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BOX 4.2 Railway Trains in Spacetime

(13 =X: Hartle)
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i

(Spacetime Diagram)

\*1|71|*._'|(World line): x#(7)
J

/

"EA| A"

7
)
~_.
\ MAE

st (x,y, z)

=(t,x,y,2)
= (x% x1,x2,x3)

=x* (u=0,1,23)



1
x =Vt (t =,x)

NV
x =FExAZE =Vt ! X
tx) (tx) 1 2 3 4 5
(0,0) (0,0)
(1,0) (1,0.5)
(2,0) (2,1.0)

(3:0) (3,1.5)
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Al? = Ax? + Ay? + Az? = Ax'? + Ay'? + Az'? = Al'?

MZH(ty # t,): "AZER" A2
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. C}




X Az Rz

|
I

VS
2N AHa| X






6"
v
~0.998
c(#0
)

X

9/\
_T-Uﬂ
3. At = 2
2
us ?



AN

oL T O.

2.1969811(22)x10-6 s
~2.2US
- Ol=AHE|:
~2.2ps x 0.998c
o ~0.66km (?7?)

0
rto

V__ ~0.998c At =T QAt'w 15.8 At’

5



HES 922/ 3% 27
A
pz| Al? = Ax? + Ay? + Az?
_ 12 12 12
\Al o , = Ax'“+ Ay “ + Az

___________________

dl? = dip? + sin® 1 (dB? + sin? 8 d¢p?) : 3Kt

dl? = dy? + sinh? 1 (dB? + sin? 8 d¢p?) : 3XI& EHOHE

’ dl? = d? + P2(d6? + sin? 0 dp?) = dx? + dy? + dz>

(EX: NASA) 22




| A BZto| Al RE



1)V, =1m/s 2| HEE S 0|= 9
(At1,Al) = (1sec,0m) & (Aty, Al e = (15,1m) © (At;, Aly) = (1.000 6 5,1.000 - 6 m)
0l2) V, = 0.9x(3x108 m/s) Q| HE=Z2 SE|0|= 9
(Atz,Aly) = (1sec,0m) & (Aty, Aly) = = (15,2.7%x108m) © (Aty, Aly) = (2.295,6.19%108 m)
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Asl® = —(cAt))? + (Al)? = — (3x108?x1 5)2 +0=-9.00--0%x10'® m?
As? = —(cAt))? + (Al})? = —(3x108x1.00---6)? + (1.00 --- 6 m)?

= (—9%10%6 x1.00 -+ 4 + 1.00 --- 4) m?

= (—9%1.00---4 4+ 1.00---4%x1071%)x10%m? = —9.00 --- 4x 1016 m?

[-) As? = As)? ]

2
Ash? = —(cAt))? + AlL* = — (3x108%x1 s) +0 = —9.00x1016 m?

As? = —(cAty)? + Alf = —(3x108 m/s%2.29 s)? + (6.19x108 m)?
= (—47.2 + 38.3)x10° m? = —8.90x101® m?

[-) As? = As)® ]

25



v EFMIEH AlS7H(Special relativistic ST)

Iy AE|(HEE) +=(Line element):

e e -

ds? = —d(ct)? + dx* + dy? + dz*

(t+dt,x+dx,y+dy,z+dz) E

(t.%,7,2) | - A I AT|(Minkowski) Al =27t
I |_ n 31 =

- Hgot A|lSZE "=E& (Curvature)” = 0

T ' - 2HX 7 vs fE2E 37

- A g2 22+ gl EOHO|X| = BCh

Al = Al', At = At' ©] o}L] 17,
HAAA T E7Fs As? = —(cAt)? + Al?

> ds? = —dt?> + dx? + dy? + dz? = —dt'"* + dx'* + dy'? + dz'? = —(cAt")? + Al'* = As™ .



e e -

ds? = —d(ct)? + dx? + dy? + dz*
(t + dt,x + dx,y + dy, z + dz)
_r ; = —dt? + dr? + r?(df? + sin* 0d¢p?)

‘ ds? = n,,dx*dx"
e = 1o (dx?)%+np,dx"dxt + -

Minkowski metric:

—1 0 0 0 —1 0 0 0
:> [ o 1 0 0 0 1 0 0
MTep=1 0 0 1 0]7°"| 0 0 2 0

0 0 0 1 0 0 0 72%sin%0
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Ex2) AlZt X|H & 1}

C BERp: EY Y| Ax' = 0 = Ay’ =AZ'
- PR} 9: “CHE IA|" Ax # 0 = Ay = Az

As? = —(cAt)* + Ax?+Ay?+Az?
As'* = —(cAt')? + Ax"?+Ay'*+ Az

As? = As'> W) —(cAt)? + Ax? = —(cAt')? + 07
(cA?[1 = (E)%] = (cA?[1 — ()] = (cAt')?
1

29



X

!

X, = vy, —t'2 + 0% = —t2 + x2 = —t2(1 — v?)

>t =1/N1-v2¢

1

> 6=l

y = — 1 / 1% ;o 1 , ,
T hTRE 1—v2t T 12 _\/1—vz(t +vx’)
OHEIHR 2,

30



Ex4) S ghd:

1 v Axr
At = At + 222
J1-(v/c)? ( c c)
&— V. Ve .
oo Ax = (Ax" + v At")
J1-(v/c)?
Ay =Ay"' =0
"
P Az =Az"=0
Q- v 2 |
— at > '_> £ : >
H5AEA B=2} B
—=  (Ax"+vAb) ,
_ Ax _ J1mCve? M 4vAt et uptw Note:
VAT A T L (ppry B T app 280 T omd/ad T V0B
c C c C 1+ C C c C .
1-(- 1) VA<CfOI‘ VB,V<C

s i

o Vg +V i) Vy=cforVg=c(orV =g
4714V Vg/c?

It never exceed the speed of light!




Ex5) SA| At:

o F AN P = (b1, %1) & Py = (t2,%2)

dt=t, —t; =0 - “SA|0f| ZHAHSHApd“

* P=(t',x1) & P, = (t'5,x'5)

e dt'=t',—t';=07?

* Note: ds? = —dt? + dx? = dx? = —dt'? + dx'?
=>» Not necessarily dt’' = 0 (t; = t;)

=> t, # t; for other observers!



. o YA
- "A%h BOIA 2 Wo| 72| OOlA BHt”

> A2} BOj|H S= £ AMA P(t)),0(tp)=
SAO St AFA: t) =t}

R T i vt = e SR CYLICOL
SAof MRS b, 75

33
(A& EXH: Hartle)



(A8 &=AX: Hartle)

2AA 9: Pty 2 0(tg)2
CIE AlZH0f| Edoh AFA.

tg #tg (ty < tp)
OHOF SA|Of AQCHE g2
00| A| BILER| R83 02
ATO|A BHe 20| Ch(H
4 59 ot Q2Hoz
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v L'=Ax"=x'5, —x';
EEEEE—— - S e 2 PN S PN
19,2/” L' % el & 22 sA[0
AN - Note: 9" O] = At
L ot & ARZ40]| Of

W)

D

®
v

As?= —(cAt)? + Ax?= —0?% + L'?

. N
14 2_ Av2i1 _ (VN1 _ 712
—(CAx) + Ax“= Ax“[1 (C)]—L
- o[- (/)] = L L
a2 [1-(w/c)?]?

_ _Y /
adl : ct=—x = cht=—Ax / % N2
= L=J1-(3) L

2
Py Ax=L+l=L+lcAt=L+()2x D Ax=L/[1-(3)]

c




AZE ()

P

- wEH M-S elapy

(Newtonian ST): _ /

#}

e <

. ERMTIEN ABZ| AIRE

O L.—

(Special relativity):




x*(t) = (&, x(t), y(6), z(1))



- 117 AZH(Proper time)8| A&tk i oo

- 9 O AEO0| L3t 0 g AlZh 14 = At

9" o] HEO| Ti3t 1Y AJZH

Ty = At' =1 — (v/c)?2 At (< Ty)

NOte:Tﬁr =AT=\/1—(U/C)2 At = V2 — p2 %
At 1
= /c2 — (8x/Bt)2 —={/(cAt)? — Ax?] -

— V—Aszt
C

At—0

-> [AT = \/—ASZ% —— dt =+V—-ds?/c

|




1 > r=[dr=1fv=a

// 1

o2 S5 = ;J\/czdtz —dx? — dy? — dz?2
1 rtz 2 2 2 2

a(t) = (t, x(8), y(0), 2(6)) =), Je2—x2 =92 —22de d
1 (t2 O 7|M xe(t) ==
—_— r \/Cz _v(t)z dt dat

cJt1

- ds? 2 BERO| CiS) BE(ALRA)001M O BEXT SHHE S
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mat=F.i=123 =

t'=y(t—-Vx) ->t=y(t' +Vx)

A= He2h0f TN = €2

x' =yx-Vt) -x=yx'+Vt)

d diy(x'+vt")) _

>ax= diy(t'+vx") dy(t'+vx"))

x =x—Vt
d’x _ d dx'+vt") _ d%x’

> a dtz  dt’ dt’ dt’2+0

o F |

SENZL Or
" A -d HO
A| O-lT'__O HA O .
1 d d(x"+vt’ d?x' 1

; ( /) ( /2+"') _(a;c'l'
yd(t +Vx")d(t’'+vx")  y\dt y

=a.;C



o
- For a time-like trajectory, the four-velocity is defined as
follows;
. dr =V—ds? = \/—na[;dx“dxﬁ
a _ dx@ dat dx', .
u=—=(—,—) . a4-vector
dt dt’ dt Or. (dr)? z_naﬁdxadxﬁ

-

- Three-velocity: V EZ—’:

i gl _dtdx

dt 1
£ T dr  drt dt

_ Cot_ dt —
Note: u ey
> u=(y,yV) 25V O o8 AHE

@ = 1) — a - - i . ad = %
x% = (t,x ) = x“(7) Four-acceleration: a® = —
N X - Four-momentum: p% = mu?® = (\/11111/2’\/?-‘;2) = (E,p)
- Note: (2ZEHE) u-v = nepu®vf = —uv° + §;;ulv/
o @, B _ dx® dxP _ ngpdx®dxF _ —(an)? _ o
W U=Neph W =Nap 5 "0 =7 @z (@o? 1 =u-u=-1,
-0 =2 _ oy -% — a-u = 0(Orthogonal), p-p =—E?+p? = —m? - E? = (mc?)? + p?

dat



. EXAMIEY 25 WHA
;

mat =f* (u=20,1,2,3) 7N f# = (O, f): Four-force

\_ J
Note: Sincea-u=0, f-u=0
- elojo AN 22 Wl A (mat = f#) > ma@ = |2 U+ A= —f0y+(vF)- (1)
~fO=yF.V > ft = yF-V,yF
mas=m-r T ar O T T T dr t
4P _dtdp _ dB _ g oo o defined as F = @ "
el e = yF with “three-force” defined as F = - Then, f = yF and
ap _d( dx\ _| d( 1 dX¥\_ 2. xj=x OEHxA
dt dt(mdr) mdt(\/l—vzdt) FrAdes 2588

I

dp® _dtd d 5 o d 5 =, N )
ey G = =yF VD= F .V HS MY ST Y or oK REHA
> p°=E S 0|2 sjMsiE ol R

- If f*¥ =0, p* = Constant.: Conservation of the four-momentum 48



mc?

E

2
-> ( - — mcz) . Relativistic Kinetic Energy

J1-(V/c)?

m

2SR KE=0 > _mV?(FE A3

dE =
Z_F.

<!

mc?

= J1-(V/c)?

mc?

\/1—V2’\/1—V2) = (E,p) dt - HZ2 A

L+2)"=1+nx + 20257 4 ..

o - el - (V/e)?] 7% = me? [1 +(-3) -1 (%)2 +§(%)4 + ] (V/e < 1)

- 8ol £ 2 FUMAZIHB(V - ) Fote| oA ERl

- MEtM X8l £= 8o S5 BX| XLt .



Ex1) Uniform motion in special relativity:

—

dp d 1 dx =l
% () -

- v -
2w -\ = F=0-p= Nepria Constant. - v = Constant.

Ex2) Uniformly accelerating motion in special relativity:

a) What would be wrong if it satisfies Z—: =a= % = Constant.?

Sol) v(t) = vy + at — oo. Its velocity exceeds the speed of light as the time increases.

b) Instead, solve the equation of motion, m%ytv) = F = Constant., with y = (1 — v?)~1/2. What are v(t)
as t~0 and oo ? Roughly draw the world line of a uniformly accelerating motion. Here, this object is at

rest initially, and ¢ = 1.

v F 1 . . . . .
Sol) d(m) —;dt—adt — m—at+c—at since v(t = 0) = 0. Thus,

at

Vi+a?t?

v? = (1 —-v%)(at)? - [1+ (at)?]v? = (at)? - v(t) =

Note that v~at for t~0, e.g, slow motion,and v > 1=c as t —» .



x* (1) = (t,x)

ta

= (a”1sinh(ar),a~! cosh(ar))

=V

(3x10° km)?

10m/s?

~9%x101° m

= 9%x10%2%km



Ex3): Consider the reaction A — B + C with particle rest masses m,, mg
and mg, respectively.

a) If A is at rest in the lab frame, what is the momentum four-vector P,*
in the lab frame? Show also that, in this lab frame, particle B has an
energy Eg = (mp% + mg? — mc?)/2my .

b) If A decays while moving in the lab frame, find the relation between
the angle 6 at which B comes off, and the energies of A and B.

’
7
’
’
7




Ex4): A relativistic charged particle in a magnetic field I I I B

5

F = qBxB

dp d mv _ 7
dt dt\vV1—u2) '
d( mv ) m dv 2 myv Pl VEZ-m?Z

v
= = gUvXB — = gvB R = = =
dt \V1—-v? V1—-v2? dt v - R e = gB qB qB
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i) 20 AlsEe] Al =

As?= —(cAt)? + (AD)? = —(cAt)? = As'?= —(cAt)?
= At = At'.

Consequently, we also obtain Al = Al

i) @l + =

t“ t:%x tA

1 — 00
g t=—x forc;>c ¢
2

>

X X

56



v’ Question and Answer:



Homework Problems

Prob.1) 2212| MA M2 7tErs| d2[A|(EHEFE AXY LK),

Prob.2) Ex3) 28l X HElE FESHAR.

Prob.3) Ex6) 20| =52 RE5IA[2.

Prob.4) SF0|AM CrZ2F 20| C X[EOA 1A|ZHA AL nF7AIZH & HIFE
CLtE ™ A 52 = B HA =2olof ot=7}?

8 AU ¢ 6 AU

A B
S | S



Prob.5) Consider the reaction A — B + C with particle rest masses m,, mp
and mc, respectively.

a) If A is at rest in the lab frame, what is the momentum four-vector P,"
in the lab frame? Show also that, in this lab frame, particle B has an
energy EB = (mAz + mBZ — mcz)/ZmA .

b) If A decays while moving in the lab frame, find the relation between
the angle 6 at which B comes off, and the energies of A and B.

/



