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ADM formalism – Einstein-Hilbert Action
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Introduction to 
3+1 Formalism



From Relativity to (3+1)

Special Relativity

• No absolute space or absolute time
• Space and time depend on the observer
• Simultaneity is frame-dependent
• The spacetime interval and causal structure are invariant

General Relativity

• Spacetime is dynamical and curved
• Gravity is encoded in geometry
• Matter shapes geometry; geometry governs motion

The Next Questions

Q2. How does spatial geometry evolve,
and can we predict its future?

Initial-value formulation and numerical simulation

4D spacetime  →  3D spatial data + 1D time evolution

Q1. How do we define physical quantities
on a spatial slice?

Observers, geometry, mass, energy, and momentum



How do we define physical quantities
on a spatial slice?

Observers, geometry, mass, energy, and momentum



"There's only one space of 'now'." “Your space depends on how you move."



“Your space depends on how you move."

“In curved spacetime, 
my ‘now’ is only local
—I need observers everywhere.”



“In curved spacetime, 
my ‘now’ is only local
—I need observers everywhere.”

“Your space depends on how you move."



Riemann-Normal Coordinates Fermi-Normal Coordinates



“In curved spacetime, 
my ‘now’ is only local
—I need free-falling(?)

observers everywhere.”

Gaussian-Normal Coordinates

Gaussian normal coordinates are generally well-defined
only in a neighborhood of the initial hypersurface.



“OK. Now!
Let us see a flat spacetime 
with geodesic observers! ”

Geodesic normals can form caustics.
A spatially varying lapse allows accelerated normals.

Geodesic observer   →   Eulerian observers

Coordinates with geodesic observers (lapse=1, shift=0)

Eulerian observers allow us to define the next spatial slices safely, 
avoiding any coordinate problems.



“OK. Now!
Let us see a spacetime 
with Eulerian observers! ”



ADM Mass



“OK. Now!
Let us split a spacetime 
with Eulerian observers! ”

no need for free-falling observers



Hypersurface and folations

𝑑𝑡 ≠ 0,  𝛻ఓ𝑡 𝛻ఓ𝑡 < 0.

ℳ ≃ ℝ × Σ

Foliation of a 4D Spacetime



“All right! The hypersurfaces orthogonal to
our Eulerian observers now foliate spacetime. 
What else do we need to complete the
coordinate system?”

Eulerian observers allow us to define the next spatial slices safely, 
avoiding any coordinate problems.

After fixing the foliation, the geometry of the slices is unchanged.
What remains is only time relabeling and threading.
The lapse changes the clock labeling, 
and the shift chooses which observers are coordinate-stationary.



How do we define physical quantities
on a spatial slice?

Observers, geometry, mass, energy, and momentum



Projection of Tensors



Projection of Tensors



Projection of 
Energy-Momentum Tensor



Construction of 
Energy-Momentum Tensor



How do we define physical quantities
on a spatial slice?

Observers, geometry, mass, energy, and momentum



From Relativity to (3+1)

Special Relativity

• No absolute space or absolute time
• Space and time depend on the observer
• Simultaneity is frame-dependent
• The spacetime interval and causal structure are invariant

General Relativity

• Spacetime is dynamical and curved
• Gravity is encoded in geometry
• Matter shapes geometry; geometry governs motion

The Next Questions

Q2. How does spatial geometry evolve,
and can we predict its future?

Initial-value formulation and numerical simulation

4D spacetime  →  3D spatial data + time evolution

Q1. How do we define physical quantities
on a spatial slice?

Observers, geometry, mass, energy, and momentum



How does spatial geometry evolve,
and can we predict its future?

Initial-value formulation and numerical simulation

 Can any initial data be chosen?
 How do the initial data evolve in time?
 Does this evolution lead to a predictable future?

• Equation of what?
• What kind of differential eq.?

• Physical Degree of freedom?
• How many equations?



Einstein Equation



Einstein Equation: Nonlinear PDE





Causal Structure

Cauchy surface
A spacelike hypersurface that intersects
every inextendible causal curve exactly once.

Ex) D(S)=N, D(Σ) = ℳ

Globally hyperbolic spacetime
A spacetime that admits a Cauchy surface.

N, ℳ ≃ Σ × ℝ    (topologically)



Initial value problem

 Einstein’s equations are nonlinear, second-order
PDEs—more precisely, quasilinear PDEs. 

 After a suitable gauge choice, they can be written
as a hyperbolic evolution system. 

 Constraint-satisfying data on a spacelike Cauchy
surface determine a locally existing solution that
is unique up to diffeomorphism and depends
continuously on the initial data. 

 In a globally hyperbolic region, these data
determine the evolution throughout the region, as
long as the solution remains regular. 

 This provides the mathematical basis for
predictability and numerical simulation in
general relativity.

• Equation of what?
• What kind of differential eq.?

• Physical Degree of freedom?
• How many equations?



Einstein Equation



Einstein Equation
→ Field Eq. for Metric Tensor



Einstein Equation
→ Constraints and Evolution eq’s



Einstein Equation
→ Need for 3+1 Decomposed Eq’s



Einstein Equation
→ Result of 3+1 Decomposed Eq’s



3+1 Decomposition of 
the metric tensor and 
Einstein’s Equation





M

𝛾

𝑋

M

𝑓

𝛼

Tangent /dual vector



M

𝑥ଵ, 𝑥ଶ=0

𝑥ଵ

𝝏𝒙𝟏

𝒅𝒙𝟏

Tangent /dual vector basis from coordinate scalar fields
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Tangent /dual vector components



• Metric tensor components from coordinate bases
• Information about the lengths and angles of the basis vectors

Tangent /dual vector basis to understand the metric tensor



Tangent /dual vector basis to understand foliations
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Tangent /dual vector basis to understand foliations
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• 2-D Polar coordinates

 Alternative coordinate system of flat 2-D space

 Orthogonal coordinates

 Symmetric tensor > metric tensor property

 Diagonal components indicates lengths of the basis

Metric tensor Examples



Metric tensor Examples

3-D flat space         2-D sphere surface    3-D spherical coordinates



Metric tensor Examples (Pseudo-Riemannian, Flat)

4-D flat Minkowski spacetime (Cartesian)    4-D flat Minkowski spacetime (Spherical)



Metric tensor Examples (Pseudo-Riemannian, Curved)

4-D curved spacetime



Metric tensor 3+1 Decomposition



• Definition:

• Projected vectors are tangent to the hypersurface.

• Act like the metric for tangent vectors

• Idempotent f(f(x))=f(x)

Metric tensor 3+1 Decomposition (projection tensor)
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Metric tensor 3+1 Decomposition (inverse metric)





GR: Diffeomorphism Invariant Theory

Diffeomorphism invariance in general relativity
In general relativity, a diffeomorphism deforms spacetime together with the
metric and all physical fields, so the same physics is preserved.



GR: Diffeomorphism Invariant Theory
→ Freedom to choose coordinates

Diffeomorphism invariance in general relativity means that
different coordinate descriptions can represent the same physical spacetime.



Physical dofs of metric tensor





3+1 Decomposition 
of Einstein equations



3+1 Decomposition 
of Einstein equations



3+1 Quantities: Intrinsic curvature

We need to understand 
the quantities of the hypersurface.



3+1 Decomposition 
of Einstein equations



3+1 Quantities: Extrinsic curvature

 1st fundamental form of the hypersurface:

Projection tensor > project all tensors on to the hyper surface

 2nd fundamental form of the hypersurface:

Change of projection tensor along the normal direction 

> bended hypersurface  

>> Extrinsic curvature



Example of Kμν .



Properties of Pμν, Kμν



3+1 Decomposition 
of Einstein equations



3+1 Quantities: Intrinsic covariant derivative



3+1 Decomposition 
of Einstein equations



3+1 Quantities: Intrinsic curvature derivation(Gauss eq.)



3+1 Quantities: Intrinsic curvature derivation(Gauss eq.)



3+1 Quantities: Intrinsic curvature derivation(Gauss eq.)



3+1 Quantities: Intrinsic curvature derivation(Gauss eq.)





Dimension check: K and R

Example: Curvature to intrinsic/extrinsic curvatures of hypersurface



Example: Curvature to intrinsic/extrinsic curvatures of hypersurface



3+1 Decomposition of Einstein eq.



3+1 Decomposition 
of Einstein equations





Physical dofs of metric tensor



Physical dofs after 3+1 decomposition





ADM formalism – Action Decomposition



ADM formalism –Identifying Dynamical Variables



ADM formalism – Conjugate momentum



ADM formalism – Hamiltonian construction



ADM formalism – ADM Energy/Momentum







More about  NR applications
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