A(r)r2∂r

Φ(r)

r

)
e−iωtY lm



Klein-Gordon equation on curved spacetime (II)

∇2ψ(t, r, θ, φ) = ∂t

(
− 1

A(r)
∂tψ

)
+

1

r2
∂r

(
A(r)r2∂rψ

)
+

1

r2 sin(θ)
∂θ

(
sin(θ)∂θψ

)
+

1

r2 sin2(θ)
∂φ

(
∂φψ

)
(39)
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Φ(r)

r
Y lm(θ, φ)
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(
− 1

A(r)
∂te
−iωt

)
Φ(r)

r
Y lm +

1

r2
∂r

(
A(r)r2∂r

Φ(r)

r

)
e−iωtY lm

+
1

r2 sin(θ)
∂θ

(
sin(θ)∂θY

l
m

)
e−iωt

Φ(r)

r
+

1

r2 sin2(θ)
∂φ

(
∂φY

l
m

)
e−iωt

Φ(r)

r



Klein-Gordon equation on curved spacetime (II)
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(
− 1

A(r)
∂tψ

)
+

1

r2
∂r

(
A(r)r2∂rψ

)
+

1

r2 sin(θ)
∂θ

(
sin(θ)∂θψ

)
+

1

r2 sin2(θ)
∂φ

(
∂φψ

)
(39)

Let us insert : ψ(t, r, θ, φ) = e−iωt
Φ(r)

r
Y lm(θ, φ)

= ∂t

(
− 1

A(r)
∂te
−iωt

)
Φ(r)

r
Y lm +

1

r2
∂r

(
A(r)r2∂r

Φ(r)

r

)
e−iωtY lm

+
1

r2

[
1

sin(θ)
∂θ

(
sin(θ)∂θY

l
m

)
+

1

sin2(θ)
∂φ

(
∂φY

l
m

)]
e−iωt

Φ(r)

r
(40)(

1

sin(θ)
∂θ

(
sin(θ)∂θY

l
m

)
+

1

sin2(θ)
∂φ

(
∂φY

l
m

)
= −l(l + 1)Y lm

)
(41)
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A(r)
∂tψ

)
+

1

r2
∂r

(
A(r)r2∂rψ

)
+

1

r2 sin(θ)
∂θ

(
sin(θ)∂θψ

)
+

1

r2 sin2(θ)
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(
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r
Y lm(θ, φ)

= ∂t

(
− 1

A(r)
∂te
−iωt

)
Φ(r)

r
Y lm +

1

r2
∂r

(
A(r)r2∂r

Φ(r)

r

)
e−iωtY lm

+
1

r2

[
− l(l + 1)Y lm

]
e−iωt

Φ(r)

r
(40)



Klein-Gordon equation on curved spacetime (II)

∇2ψ(t, r, θ, φ) = ∂t

(
− 1

A(r)
∂tψ

)
+

1

r2
∂r

(
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)
+

1

r2 sin(θ)
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(
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1
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r
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= ∂t

(
− 1

A(r)
∂te
−iωt

)
Φ(r)

r
Y lm +

1

r2
∂r

(
A(r)r2∂r

Φ(r)

r

)
e−iωtY lm

+
1

r2

[
− l(l + 1)Y lm

]
e−iωt

Φ(r)

r
(40)

→ Φ′′(r) +
A′(r)

A(r)
Φ′(r)− 1

A(r)

(
l(l + 1)

r2
+
A′(r)

r
− ω2

A(r)

)
Φ(r) = 0



Klein-Gordon equation on curved spacetime
A scalar field equation on curved spacetime

Φ′′(r) +
A′(r)

A(r)
Φ′(r)− 1

A(r)

(
l(l + 1)

r2
+
A′(r)

r
− ω2

A(r)

)
Φ(r) = 0 (41)

Let us employ a tortoise coordinate

dr∗ =
1

A(r)
dr

(
ds2 = −A(r)(dt2 + dr2

∗) + r2dΩ2

)
(42)

it becomes Schrodinger equation like

d2

dr2
∗

Φ′′(r)− Veff Φ(r) = −ω2Φ(r) (43)

where

Veff = A(r)

(
l(l + 1)

r2
+
A′(r)

r

)
(44)

We will solve this equation classically (not quantize).



Quasi-Normal Modes (QNM)

d2

dr2
∗

Φ′′(r) + Veff Φ(r) = −ω2Φ(r) (45)

Boundary conditions
I near the horizon : incoming, e−i(t+r)ω

I at infinity : outgoing, e−i(t−r)ω

which indicates "open system"

I non-Hermitian : L 6= L†

I no conservation in time evolution
I the Klein-Gordon inner product at infinity diverge
I ω is not real but complex (discrete and infinity number of set)
→ Quasi-Normal Modes (QNM)



How to impose the Boundary Conditions?
d2

dr2
∗
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=
1

2
c1e
−ir∗ω +

1

2
c1e

ir∗ω − 1

2
ic2e

ir∗ω +
1

2
ic2e

−ir∗ω

- incoming boundary condition : c1 = ic2
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−i(t+r∗)ω (48)

- outgoing boundary condition : c1 = −ic2
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ψ(x) = A sin(kx) +B cos(kx) → ψn(x) =

√
2

L
sin(

nπx

L
)





Veff : effective potential for KG field



Let us solve KG equation: Green’s function method[
∂2

∂x2
− ∂2

∂t2
− V (x)

]
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r∗
c
, (50)

Laplace transformation : ψ̂(s, x) =

∫ ∞
0

dt e−stψ(t, x), (51)[
∂2

∂x2
− s2 − V (x)

]
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∣∣∣∣
t=0

(53)[
∂2

∂x2
− s2 − V (x)
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∫ ∞
∞
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dx′Ĝ(s, x, x′)J (s, x′)

=
ψ̂+(s, x)

W(s)

∫ x

−∞
dx′ψ̂−(s, x′)J (s, x′) +

ψ̂−(s, x)

W(s)

∫ ∞
x

dx′ψ̂+(s, x′)J (s, x′)



Let us solve KG equation: Green’s function method[
∂2

∂x2
− s2 − V (x)

]
ψ̂±(s, x) = 0,

where ψ̂± are any two linearly independent sol’s of homogenous eq.
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Let us solve KG equation: Green’s function method

ψ̂(s, x) =
c−(s)

W(s)
ψ̂+(s, x),

ψ(t, x) =
1

2πi

∫ ε+i∞

ε−i∞
dsestψ̂(s, x) =

1

2πi

∫ ε+i∞

ε−i∞
dsest

c−(s)

W(s)
ψ̂+(s, x)

which is kwon as Bromwich integral or Mellin’s inverse formula.
If ψ̂+(s, x) are analytic in s
(there are no essential singular-
ities or branch cuts inside of the
contour), the only contribution
to the integral come from the
poles of integrand due to zeros
of W (s).

W(s) =W ′(sn)(s− sn) +O(s− sn)2,

where W ′(sn) ≡ dW
ds
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s=sn
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Let us solve KG equation: Green’s function method

W(sn) = ψ̂−(sn, x)∂xψ̂+(sn, x)− ψ̂+(sn, x)∂xψ̂−(sn, x) = 0 (56)

implies

ψ̂′+(sn, x)

ψ̂+(sn, x)
=
ψ̂′−(sn, x)

ψ̂−(sn, x)
(57)

which integrates to

ψ̂+(sn, x) = c(sn)ψ̂−(sn, x) (58)

"This means that, for s = sn the two solutions of the homogenous
equation, φ̂+(s, x) and φ̂−(s, x), are no longer independent, and we
have a single solution ψ̂+(sn, x) ∝ ψ̂−(sn, x) ≡ ψ̂∗(sn, s)."



Let us solve KG equation: Asymptotic solution
Asymptotic solutions (V (x)→ 0 as x→ ±∞)

[∂2
x − s2]ψ̂±(s, x) = 0 (59)

ψ̂−(s, x) '

{
esx (x→ −∞)

a1(s)esx + a2(s)e−sx (x→ +∞)
, (60)

ψ̂+(s, x) '

{
b1(s)esx + b2(s)e−sx (x→ −∞)

e−sx (x→ +∞)
, (61)

W(s) = −2sb2(s) (x→ −∞), W(s) = −2sa1(s) (x→∞) (62)
=⇒ a1(s) = b2(s) (63)
W(sn) = 0 → a1(sn) = b2(sn) = 0 (64)



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt

6= δnm (Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt →

diverge (bn < 0) (No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt

6= δnm (Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt →

diverge (bn < 0) (No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt

6= δnm (Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt →

diverge (bn < 0) (No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt

6= δnm (Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt →

diverge (bn < 0) (No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt

6= δnm (Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt →

diverge (bn < 0) (No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt

6= δnm (Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt →

diverge (bn < 0) (No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt 6= δnm

(Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt →

diverge (bn < 0) (No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt 6= δnm (Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt →

diverge (bn < 0) (No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt 6= δnm (Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt →

diverge (bn < 0) (No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt 6= δnm (Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt →

diverge (bn < 0) (No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt 6= δnm (Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt → diverge (bn < 0)

(No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt 6= δnm (Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt → diverge (bn < 0) (No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



KG inner product
when x→∞,

ψn(x) = e−iωntΦn(x), ψm(x) = e−iωmtΦm(x)

where sn = −iωn, Φn(x) = e−sx

〈ψn|ψm〉KG =
i

2

∫
Σ

[
(Dµψn)∗ψm − ψ∗n(Dµψm)

]
dΣµ

=
i

2

∫
Σ

[(
∂te
−iωntΦn(x)

)∗
e−iωmtΦm(x)−

(
e−iωntΦn(x)

)∗
∂te
−iωmtΦm(x)

]
dΣt

=
i

2

∫
Σ

[
iω∗ne

iω∗ntΦ∗n(x)e−iωmtΦm(x)− eiω
∗
ntΦ∗n(x)(−iωm)e−iωmtΦm(x)

]
dΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ

Φ∗n(x)ΦmdΣt

= −
1

2
(ω∗n + ωm)ei(ω

∗
n−ωm)t

∫
Σ
e−iω

∗
nxeiωmxdΣt 6= δnm (Not orthogonal)

(n = m) = −
1

2
(ω∗n + ωn)ei(ω

∗
n−ωn)t

∫
Σ
e−iω

∗
nxeiωnxdΣt,

(ωn = an + ibn) = −
1

2
2ane

2bnt

∫
Σ
e−2bnxdΣt → diverge (bn < 0) (No E. conservation)

In QM,

〈ψn|ψm〉 = δ(ωn − ωm) = δnm



Analytic Structure of the Klein–Gordon Green’s
Function : G = GF +GQNM +GBranch-cut



Solution for KG equation
d2

dr2
∗

Φ′′(r) + (ω2 − Veff) Φ(r) = 0, Veff = A(r)

(
l(l + 1)

r2
+
A′(r)

r

)

I This form is known as a generalized spheroidal wave equation
I their solutions are known exactly such as 3

φ̂+(s, r) = (2is)seiφ+ (1− 1/r)s
∞∑

L=−∞
bL[GL+ν(−is, isr) + iFL+ν(−is, isr)]

φ̂−(s, r) = r−2s(r − 1)se−s(r−2)
∞∑
n=0

an(1− 1/r)n

where GL+ν and FL+ν are Coulomb wave functions. φ−(s, r) is analytic in s,
but φ+(s, r) has a branch cut in the complex s-plane.

3Michele Maggiore - “Gravitational Waves: Volume 2: Astrophysics and Cosmology"
(2018)
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Solution for KG equation

ψ̂(s, x) =

∫ ∞
−∞

dx′Ĝ(s, x, x′)J (s, x), (65)

G(t, x, x′) =

∫ ε+i∞

ε−i∞

ds
2πi

estĜ(s, x, x′) (66)

G(t, x, x′) = GQNM(t, x, x′) +GB(t, x, x′) +GF(t, x, x′) (67)



Branch cut solution for small ω : late time tail
I In the limit t→∞ with x fixed :

GB(t, x, x′) ' (−1)l+1 2(2l + 2)!

[(2l + 1)!!]2
rh

c

(xx′)l+1

t2l+3
(68)

there is a power-law tail at spatial infinity, i.e. a non-radiative tail.

I In the limit t→∞ with t/x fixed :

GB(t, x, x′) ' (−1)l+1 (l + 1)!

(2l + 1)!!

rh

c

(x′)l+1

ul+2
, u ≡ t− x (69)

there is a radiative tail at future null infinity.



Solution for KG equation: Green’s function method
G(t, x, x′) = GQNM(t, x, x′) +GB(t, x, x′) +GF(t, x, x′) (70)

I t ' x− x′ : the outward propagating wave can effectively ignore the influence of
this potential and travel outward reaches the observer, GF

I t ' x+ x′ : (quasinormal modes) the part of the low-frequency scalar
perturbation traveling towards the black hole bounces off the effective potential
Veff(r) near the horizon and propagates back to the observer, GQNM

I t� x+ x′ : (late-time behavior) the QNMs gradually fade away, and only the
decaying modes of the signal persist. The outgoing wave that traveled to a large
distance and then scattered back towards the observer due to the spacetime
curvature at large distances, GB



How to determine QNMs (ω)



Wronskian-based Approaches (ω)
Shooting method

I Set Asymptotic Boundary Solutions
I Horizon (r∗ → −∞): Pure ingoing wave, Ψin ∼ e−iωr∗

I Infinity (r∗ → +∞): Pure outgoing wave, Ψout ∼ e+iωr∗

I Bi-directional Numerical Integration (Shooting)
I Integrate Ψin outward and Ψout inward
I Meet at a matching point rmatch (typically photon sphere, r ≈ 3M )

I Wronskian Evaluation at rmatch → Complex Root-Finding

W (ω) =

(
Ψin

dΨout

dr∗
−
dΨin

dr∗
Ψout

)∣∣∣∣
r=rmatch

= 0

Leaver method
I Expand radial function in a Frobenius series at the horizon :

Ψ(r) = A(r)
∑∞
n=0 an

(
1− rH

r

)n
, A(r) = PH(r, ω)P∞(r, ω)

I Three-Term Recurrence Relation
I Substitute ansatz into wave equation (Teukolsky / Regge-Wheeler)
I Derive 3-term recurrence relation for coefficients an:

αnan+1 + βnan + γnan−1 = 0

I Continued Fraction Condition→ Complex Root-Finding

β0 −
α0γ1

β1 − α1γ2
β2−

α2γ3
...

= 0

I Imposes convergence at r →∞ (an forms a minimal solution)



Determining QNM Frequencies (ω) : WKB method 4

d2

dr2
∗

Φ′′(r) + Veff Φ(r) = −ω2Φ(r)

4Sai Iyer, "Black-hole normal modes: A WKB approach. II. Schwarzschild black
holes", Phys. Rev. D 35, 3632
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Matrix & Numerical Approach : Eigenvalues Problem

d2

dr2
∗

Φ′′(r) + Veff Φ(r) = −ω2Φ(r) (71)

which takes a form of

L Φ(r) = λΦ(r) (72)

this is nothing but the eigenvalue problem.

Lun = λnun (73)

I By using numerical methods (e.g. pseudo spectral methods or
shooting method), we impose the boundary condition for QNM
and can calculate λn and un.



Matrix & Numerical Approach : Eigenvalues Problem
This perturbed equation takes a form of

Lω2 Φ̃(z) = A2Φ̃′′(z) + (A1 +A1ωω)Φ̃′(z) + (A0 +A0ω1ω +A0ω2ω
2)Φ̃(z) = 0,

(74)

and can be rearranged to

(α+ β1ω + β2ω
2)Φ̃(z) = 0 (75)

where

α = A2
d2

dz2
+A1

d
dz

+A0, β1 = A1ω
d
dz

+A0ω1 , β2 = A0ω2 (76)

(α̃− β̃ ω)

(
Φ̃(z)

ωΦ̃(z)

)
= 0 (77)

We redefine α, β1, and β2 to take a form of

α̃ =

(
α β1

0 I

)
, β̃ =

(
0 −β2

I 0

)
. (78)

This can be written

(β̃−1α̃− ωI2×2)

(
Φ̃(z)

ωΦ̃(z)

)
= 0, → (LM − ωp)vp = 0 (79)



Matrix & Numerical Approach : Eigenvalues Problem

QNM with l = 0 for scalar field in Schawarzschil black hole by using
pseudo spectral method

e−iωt = e−i(ωR+iωI)t = e−iωRteωIt
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Matrix & Numerical Approach : Eigenvalues Problem

QNM with l = 0, 1, 2, 3 for scalar field in Schawarzschil black hole by
using pseudo spectral method



Matrix & Numerical Approach : Eigenvalues Problem

QNM with l = 0 for scalar field in Schawarzschil black hole by using
pseudo spectral method in time domain



Summary
In QM (vs in QNMs),

I solve Schrodinger equation

vs solve KG equation (but,
Schrodinger equation like)

I Hermitian system

vs non-Hermitian

I energy conservation

vs energy is not conserved (open system)

I observable is real (e.g. E ∼ ω is real)

vs ω is complex

I eigenfunctions are othornormal

vs eigenfunctions are not
othornormal

I eigenfunctions form a complete set

vs eigenfunctions do not
form a complete set

I Hilbert space (inner product is well defined and
square-integrable)

vs no Hilbert space (KG inner product is not
well defined and not square-integrable)

I Despite QNMs not being a Hermitian system themselves,
numerous developments have been made to uitilize the powerful
mathematical properties of Hermitian systems.
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Black Hole ringdown



Ring-down phase

The newly formed, perturbed black hole relaxes to a stable state (usually a Kerr black
hole characterized by its mass M and spin J) by emitting gravitational waves. These
waves are described by the black hole’s quasinormal modes (QNMs)



QNMs for gravitational wave
We need to consider metric perturbation

gαβ(x) = ḡαβ(x) + hαβ(x) (80)

I for a Schwarzschild black hole
I Odd-parity (axial) modes: Use Regge-Wheeler equation, related to

off-diagonal metric components.
I Even-parity (polar) modes: Use Zerilli equation, related to diagonal metric

components.
I for a Kerr black hole : Teukolsky equation

They all take a form of

d2

dr2
∗

Φ′′(r) + (ω2 − V ) Φ(r) = 0 (81)



Ringdown phase with QNMs for gravitational wave
However, as we have seen that QNMs generally do not form a complete set in the
usual mathematical sense due to their non-Hermitian nature and the boundary
conditions imposed. They can be part of a generalized basis when combined with
other modes, such as:

ψ(t.x) =
∑
n

cnψn(x)e−iωnt + branch cut contribution (82)
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5Kostas D. Kokkotas, Bernd G. Schmidt, "Quasi-Normal Modes of Stars and Black
Holes",Volume 2, article number 2, (1999)
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Thank you!
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