3+1 FORMALISM
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rBefore we begin our stud?

of the 3+1 formalism,

let us briefly review its
~ historical and theoretical

background, namely
the ADM formalism. J




ADM formalism

PHYSICAL REVIEW VOLUME 116, NUMBER 5§ DECEMBER

Dynamical Structure and Definition of Energy in General Relativity*t

R. Arvowrrt, Department of Physics, Syracuse University, Syracuse, New York
S. DESER, Department of Physics, Brandeis University, W altham, M assachusetls

AND

C. W. Mis~NER] Palmer Physical Laboratory, Princeton University, Princeton, New Jersey
(Received July 6, 1959)

The problem of the dynamical structure and definition of energy for the classical general theory of
relativity is considered on a formal level. As in a previous paper, the technique used is the Schwinger action
principle. Starting with the full Einstein Lagrangian in first order Palatini form, an action integral is derived
in which the algebraic constraint variables have been eliminated. This action possesses a ‘‘Hamiltonian”
density which, however, vanishes due to the differential constraints. If the differential constraints are then
substituted into the action, the true, nonvanishing Hamiltonian of the theory emerges. From an analysis
of the equations of motion and the constraint equations, the two pairs of dynamical variables which represent
the two independent degrees of freedom of the gravitational field are explicitly exhibited. Four other variables
remain in theory; these may be arbitrarily specified, any such specification representing a choice of co-
ordinate frame. It is shown that it is possible to obtain truly canonical pairs of variables in terms of the
dynamical and arbitrary variables. Thus a statement of the dynamics is meaningful only after a set of
coordinate conditions have been chosen. In general, the true Hamiltonian will be time dependent even for an
isolated gravitational field. There thus arises the notion of a preferred coordinate frame, i.e., that frame in
which the Hamiltonian is conserved. In this special frame, on physical grounds, the Hamiltonian may be
taken to define the energy of the field. In these respects the situation in general relativity is analogous to
the parametric form of Hamilton’s principle in particle mechanics.

1,

1959

Richard Arnowitt(-14,86), Stanley Deser(-23,92) and Charles Misner(-23,91)
at the ADM-50: A Celebration of Current GR Innovation conference
held in November 2009 to honor the 50th anniversary of their paper.



ADM formalism - Elnstein-Hilbert Action
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ADM formalism — Gibbons-Hawking-York term
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ADM formalism — Actlon Decomposition

Sy = / Ry=gd*z, V :=UZ, %
JY

~ ; R
¢ R=R+[-K?+ K K"] 42V, (Kn") — =(V,V*N)]

N
G vV—9=N~y
SH = SI-II‘.W_)I. I SH.Hurf.
2 ’ o P ;
| = [ { L N(R- K2+ Ii'j_jfx”-’)\/?d'jzzr} dt
v 1 . Zat .

—/2(§;§jiNr)\/§d4a?+ / 2V . (Kn!)y/—gd*x
JY JYV

The gravitational Lagrangian density for ¢ = (v;;, N, 3") is given by

Py
EH"’qﬂq’ ‘j)} NVA(R— K* + KiK7) = N\AR + (YF — 494" KK
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ADPM formalism ~ldentifying dynamical Variables

The gravitational Lagrangian density for ¢ = ( ig given by

Lol (g, 4) = NyA(R— K? + Ky K¥) = NAR + (v — 499 Koy Ky

3




ADM formallsm — Conjugate momentum

The gravitational Lagrangian density for ¢ :@\7 ,3") is given by

Lhol(2,9) = NVA(R - K> + Ki;K9) = NA[R + (7% — 79 Ko Kyl

| oc 0

7= 2= — LN (R - K2+ KK
| o o
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e N, e’
=" 2;\ K 235\r
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ADM formalism - Hamdiltonlan construction

Hit, gl =5 — Ll
= VI(KY = Ky7)y; = NyA(R - K? + K KV)
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ADM formatism - ADM Ewer@gj/Momew‘mm

reg. Freg
HG = HH.Vol. + fl(l.sln‘f.
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where K;; : extrinsic curvature on X,

Kk : extrinsic curvature scalar on X; N .S
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| From Relativity to (3+1)

Special Relativity

¢ No absolute space or absolute time

e Space and time depend on the observer

e Simultaneity is frame-dependent

* The spacetime interval and causal structure are invariant

General Relativity

e Spacetime is dynamical and curved
* Gravity is encoded in geometry
* Matter shapes geometry; geometry governs motion

<&
The Next Questions

Q1. How do we define physical quantities
on a spatial slice?

Observers, geometry, mass, energy, and momentum

Q2. How does spatial geometry evolve,
and can we predict its future?

Initial-value formulation and numerical simulation

ot - 4D spacetime 2> 3D spatial data + 1D time evolution - [Ld




@O How do we define physieal quantities
ow a spatial slice?

Observers, geometry), mass, energy, and momentum
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There s wfy one space 0f wow! Youre space a/e/e/(/@ on how you move,
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Goure space /e/ﬁm{s’ on how you move,

“ln carved spacetine,
ny '/(0«/' 8 wfy lcal

n
—/ need sbservers &M/‘yﬂ/éef'&.




“l carved spacetine,
ny '/m«/' 8 wr(y lcal

n" ‘

—/ need observers ewﬁ/wéaﬁe, g




Rienmann-Normal Coordinates

geodesic

Guv (P) = Nuv Hpg;w(p) =0, F‘:ui(p) =0

1 -
,(];u:(X) =Ty = GRguwif(p)X”‘Yﬂ = O(X‘;)

Ferml-Normal Coordinates

(normal vector integral cu

goo = —(1 + a; X*)? — Roio; XiXJ + ()(|X|:‘)
7 r4 . K

Goia="r= QR(),:.-'I.--\"XA +O(1X )

9ij = 6ij — %I:’.,,,.J,‘\"".\" + O(|X?)




u .
In carved spaceline, ) )
gaussian-Normal Coordinates

ny '/m«/' /8 m(y /4

—/ need freerflling (7) .
0/&’&/‘%/‘@ we/ya/éeﬁe, * k > L

90i(0, %) =0,  goo(0,z*) = -1, g;;(0,2*) = hy(z*)

where h; j is the induced 3-metric on X.

ds? = —dr? + hi; x*) daidx’

where h;j(7, z*) is the induced 3-metric on X-.

Gausstan normal coordinates are generally well-defined
only in a neighborhood of the tnitial hypersurface.




"0/5 Now/ e L
Let as see a f/ab‘ s/’ma‘ft/}r(a- A
with geodesrs dbservere! ™

Coordinates with géoaesic observers (Lapse=1, shift=0)

-~

J—bu

t
t
=2 - : _'j
[
t=0 Xo L;:" &‘I i]
t=-1 ° II_‘ [ > X
rz=-1 z=0 z=1

ds® = —dt® + dz? J

|
T
:

N
]
|
—
&
I
(=]
5
I
-

caustic at
t=1/x

r=-1 z=0 =1
2

ds? = —dt’> + (1 — kt)?dz?, 0<t<1/r

Geodesic normals can form caustics.
A spatially varying lapse allows aceelerated normals.

Geodesic observer - |Eulerian observers

r=-—1 =0 z=1
ds® = —(1 + kx)? dt® + dz?
R=0, a;=8:InN #0

2)

Eulerian observers allow us to define the next spatial slices safely,
avolding any coordinate problems.




Ok Now/ s b
Let us see a .s/’aaae&?r(i

with Lalorion 0/@&/60@,{9/ =

‘ingoing’
‘ null
geodesics

ct

event horizon

. 2GM 2GM\ 1, . .
ds* = — (1 = G—) dt* + (1 — —G ) dr? + r*d#* + r? sin’ 6 do*
T T




St — Oap
] s o s - 2GM
—_dr? + r2d6? + rsin? 0do?, f(r)=1-
f(r) r

Yij

(1) ds* = — f(r)dt® +

) If—

ol = A = (_j'**"ii(]_“).

2)r, I v
ADM Mass () 1i = el = VA
rt =1 (\/l —’(:ﬁ.(u.u) = (f2,0,0)

1

2 PR '
d 9\/5 : 2("” h’O) (3) Mapm = e #5o A=l

TG S, rm
(4) k=Va' =" +Tird =d' + 3 ;'.” W=+ ):J o
=i 2%
G r=v/f
: = L Yerr | W00, Vo
:(1,.\ﬁ+3('_+_+ b \ /7
&\ Yrr Yoo Yebeb

(f~L %, 2 sin® 8)

MapMm = —

Il

G (vrr 700, Yoo)

2 2 2GM
=-vf=-y/l ¢
) r r
e i o M . 2 26 M
AT el -(1——( +O(r»’z)):—— +0(r )
r T T P

(5) k—hp = — ,_, + 0%
1 i :
(8) Mapm = ——— / NG
J S r—o0

(3]

(k — Kq)

1 g — 4G M ;
=——— [ s raud’ Vo | - —3
167G / : A ( & T ))

= ‘Llilll"a— (1{% W)

TORGE r—o0




"0/5 Now/ e L
Let us a;ﬂ/?’b‘ a gaaaet/}}&e L

. e
P ’ n ~
with Laborian observers!
t
M \ ) } [ / / 1 observers
Y Q ¥ ¢ = const.
A | / n* ‘\
¢ / _ :
increases \ ¢ = const.
along n* .

Frobenius Theorem

Hypersurface orthogonality and foliation

e A foliation can be defined by the level
sets of a scalar field ¢(z#) = const.

e [f a vector field is hypersurface-
orthogonal, then locally n, oc V,¢.

® |ts integral curves form a non-crossing
congruence normal to the slices.

Ny Vyng =0

n, = —NV,¢

Frobenius condition <= zero twist /
hypersurface orthogonality.




Hypersurface and folations

ds? = —(1 + kz)? dt® + dz?

Foliation of a 2D Space R il e Bl ind)

Foliation of a 4D Spacetime

dt#0,  VtVFt<O.




Gaussian normal coordinates
ti=my Ni=dl B=4

4 ﬂ}ﬁ/ ke iy/am’aﬁfa&w 0/9%0/0/(«/ 7] ¢
oure Lalorian observers now 0‘0/?21& gmwt/ha,

What etee do we need to om/éte the S . ma

. L4 B ‘L (]
coordjate ay&fe»r? L » £=0
x
z=-1 z=0 z=1
[ ds?=-ar? +ds? |
N e
- - 7 " N ~
Pure lapse rescaling Shifted coordinates
t=wt';, =2, B=0 t=oat" z=z"+pt", =2, =1

t=0 & o & > X
z=-1 z=0 z=1

( ds? = —(1 + kx)? dt? + dz?
| R.=10, aa= 0:InN#0
| =Sty il (VM i

Eulerian observers allow us to define the next spatial slices safely,
avoiding any coordinate problems.

[ ds? = —a?dt’? + dz'? ] [u.’sz = —(a® — %) dt"* + 28 dt" dz" + dz"? ]
~ J &

Afler fixing the foliation, the geometry of the slices is unchanged.
What remains is only time relabeling and threading.

The Lapse changes the clock labeling,

and the shift chooses which observers are coordinate-stationary.




T — M
@O How oo we de{mephgswmquawutws/?/kAA ‘ ADH

own spatLaL slice?

Observers, geometry, mass, entrgl and momentum
. - D o O PR 147

> f,aco,@‘g







Projection of Tensors

3D Euclidean space 4D vector space
Z A
e
n E ‘
v /
; b /e
n vy >y
x v=o+v, x1
L _ @) S =
L= AR n " (N-N) | =X N-X=0)
v”_—"v—U VH-_— V—V
Pij — 51’}, = flfﬁj ' = 8+ afn, (Wi =) >
; o P projects projects
(v)' = P50 onto the Vi = VY onto the
(l_j 7 )i = (ﬁj Uj) Al plane IT. v = = (n, V") n¥ hypersurface X.




Projection of
Energy-Momentum Tensor

t = const. /\\j

i T
t = const.

see

g ———

t = const. /X‘/

In Gaussian normal coordinates
ds? = —dt® + Yij dz'idz’
gyy = _n',u.nu oo 7,11,1/

Yuv = Guv o T,y

Using Gaussian normal coordinates makes the geometry transparent, but the projection tensor

Yy = Gue + Ny, is a geometric object and is valid in any coordinates.

Projection tensor

Yor = Guo + pyn, (symmetric)
¥, = &, + ntn, (mixed)
Properties
et n’ =0 (projects any vector onto ;)
o 4", =", (idempotent)
o AH w=23 (trace = spatial dimension)

Eulerian observer

n*

Eulerian observer : u" = n”

(cbserver normal to ¥, )

Energy density

p=Tnnn”
(energy measured by the Eulerian observer)

Momentum density / energy flux
2 — a v
Ja = — I}u: nt'P «

(spatial energy flux seen by the Eulerian observer)

-—

v A
where PY, = 4",
( . . s -~
\ Spatial projection (stress seen on X;)
[

Y 2= a7
'S;ul - “}';1 v T(r:)’

(symmetric, S, n" = 0)




, Eulerian observer
Construction of

Energy-Momentum Tensor

n*

Eulerian observer : u" = n”

(cbserver normal to ¥I;)

time direction n

= =
4 | - r
y T#V = pn u n, Intuition
’L/_jl;ﬂ:e\ (%)  projected by P I ; e p : what energy the
— e\ + n 8 Jv Eulerian observer measures
: | .
p : energy density i P = gt Byl | 4 J " s J : how energy-momentum
how much energy the =y flows across space
normal observer sees P projects onto the spatial hypersurface.
locally ) S e S : pressure and shear
e Hv inside the slice

| N ¥,
VS
w e1 second index v

4 | along n projected by P

: b3 (t = const.) *ﬁ_’

‘ alongn| P = ognentel| j, =—PAT, 4n°

—_ —p ?J energy density nmn?nm]lm., How the observt‘ar intgrprets T
/ ]' ,‘d‘: energy flux 0 1 _2 } E—
i | = e i dely
J; + momentum density / S;;i : spatial stress £ ! . ; - a momentum density /
energy flux ) h S orojected | Ju = =B Tugn”| S = Pi®PFTyp Lig | Su Sz Sz energy flux
ressure + shear 5 : 5 ;
how energy-momentum p i he sli by momentum / . 2 [J2 |S21 S22 Sz
flows across the slice inside the slice e spatial stress ; pressure + shear
- 3 | Ja [S31 532 Saz3
‘ . >

time-time, time-space,
| space-time, space-space pieces




Q.

How do we define physieal quantities
ow a spatial slice?

Observers, geometry, mass, entrgl and momentum
. zn D o O i N EEN

r =0 plane

Q: What physical concepts can be defined
after performing a foliation?

A:

.
o o 0 0
Eulerian Geometric Measured Global
observers quantities quantities charges
n#

i . -
o, B vy E=—pn* Expy, PAM

— b
b Pi =i Py (with suitable boundaries)
{ )\ J




From Relativity to (3+1)

Special Relativity

e No absolute space or absolute time

e Space and time depend on the observer

e Simultaneity is frame-dependent

* The spacetime interval and causal structure are invariant

General Relativity

e Spacetime is dynamical and curved
e Gravity is encoded in geometry
* Matter shapes geometry; geometry governs motion

IR SR Y

The Next Questions

Q1. How do we define physicuantities

Observers, geometry, mass Ky, and momentum

. How does spatial geometry evol :;
[ and can we predict its future? '

&{'tial-value formulation and numerical S‘Wlaﬁon

%
s &
ST
PR R TS

4D spacetime > 3D spatial data + time evolution




tHow does spatial geometry evolve,
and can we predict its future?

nitial-value formulation and numerical simulation

Eulerian Geometric Measured Global
observers quantities quantities charges
n# L = B ADM
oy B Yij E=—-pn Eaoum, B
= omglh
b Pi =i Py (with suitable boundaries)

> can any initial data be chosen?
> How do the initial data evolve in time?
> Does this evolution lead to a predictable ficture?

* Equation of what?
* What kind of differential eq.?

— Well-posedness

‘ Initial value problem
— Global hyperbolicity: D*(Z)

| Einstein eq. = nonlinear quasilinear PDE

Initial Data : Predictable future
(at Zo) v
Einstein equation

\ 4

0

Zg

Constraint eq.

H=0, H;=0

Evolution eq.
Gij = 8nTy

nﬂ
3 t St
E :
¥ 1
\

V .
Gauge choice (lapse «, shift ')

* Physieal Degree of freedom?
* How many equations?




Elnsteln Equation

o
d’x’

dt?

\ @
v-E=£, w.B=0

0E
VXEZ—a—B, VXB:,{LUJ’*‘[JJQSOE

— I

m




Elnstelin Equa’dow: Nownlinear PDE

EinsteinCD[-pu, -v] // ToRicci // RiemannToChristoffel // NoScalar // ChristoffelToGradMetric([#, g] & // Expand //

ToCanonical
1 1 1 T ST
7 8% 8'° 5.8, 0:8,; = 8% 550.8,, + : B8 950.8,, |+ 5 B 0208, - 5 B B1° 9s8,50,8,5 ¢ a
L , L , S _ S -
5 B B~ ‘-'ag‘\, ‘-".',g@‘ ¢ E g giv gl g_‘y ;BQ_G 0585152 + 5 B= g* Oy 8_.1 C‘;g‘,g 5 g*° gre s‘v r.*;r_vsgo_[ + 87TG
s s R 3 o s e
5 8¢ B 8, 050,85+ ; B B 87°0/B,, 0:8ss,0n8,, - - 8% BY° 877 B, OnB,, OnB: ¢ — —4 1 Qv
1 vE _EeE 2 | vE R4 1 g v
5 g gr* gha B OgByy Os2Bssy -~ g8 gro ghee B, 9yB 50585, + a g8 grd (ﬁsgi:d_g)a " C
A
1 1 Lo 1 1
> 8¢ B'° 9:85, 0.8, + 2 B 85/0,8,,0.855+ B 87 0s8,50.8,,- 8¢ 8'° 0:8;,0.8,, = 8% 6,0,8,5 4— v

\ il Fealless Il [ A

Z # C

& ha s 1 004 L. s i 1 g, | T— <:X\\\\V«

: E E 9 0a0ugsy = 59" 000ug0v + 59 000ugry + 59 00ug2 + 59 000yugsy
"—n = - = =~

B=(

l\.'ll—

p—

1 " 1 L 1o, L 18e m 1 900 .4 N s
+”;ym010pym-*';ynalaﬂyhv+';yLdlaﬂ.mr+';yhnh0“ym'+'59j020n9w1+';y”020nyw

—

1l 65 1 03a . | 1 i 1l g5, . -p
t Ey-)‘d‘_)duyﬂr’ T EQ-J()?(),MQHI' } Eyml()li()uyﬂu t 5!]31 (}3()‘(‘(’1:' t 5,{13-)()3‘);15'21” } __y‘m()ﬂ‘)_uyﬂr'
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Einstein Equation: Nonlinear, Quasilinear, and Hyperbolic

'

Schematic structure R, ~ | g 10% | + | g ?%(0g)(dg)

[12%

® g7%(0g)(0g): nonlinear term (quadratic in first derivatives)
e g1 0%g: contains the highest derivatives

LS

a Wiy qu_asili;le_a r? Highest derivativ:es appear linearly:
gcxﬁ (g) aaaﬁg,uv

The coefficient g*° depends on g, so the equation is nonlinear,
but the second derivatives 92 g appear only linearly. => quasilinear PDE

e
/ Harmonic gauge | I = g*fT%, =0 | | = |
i

In harmonic gauge, the gauge-dependent
second-derivative term 9, I,,) is removed
) from the principal part.

/_ ( % . . L]
Reduced equation L gaﬁ 00089 = Ny (9,09) ] Finite propagation speed
and hyperbolicity = ’ @ Disturbances in the metric do not affect
® .N;“, (g,0q) contains no second derivatives of g. every point instantly.
® The principal part is the wave operator with Lorentzian metric g**. ® They propagate causally at a finite speed

lts principal part has a wave-like form, e.g. 97 — 32, so the reduced detE!'rmlned by the |0§a| light o’
Sk i Biietbalic. (no instantaneous action at a distance).




causal Structure

cauchy surface
A spacelile hypersurface that intersects
every inextendible causal curve exactly once.

Ex) D(S)=N, D(Z) = M

T Globally hyperbolic spacetime

O . A spacetime that adwits a Cauchy surface.

N M =XxR (topologically)

D" (.5') — Domain of dependence:
Spacetime region uniquely
determined by data on §

H*(S ) — Cauchy horizon:
Boundary of D*(S)

Ii (S) — Chronological future/past:
Spacetime region reachable
from S by timelike curves

_1_
J"(S) — Causal future/past:
Spacetime region reachable
from S by timelike or null curves

timelike




q,;.‘

) . : m"Mﬁmﬁ}'m
Initial value problem s

o i
o
i’

v,z@”"ﬂ . Equation of what?

@" T« what kind of differential eq.?

% Einstein's equations dre nonlinear, second-order
PDEs—movre precisely, quasilinedr PDEs.

= Well-posedness

’ "hyperbolicity: [
ot

Sisilinear PDE

% After a suitable gauge choice, they can be written
as d hgperbolic evolution system.

Einstein eq. = nonlipgg

e <
Imt(izlz?)a = Predictable future
< Constraint-satisfying data on a spacelike Cauchy " Einstein equation .

continuouslv on the initial data.
Constraint eq. Gij = 8Ty

is unique up to diffeomorphism and depends ! 3
{ Evolution eq.
H=0, H,=0

>

: . : 3
surface determine a locally existing solution that H r
v :
A

* Ina 9loba|l3 Ifxg!oevbolic region, these data .
determine the evolution throughout the region, as Gauge choice (lapse a, shift ')
|on9 ds the solution remains regulolr.

* Physteal deavee of freedow?
* How many equations?

*,

* This provides the mathematical basis for

!oreo(ic’co\bilitg dnd numerical simulation in

9enem| velativitj.




Elnsteln Equation

V-B=Ll  9.B=D

€0

0B 0k
Vsz—a, Vsz,ugJJr,uOEOE




Elnstelin Equat'ww |
— Fleld Eq. for Metric Tensor

go3

597;2 G, =G, and g, =g,

933 = 10 equations for 10 metric components




Elnsteln Equation

Vs ’ O — >
— Constraints and Bvolution eq’s G", =0 = 4 constraints,

Gij =0 = 6 evolution equations.

V,.G", =0

J
8OCTYOU — _aiGiu +I'G

G, contains no 93 9.5

10 - 4 -4

gauge constraints

=2

propagating




Elnstelin Equat’ww

0 _ o
— Need for 2+1 Decomposed Eq's Gy = = 4 constraints,

G ;=0 = 6 evolution equations.

- ) -
e second index v o

Euleria along n projected by P Global
observe charges

0 = T, gn®nf o =—PET o E pAbM -
alongn | F aff h v Laf ADM> 473 along # prOJected by P

momentum /
energy flux

energy density

{with suitable boundaries)

first index u

3
sloggn Gaﬁn“nﬂ - P#, Gyﬂnf
profected | Ju = =B Tppn? | Sy = PLERA T,

by P , Hamiltonian constraint momentum piece
momentum / B
spatial stress

energy flux
vt
o A G
—~ . v a a
tlm.e—time. lime-space: pl‘O_]EC[Cd e P 7l Gav n P H P'BV Gﬂ',ﬁ + U2G11
space-time, space-space pieces by P

momentum piece spatial / evolution piece




Elnstein Equation T -
, B = B'8; = N'9; : shift vector,
Reg'/d;t 0{ 3+1 D@COV%POS@O[ 60{. = X; = P,”X, : projection onto %,

V. X J=D,XI = Prp! vV, X" . spatial covariant derivative.

WG, =87GT,,
(( ) VG, = 87GT,, — R+ K*—- K;;K"Y = 16rGE
) DG,z = 87GT,; — D;K — D;K’, = —8nGp;
(3) WGpp = 81GTp — O0.Kij = a( Rij — 2Ky K*, + K K;;)
+ (‘)',‘l(');‘.f\'g_,' + O; .f"']\'A._j + U_,-.f’“]\'_;,‘.)
— D:Dja — 87Ga[S;; — 57:;(S — E)]
K,, = 5L,P,, — Oyvij = —2aK;; + D;3; + D;3;

|
(2

\



3+1 Decomposition of
the metric tensor and
ELNSTELN'S E&[%ﬂtiam



Let’s understand
tensors, then understand
the metric tensor,
and then move on to the
3+1 decomposition!




Tangent /dual vector

X,:C*(M) >R, feXfl=-—

a:T,M—R, v— (a,v)

df d
= df (ﬁ)



M

NN £

»
—

o

O\ NN

SRNKS
YY) ) ) )

],
X ] I 7777

»
—

Tangent /dual vector basis from coordinate scalar flelos

e

1 e
\\\\ \\\\\k\




Tangent /dual vector components
Yy d

— = 8, (tangent basis vector — vector: covariant basis)

dr
) 5
V=V=1V,0+V, 0y
y=1
Vi = dx (one-form basis vector — dual-vector: contravariant basis) f
' N —— N
. y:() S a;‘ (normal)
By llm= O — 1, Byedy =
T . xr = — — y . e i ,
Ox y Y dy
0 Oz
8y dy=-2=0, &y -de=— =0

)
V= (‘7 - O )dx + (17 - Oy)dy = Vpda + V,dy = V;da!
V= (V-da)d, + (V- dy)d, = V0, + VY9, = V'§;

(covariant /contravariant)-(component /basis)




Tangent /dual vector basls to understand the metric tensor

Irls

(’)4 lLV
* Metric tensor components from coordinate bases
s Information about the lengths and angles of the basis vectors

Juv = 8,& : 81/ = g(8u~ 81/) = (.(]p"y"dm‘u’ & d.’l’fl/l)(a,uv 81/)

d’tli ayi g =da* da” = glda”, dx") = (g* ’Vlalur ® d,)(dz",dx")
dx Oy oy = Oy + O, = ]8,13‘2 —% length‘2 1
‘ S — grid info.
7 \([:}3 Gy = Oy - Oy = |0;]|0y| cos — angle info.
= ds* = g(dz,dz) = g(d2z"9,,dz"0,) = g,dat'dz” — invariant length




'-(;:").

Tangent /dual vector basis to understand foliations

e Scalar field > Submanifold X,

n|= /\t

¢ Gradient of scalar field > normal vector (one-form basis) |7 -
lapse = 2
dt =9, {Vonk,Vt)y=0 9)
XZ/‘Am AlK /
® A curve intersecting the hypersurface > tangent basis vector X2 m 8 A 81“ :
ren YA &
fy(t)bth: tzat T - .
A
* Tangent basis and one-form T
> > >
Wtyby Es 2 {6, Vth=t*Vt =gt =0t =1 0 2
dx Oy
* A congruence of curves > coordinates > vector components
2= (22} =@)* whenz®=(ty") — 6% =(1,0,0,0 !
- f)t ya T = ’!y R it 1
(ya)* = ('}x) = (Oya)® whenz®=(t,y") — 62 =(0,1,0,0) M
y* /, :
ot \ _ t !
Vat = 5= ) = (dt) o when z° = (t,3*) — 6% =(1,0,0,0) ===t

7

v



Tangent /dual vector basis to understand foliations

o Foliation of spacetime

Constant-time hypersurfaces: t = const.

The normal one-form is dt.

Because (dt, d;) = 1, the norm of dt is |dt| = %
The unit normalis n = —N dt.

The normal evolution vector to the next slice is
m = Nn, so |[m| = N (lapse).

9 Coordinate time flow

Along the curve x = const, the tangent basis
vector is d;.

Decompose the time-flow vector as d; = m + [3.
Therefore the shift vectoris f = 9, — m.

e Geometry on each hypersurface

(e . °

S

Spatial basis vectors lie within the hypersurface.
The induced spatial metric is y;;.




y N N TR ""-‘_1
Metric temsor Exa mples

e 2-D Polar cooroinates

ds® = g.,,.,‘d’?“Q <+ gggd92
= (8, - 0,)dr> + (D - Bp)db*
O = dr? + r2d6? &

gii = (9”‘ g,.9> = (1 Q)
. 90r oo 0 r?

Alternative coordinate system of flat 2-D space

$

Orthogonal coordinates

Symmetric tensor > metric tensor property

Diagonal components indicates lengths of the basis




Metric temsor Exa mples

2-D flat space

p

~
ds® = da? + dy2 + d2?
1 0 0
9i5 = 0 1 0
0 0 1
~
J

2-D sphere surface  2-P spherical coordinates

p

. 9 *
ds® = r?d#? + r? sin® Ad o’

,,;2 0
Gy = 5 .
Jig 0 r?sin’@

~

4 ‘ )
ds® = dr? + r?d6? + r* sin? 6do?
(= dz? + dy? + d=?)
1 0 0
9i; = 0 ’T‘Q 0
0 0 r%sin’0




M BtYLO tewsor EXa V\/L'P les (Pseudo-Riemannian, Flat)

4-D flat Minkowski spacetime (Cartestan)  4-D flat Minkowskl spacetime (Spherical)

4 Y 4
ds® = —dt? 4+ da? + dy? + dz? ds? = —dt* + dr? + r?d6? + r?sin® 6d¢°
—1 0 0 0 —1 0 0 0
- 0O 1 0 0 P 0O 1 0 0
Iw=109 01 0 Iw=19 02 0
0 0 0 1 0 0 0 72sin’é

X

y | : \ /




M etVLC t@ WSOV 6)(0( V\/UP L@S (Pseuwdo-riemannian, Curved)

4-D curveo spacet’ume

; 2GM ; I
ds? = — (1 — )dt2 -+ I—QC,—,\—[dr + r2d#? + r? sin’ Qdc,’)'

(- (1 — M ) 0 0 0 )
Juv = 0 PIC_W 0 0 , '- »< | Ift‘ '
0 0 2 0 1)
\ 0 0 0 r2sin? 9/




<>

Metrice tewsor 2+1 Decompositiaw

Gu = 8y, - 9y, ¢ = (do”’)- (dz”)

[ t=m+p3

N=a (lapse function)
Ne = 3= = (0, 3) (shift vector)

> = Nn® =11, —5) (evolution vector)

| <

\

6}'2 = gudatdz” \

= —(N? — 3;8))dt? + 28;dtdz’ + v;;dx’dx?
= —N2dt? + ;5 (da® + Bidt) (dz? + B dt)

g " - N -
v v

da’ da’

Note that dz’ is not on ¥; when ; # 0, but dz’ is on ;.

Cdt=-N"n —n = —n,(dz")

. y W
=Sy drad s -1a)  dztda

\ = (_N,uflu =t TV ydatda” /

. T]JJ’ = Guv —(T!I!,Ii,,

= ]’,,,, ([)l'l)_]l'('l'i()ll tensor) > Projection tensor = metric on hypersurface

Juv =

gt Gtz
Yzt  Yax
Gyt  Gyx
9zt Yzx
S
m

gty
gry
yy
g

at ’ 83:

—N= + ;’3L.J;3L'

;37‘

Ytz
g;l':

Vij

|m| ... lapse




Metric tensor 3+1 Decomposition (projection tensor)

. Lnition: _
DB]C 0 ]);:V = Guv — 0Nyl

* Projected vectors are tangent to the hypersurface.

(P VMY = gupV¥n"” — ony, 0 VP9¥  §
=0 /
Vé pa / > x
* Act like the metric for tangent vectors /
0

[).'U" EWY = .(/,Jw‘ WY — ﬂi’if};‘_!,.lfrl’rli.rr'f

= G VI

* loempotent £ (f(x)) =F(x) 7

o pA _ pi
PP\ =.. . =P"




<>

Metric tensor 3+1 Decomposition (Lnverse metric)

G = 3# .av‘ g,uu — (d;l"t') X (dl‘”) /_ J.
N2
i=m+8 -
| N=a (lapse function) g‘“” 3i
IS = 132 — (], 5) (shift vector) :\—,2 Y o

me =N =, —:_f‘) (evolution vector) \

\ |m| ... lapse

N

] ] 1 1

S : 1
g™ = (dt) - (da*) = §°, (~;rn“) (dz*)g = “;\7711“ =77 (-1, 5)
i

gi.j = (d.l‘i) : (dl]) = g‘u”(d‘r; ),lz(d*r'i)v = (O"H‘UH“ SIE p,l!i”) (d'l‘i)tl (dl"i )u

N’
=02 =47,
o o 333 -
=on'n! + ‘}1-’ e 2 ais ai--'J )

s
.

R
IS B
t

s

B m)
dx /

/>
V9=Ny7 ‘




o Wait!
In the 3+1 split,
guv - Q, ﬁt! Yij'
Then 4 constraints and
4 gauge choices leave
2 propagating DOF.
But what is gauge fixing?




GR: Diffeomorphism nvariant Theory

Diffeomorphism invariance in general velativity
In general velativity, a diffeomorphism deforms spacetime together with the
metric and all physical fields, so the same physics is preserved.




GR: Blffeomorphism nvariant Theory

— Freedowm to choose coovrdinates

Diffeomorphism invariance in general relativity means that
different coordinate descriptions can vepresent the same physical spacetinme.

Original geometry Diffeomorphism Coordinate transformation
_ 821G 87[G _ 872G
Gulg] = oF Ty G [¢"gl= (¢ Ty Guvlg']= e Ty



S

Physiceal dofs of metric tensor

8
G;u/ (g,uu) — —4T;u/

C
Metric tensor Coordinate freedom Constraints

9oo Jor Yoz Yo3 o ) Goo = 81Ty,

S DR B S dz* Oz = 8T (=12
- g;u/(m’) gaﬁ(x) q G()L 8 0i (’l . 13)

‘ ‘ I Iy
il riadl coordinate ot Einstein Hamiltonian + momentum constraints
o3 913 923 933 freedom / Same physics, different coordinates constraints
gauge choice on the These 4 equations restrict the
10 independent components 4 arbitrary coordinate functions initial slice remaining 6 unknowns, so not all
=> choose 4 gauge conditions 6 are freely specifiable.

Guv = Gup

10— 6 6 — 2

[ Remaining 2 propagating DOF = gravitational-wave polarizations /. and h, J

| >

o« o B =
o




To perform the 3+1
decomposition of the Einstein
tensor G, let us first
understand the geometric
quantities associated with a
hypersurface.




0 ;— =

of Elnsteln equations

(‘I)G;tu

(

L <

= 87G1,

(l) (-])Gnn = 8?"—(;11!??! —_ I

— O =

- QK = (\'(@

=241 Deoompositiom

a= N : lapse,

B=F0=Nb:

Xp = P,"X, : projection onto T,

V;XJ = D;X) = P'PI VX" :

shift vector,

spatial covariant derivative.

| K? — K;;KY/= 167GE
— DJ'K‘",- = —81Gp;
2K; AI\ =K

+ ()’A()}‘I\ i7 I (). ,:)’i‘ K kg += ()j‘:f't'-.[\'g;‘.)
— D;D;a — 8nGa[S;; — .l';.‘;J-(S — E)]
= 2aite =S b g )’

v s

@D Geometry and evolution
are described by fields
ach

Kij)

Lt
@) @% intrinsic
(2]

defining spatial
derivatives, geodesics,
and parallel transport,

V:X! = D; X’

@ We have already learned

that matter variables

ayrojected ont\(%lt,
E, pz(/




e Deaomposit’wm
of Elnsteln equations

a= N : lapse,
B = B8 = N'g, : shift vector,
Xp = P,"X, : projection onto T,

V;Xj =D;X' = P;“P"‘VV‘,X“ : spatial covariant derivative.

4G, = 81GT,,

(i P
(l) H)Gnu = 387G

L (3) ('”Gﬁ,ﬁ = 8nG.

1
& (2) WG, = 81GT,; — DiK — DK’ = —
: I — 0K = (\(@- 21\'5,g.]\"‘:j =K
+ (BFOL K + 0: 8Ky + ;85K 1)
— D:D;a — 87Ga[S;; — 57%,(S — E))
Ky =YC,P,,  — 0y =—2aK;;+ D3 + D;B;

87Gp;

Gnn 4 '
G'LW . { (€38 =] (K@,j’ Yig ]\[1 ﬂz? 8{)

o~ (4) (3)
Gsp v - @y
- || Jpv — Yijg

. '/\- .
)

@D Geometry and evolution
are described by fields
on each X,

i Kij)

@) D, is intrinsic
to X,
defining spatial
derivatives, geodesics,
and parallel transport,

V:X? = D; X7

@ We have already learned
that matter variables
are projected onto 3,

E, iy Sij




24+1 Quantities: Intrinsle curvature

G '
GHV — { " ( (KU Yig N? /61: 8f)

GZZ:’) Dy o By
Gur — Yij

ds® = dr? + r?d6? + r? sin® 6d¢?

L' = (r,0,¢) — v — Bv — GR
ds® = r2d6? + r? sin® 0dg*

La=(0,0) — Y — IV — PR

We need to understand
the quantities of the hypersurface.




e Deaompositiom
of Elnsteln equations

DG o= Bn@l,

._(:’-L}_

a=N:

B=F0=Nb:

Xp = PrEX 0

V;XJ = D;X) = P'PI VX" :

lapse,
shift vector,
projection onto T,

spatial covariant derivative.

fi - e ) e
(l) ('I)Gnu = 87‘_(;1”” — R [\2 - ]\5_il\ 5

— D;DJ'(I — S}TG(\[STU —
— 0 Vi = —2(11\’”' = Dg;f_,' — D_,'-)’.;

:
Kij) v, N, B,

+ (B0 K + 0;38K; + 0,85 Ky;.)

Lvi(S — E)]

)

/:\ . I 1 - ) \ [ Bl
> (2) ( )G”ﬁ = bn(—rl,,ﬁ- ;
' 3 DG — 870G T — O = ol Bes — 2K K 4 KK
| »
\I\;u‘f - anJP,uN
G . Gnn (CO1 ~ . 3 p
py Gﬁf} Wy _ By

¥ b 1 Gpv — Yij

Geometry and evolution
are described by fields
on each

Yijs  (Kijs

®R, N B

D; is intrinsic

to X,

defining spatial
derivatives, geodesics,
and parallel transport,

V:X! = D; X’

We have already learned
that matter variables
are projected onto 3,

E, Di, Sij




/’ .
7

~t — \/
v

2+1 Ruantities: Extrinsie curvature

Gnan Hp_ g -
- N . e . Z
S {GAA Wy _ By Kigs | vigs N> 1 O)
pv -

Guv — Yij

15 fundamental form of the hypersurface:
Projection tensor > project all tewsors on to the hyper surface

PI“/ — '(l/”I - U’Iﬂl’]!

2 fundamental form of the hypersurface:

Change of projection tensor along the normal divection
> bended hypersurface  — 1
> > Extrinsic curvature K| = EL” Py

1 3
= Bp(;,PIangm.i

= V,n, —on,a,

AN




- Example of Kuv .
1) 3-dimensional manifold M

(1)

(2) foliation of M with X! s

(3) coordinates: z‘ = (1,0, ¢) (r along normal dir., (6, ) on ¥,)
(4)

4) metric: ds® = gijdasida:j = dr? 4 r2d6? 4 72 sin? 0d¢?

:mlhci:v“dwb
. : " 966 r 2r 0
5) Christoffel bol: I'py = ==, I =, .-
o (5) Christoffel symbol: 'y, 5.~ o # Lg,
: (6) curvature: M — Dr=0, &, > PR= Ll
7

2
(7) normal vector: (dr); = Vr = 0ir =6 = (1,0,0) =r;

projection tensor: ~;; = gi; — 77

1 1, ,
= - Lr90 = —@ Yoo + 2(3gr 7ig) =7
" . 2 2 —_—  ———
(8) extrinsic curvature: Kypg = B =" 29privpe=0
= Vgrg — 0,1999 = Vore = Vady = —1'ypd; = =y =
- oo, . 2
Kyp =-T5, =— =rsin“ 0
e o¢ _291‘?*
. 1 2
LS - K=K99+K¢¢=999K99+9¢¢K¢¢=—'7‘+—29-7'sil129:—

L» _ 72 72 sin
o . 0 o




Properties of PRV, Kuv

Gnn (CIN - ) - 2
o - » (Kii, vii, N, B, )
/ G,EZT) Dy _, By J? 77 o

Guv — Yij

(
P |= g —onuny nFLPNJV = O, e L = 0
§ H) =0 — Vi
v __ v
| P VWY = g, VEW
= L (
]\f”’ — EL'”P.“-“ TL/-LK/_LI/ — O? TLVK,_LV == 0
T | — K
— _paplp —
- 5] WPuLngags \K[NV] —

— Vl,n,, — ONLay



<O

(

L

2+1 Deaomposit’wm

of Elnsteln equations

a = N : lapse,
B =89 = N9, : shift vector,
Xp = P,"X, : projection onto T,
V;XJ =D;X' = P;“P"‘,,V‘,X“ : spatial covariant derivative.

VG = 87GT,,

f

: 4) Qe
(l) ( )Gnu — b“G'-l.'m
(2) WG, ; = 87GT,;
(3) ('I)Gﬁp = 8nG15p

— R+ K? - K;;KY = 167GE
{ — DK’ = —8nGp;
O i = o Ry — 2]\";,@.1\"‘; =K
== (.')”“'UA.I\',;_,- + r‘)‘.-.f*'KA._,- + Qi:ik']\'ig.)
— D:D;a — 87Ga[S;; — 57%,(S — E))
— Oyij = —2akKy; + Diff; + D;f3;

9

Hp_.Bpg ;
(Klja Yij s Na 182? 8f)
[T %

Ve
L

G [y

@D Geometry and evolution
are described by fields
on each X,

Yijs  Kij,
®R, N, f

@ @ intrinsic
ty

defining spatial
derivatives, geodesics,
and parallel transport,

V:X! = D; X’

@ We have already learned
that matter variables
are projected onto 3,

E, Di, Sij




(f. "‘"’l

241 @uantities: ntrinsie covariant derivative

M : Juws vp[]-—((]” =3 [V#.V,,]V)‘:RA VE =R

Y
S L V6, =0

G VuP,,=V,u(gup +1n,m,)
=V 9 + (Vun,)n, +n,(Vun,)
=Kun, +n,K,, +n,0,n, +n,0,n,
#0
G VaXty =PEPY T X2
V.0.x0 = P¥PY PP, PEVX)

ds® = dr? + r2d6? + r?sin® 0de?
Lzt =(r6,¢) » 7 — @OV - @R
ds* = r2d6? + r? sin? Adg?

plav La®=(0,¢) — Y — PV - OR

St Y Vull()] A0 VIV = R, V2 SR
LV, Y =0

plvp =

— — ———————————— o= — =




e Deaomposit’wm
of Elnsteln equations

a= N : lapse,
B = B8 = N'g, : shift vector,
Xp = P,"X, : projection onto T,

V;Xj =D;X' = P;“P"‘VV‘,X“ : spatial covariant derivative.

4G, = 81GT,,

(i P
(l) H)Gnu = 387G

L (3) ('”Gﬁ,ﬁ = 8nG.

1
& (2) WG, = 81GT,; — DiK — DK’ = —
: I — 0K = (\(@- 21\'5,g.]\"‘:j =K
+ (BFOL K + 0: 8Ky + ;85K 1)
— D:D;a — 87Ga[S;; — 57%,(S — E))
Ky =YC,P,,  — 0y =—2aK;;+ D3 + D;B;

87Gp;

Gnn 4 '
G'LW . { (€38 =] (K@,j’ Yig ]\[1 ﬂz? 8{)

o~ (4) (3)
Gsp v - @y
- || Jpv — Yijg

. '/\- .
)

@D Geometry and evolution
are described by fields
on each X,

i Kij)

@) D, is intrinsic
to X,
defining spatial
derivatives, geodesics,
and parallel transport,

V:X? = D; X7

@ We have already learned
that matter variables
are projected onto 3,

E, iy Sij




o

—1 = O
Eif

TR e GO Vbtlties ntrinsic curvature derivation (Gauss eq.)

ﬁf,ﬁyvp P(;lpip;;‘ vn.(pd'ﬁp“i\vo,v,\)

:—c:rn‘j(Vnn‘.‘j)lﬂ)‘vél"\—(rl’és(va nY Vs \*"\+I"ijl'ﬁ”\vtrivf,‘\"\
(using VPG = V(8% — onng) = —oVu(n“ng)
and P%Gna = 0)
= PS,PR P (~on® (Vang) PR VsV = o(Van )Pl mVsVA + PPV VsV

=—VAV;ny . Vs(naV>)=0

]\‘Pp.
DO T EYy A 9 7 v\ DB Do ‘ 7
= —0 P, P, (Vang) PLP\n°VsV" + o P, PF.(Van') PLP%(Vsny)V
Kuy I’J,,(V,;n,\)r)"\ﬁ\"":I"iu(?'(;n,\)]"\”I’”N\'“:1\',;,,/"7,,-\'“:1\',,,\\"\
3 P‘j f)- .v' 7 7 Lee ."/\
+ P% P P3P P ¥,V
WW
])fj PP
v A
= —0 K, POV 3V + 0K?, K, V> + P2 P PRV, Y,V
- (= VaVoV? — 0K,V VP + 0K”, K2V

(where we defined V;V;VF = P‘;t P'),,P”AV,,V,; V)




o

: o —.(\). . o

[ I = ‘l‘ 1 C\?,l/ta Vbtlties ntrinsic curvature derivation (Gauss eq.)

vl‘vlf"n) — vﬁVEVﬁ e O-I(I[.anv'a LN O'I\,’)"_LI(,,AV'A |
| (where VzVpV? = PO PP \VaV;V?)

= 2V, V, VP =R, VO

0
= (-0 Ky PAn°VsV? + o Kf K, 3V + P, P, P VaVsV?)
e e ——
=P2 P% P YV, V5 V=[S

= 2(0K* Ky, + %P";LP‘S,,P’;\R"MS)V"

= R = Ppapgpﬂf.uplsu O,‘B'Té s O-(Kp#‘K‘”’ - K Kop)

opy

o~

= | Ruvpo = Rpops + 02K, K, | (Gauss eq.)

(intrinsic)=(projected R)+(bending)




= —|_ 1 V\/JC/LJCLBS ntrinsie curvature devivation (Gauss eq.) |

Contracted Gauss’ equation :

‘

PR, p0 = Rppps + JQKP[#KV]U) :
o~ ! L "
— R,o = P Rgpps +02Kﬁ[ﬂh”]") i
R e
= PHP chl P;jupﬂl;’? p(S(rR(\'n'.Tf‘j,(sz ay piilpda R(\-.'jf,‘o'z(gaﬁ-"O"nn-'n?)Pdl/ P(SGR(\-SA,()'
ol i O-QK“[P'KV]U ‘




= _l_ 1 Q,l/(a V\/t/LtLBS ntrinsie curvature devivation (Gauss eq.)

Scalar Gauss relation :

N

P’/U(RUG — R;;’G‘ — O'Rnﬁna + 0-21{#[;11-{”]0)

; — R= P"? P9, P, (Rag — 0 Rpans) + 02K' K}
= — Pafi—gab_gpan?
= R — 0 Ry — 0 Run + 0° R, + 02K K.}
= R—02R,, +0(K* — K'"'K,,)
= |R=R-02R, + 0(K* - K, k")
= when 0 = -1, R= R+ 2R, — (K% - K., K") .




Gauss relations (tangential projections)

’ 26[“6,,] Vo = R® A - g ]

R,uupm R

-

~

vy R : intrinsic curvature of the hypersurface X;.

| Rr/o = Rps — 0 Rppns +O-2K‘u[uKu]o]

Ruvpe = Rpapps + 02K, K)o ]w
contract P*?

R =R-20R,, +0(K?-K,, K")

D contract PY?

o

Codazzi relations (one normal projection)

2@[‘3 @p] Tlﬁ — ﬁ AP TLA }

r

2®[MKVJP

- ) contract P#?
2V [ Ky i

Notation
ji: projected index,
K= Ky,
Xn=n"X,.

~

Vu




o ._(;:‘)_.
T »

6)(01 VVL‘P Le Curvature to tntrinsic/extrinsic curvatures of Mgpersur{ace

For a sphere of radius r in the flat space, The contracted Gauss equation in the flat space:
1

R=R—02Ri + 0 (K% — K, ,K")

we obtained,
ds®> = dr? + r2d6? + r? sin® 0do>

5 ,  R=E?— K, KW= K? — KoK — KooK
& R=—3, Kog=r, Kyg=rsin®0, K =~ ¢ K% =g"g" Koy, K% = g°°g"" Ky &
: . 9 662 9 b\ 2 9
a = K= — (¢")"(Kpo)” — (¢°7) (K pg)
9
=|-)] ——r*— ——r“sin~0
(r) rd rdsint @
411
=ETE
v 2
=5
T i Dlmension check: K and =R I




Kab = 0 0

(Cemvwn ) (w8 ) (o N

| ds? = dr? + r2dg? + d22.
; K%® — h¢¢h¢¢K¢,¢

@ R%eq =
: (B)R“Vpa = 0. ) 11 )
¢ “mR PR, =
: (S)R,uy = Ga (S)R = (. 1 -

EAL ol Soee

bl

1 1
(Q)R:OZ(B)R”-I—KQ—KabKab:O—f-ﬁ—ﬁ .




241 Decomposition of Elnstein eq.

{(Gauss scalar eq.) R=DR—02R,, + o(K? — K KM)

(energy density) p. =1,,

) G;H/ — (S':TGJ}”, .
< ‘ . | &
: L Gnn :bﬁ-(’-lnn"'(-l-) |

=% ( i;’—}(+l\'2—l\'_.-
1

Y&

E
rm
= 871G Ty,

:.(lpu”‘“”H:H.“H“:(T:—[

= |R+K?—-K,;K" = 167GE

L 4E,




7

of Elnsteln equations

DG o= Bn@l,

L

<

f

(l) H)Gnu = 8nG1,

nu

2+1 Deoomposﬁtiom

a=N:

B=F0=Nb:

Xp =BV

V;Xi = D;XJ = PFPI )V, X" :

lapse,
shift vector,
projection onto T,

spatial covariant derivative.

1
(2) WG,z = 87GT,; — D;K — D;K’; = —8rGp;
/

(3) ('”Gﬁp = 87 G1T;

> — K = a(Ry; - 2K K" + KK;)

+ (.f’*'r‘)kI\'g_,- - Ug.f*'I\'A._,- + U_,-J*'I\";A.)
— D_:Dj'(l — STFG(\[;S'g_i — é",(b’ — E)]

— O Yij = —2“]\'_;_}' =} Dfl = Di)'

Gnn CO R IR CO -

(Klja YVijs Na ﬁir

Gﬁf) Wy _, By
v — Yij

B
.

)

@D Geometry and evolution

are described by fields
on each X,

Yij,  Kij,

R, N, f

D; is intrinsic

to X,

defining spatial
derivatives, geodesics,
and parallel transport,

V:X? = D; X7

We have already learned
that matter variables
are projected onto 3,

E, iy Sij

| i



Let us count the
degrees of freedom
again after the 3+1

decomposition of
Einstein’s equations

o




S

Physiceal dofs of metric tensor

8
G;u/ (g,uu) — —4T;u/

C
Metric tensor Coordinate freedom Constraints

9oo Jor Yoz Yo3 o ) Goo = 81Ty,

S DR B S dz* Oz = 8T (=12
- g;u/(m’) gaﬁ(x) q G()L 8 0i (’l . 13)

‘ ‘ I Iy
il riadl coordinate ot Einstein Hamiltonian + momentum constraints
o3 913 923 933 freedom / Same physics, different coordinates constraints
gauge choice on the These 4 equations restrict the
10 independent components 4 arbitrary coordinate functions initial slice remaining 6 unknowns, so not all
=> choose 4 gauge conditions 6 are freely specifiable.

Guv = Gup

10— 6 6 — 2

[ Remaining 2 propagating DOF = gravitational-wave polarizations /. and h, J

| >

o« o B =
o




— = o - r‘. y, .
{ — v’
|
o

Physical dofs after 3+1 decomposition

('”G,,,, =BGl
(1) WG, = 87GTyy — R+ K? - K;jK' = 16nGE

(2) WG, ; = 87GT,; — D;K — D;K’; = —8nGp;

j (3) "”Gp;, = 8nGIpp — OKi; = a(R;; — 2]\';;,.1\"‘:}- R

© + (B0, K:; + 0:8%Ky; + 0;8°K i)

— D;D;a — 81GalS;; — l_,‘,(% — E)]
K, =3L,Py  — 8y =—2aKy + D;f; + D;f

)

(745, Kij) : 12 phase-space variables,
4 constraints — 12 — 4 = 8,

4 coordinate freedoms — 8 — 4 = 4. 12 —

4 constraints — 4 gauge — + phase space — 2 configuration




Let’s go back to
our formalism~



ADM formalism — Actlon Decomposition

Gt = / Ry=gdz, V := U2, %
Y
( R=R+[-K?+ K, K" 42V, (Kn") —
C V=g=NVq

SH — SH.VU]. T SH,slll'f.

it . = . N .
S| = /f { L N(R- K?*+ K,'_,-K’-’)\/?d'j:r} dt
1 Zit

2(V; VP )\fd41+/ V. (Knt)y/—gd'e

= (9,91

JV

The gravitational Lagrangian density for ¢ = (vi;, IV, 3") is given by

Lol (q,q) = Nﬂ(ﬁ —K*+ KKV = N\/_[R + (YRt — A K K]




ADPM formalism ~ldentifying dynamical Variables

1e gravitational Lagrangian density for ¢ = (~v;;, N, 3") is given b
The g tat 1 Lagrang 1 ty f 35 AV O g by

LHvol(0,§) = NA(R — K2 + Ky K7) = Ny[R + (7F4 — 494" K K]

1 1 1
Kij = gLnbyj = 5olmbij = 5-La—8E;
1

= o (Lo lij — LaPij)
o« s 0;

C ‘C’atP’] - (()f) ) d(}‘P!J a5 Rud (d = 8tJ — dfj

G ﬁePu = Layij = B°Yaeti; + 1 ViB* + vV, 8" % ”

. T = — = 0 T — — = O.
= 57— Va8 — 9u9,0%) YToan T T o




ADM formalism — Conjugate momentum

The gravitational Lagrangian density for ¢ = (v;;, IV, 3") is given by

Lavol. (4 4) = NyY(R - K + Ky K9) = N\AR + (v = 797 Ky Kl

Y

nl = = = —[N/7(R—- K*+ K;KY)]
OYi;  Oij v ’
| ] ~ ~
C Kij = o= (i — s ViB* = 7 V;8%) — — y
Vg /] 1 (N
_ 0K T =y (KY = KyY)
0%3
\.\,./ N — e’
:A/ljzlv\ K'Y 35

= VA=K + K
= V(K" — KAV)



ADM formalism - Hamtltonian construction

HH,vol. = T4 — LH.vol.
= V/?(I\""-" — Ky"4;; — N V) R - K?+ K, K

/\ — =1 — Y] v i — T )
2\
b 47 = 2N Ki; + i Vi8* + v Vi 8"
= /(K — K~7)(2NK; i +;ViBE + 7 V8% — NyA(R — K2 4+ Ki; KY)

—"’\'(l\'vl\"'f K?)
_—\/_[\ R—i—]\ - K; ]\ Ny — (1\";- ) )V j’]

J
= —IIN(R+ K? - K;K"7) +20/(V;K', = V,;K) — 2V(K', 3/ — K3
= — /AN R+1\~—1\_,,,-A-)—_.-(v_,-A—v_.v]\-_,-)]+‘vf?%5(1\_- - K39
=Co ) :‘(er ’
. e —— SH/SN =0 <+= Gun =0,
= |Luyol = NV — K74 K KY) SH/5B =0 += G,;=0
nt )
b | HH vl = —/A(NCo — 26'Ci) + 2,7 Vi(K';8 — K§') Yij = 0H[6n" = K;;°l B,
T = —(5H/5’Y.ij — G;} —




ADM formalism — ADM Energy/Momentum

reg.
HC HH ,vol. T H( \,mt

1 B
= — Bz, /v (NCy — 26°C;
167G ,/z:t Tovy(NCo = 25°C)
- d29:/5 - 2r;i (K, — KB') — N(r — ro)]s,]
167G J5,=x,ns
solution
el SO Hq .
C Co—0=C, solution
1 ; T Z.
HSOIUtiOIl — . (129\/5 * 2[7)/L(K7j/(3j — K,[g ) — N(f{; = ’{/O)LS‘,&]
167TG J S =:NS

where /(;; : extrinsic curvature on i,

k : extrinsic curvature scalar on > N .S



Are you ready to

Run_Learn

numerical relativity
using the 3+1 formalism?




1. Initial-data methods

2. Evolution formulations

3. Black-hole treatment

e

Conformal decomposition (York-Lichnerowicz)

L 1
Yii =%, Kij=Ay+ g%jK

A = (Ew)i + Ay

Solve the constraint equations as elliptic equations
for conformal data.

| J
™~

p
B Conformal thin-sandwich (CTS / XCTS)

1

2N

0 Yij = Uy

Uses lapse-shift data to build quasi-equilibrium
initial data.

i = L (L -

ADM (Arnowitt—Deser—Misner)
0:7i5 = —2aK;; + Lgi
atKij — s
Geometrically transparent, but not the most

robust numerically. )

~

-

m BSSN (Baumgarte—Shapiro-Shibata~Nakamura)
5 = ¥ = 1
Fig=e vy, Ay=e (Ki' - g'Yin)
' = '7ij§';¢

L Conformal variables improve numerical stability.

f
Z4 / ZAc
Ruw+ Y2y + V.2, =87 (T, - 3007)

J
=

Promotes constraint violation to evolved fields
and allows damping.

7

Puncture method / moving puncture

i_3 7
atﬁ_4Ba

6tBi = atfw — nB‘L

Represents black holes without excision;
widely used in binary black-hole evolutions.

Initial data: solve constraints —> Evolution: choose a stable formulation —> Black holes: choose a suitable treatment




More about NR applications

* «a : lapse function

o Bi: shift vector

® 7; + induced metric on Z;
* K;; : extrinsic curvature

Extrinsic curvature:
Ky ( Lgy; j)
e Einstein equations = constraint + evolution

Hamiltonian constraint:

# = RO 4+ K* - KK = 166G p

* Momentum constraint: )
M* = D;(K¥ - y'K) = &G j'
¢ Evolution equation:
Op1i = —20K;5 + Loy

% WIKIPEDIA
3 ‘y} ‘The Free Encyclopedia

BSSN formalism

Article Talk

From Wikipedia, the free encyclopedia

The BSSN formalism (Baumgarte, Shapiro, Shibata, Nakamura formalism) is a formalism of
general relativity that was developed by Thomas W. Baumgarte, Stuart L. Shapiro, Masaru
Shibata and Takashi Nakamura between 1987 and 1999.I"! It is a modification of the ADM
formalism developed during the 1950s.

The ADM formalism is a Hamiltenian formalism that does not permit stable and long-term
numerical simulations. In the BSSN formalism, the ADM equations are modified by introducing
auxiliary variables. The formalism has been tested for a long-term evolution of linear
gravitational waves and used for a variety of purposes such as simulating the non-linear
evolution of gravitational waves or the evolution and collision of black holes.[2I3

See also (i)

+ ADM formalism
* Canonical coordinates
¢ Canonical gravity

¢ Hamiltonian mechanics
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