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Equation of State (EoS)
1. Equation of state : a thermodynamic equation relating state variables 

(P, V, T, E) which describe the state of matter under a given set of 
physical conditions. - from Wikipedia

- NS is cold on the nuclear scale (1 MeV ~ 1010 K) : frozen in the 
point of view of hadronic and leptonic compositions.
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Degenerate Fermi Gas
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Degenerate Pressure of electron gas (1)
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Degenerate Pressure of electron gas (2)
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Degenerate Pressure of electron gas (3)
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Degenerate Pressure of electron gas (4)
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Degenerate Pressure of electron gas (5)
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Degenerate Pressure of electron gas (6)
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Degenerate Pressure of electron gas (7)
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Another way to obtain Pe
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Nucleus and Strong force
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Image: NASA



Effective field theories and energy scales
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Slide from Dean Lee’ lecture in Nuclear Physics School 2020



EoS for a Neutron Star
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⇢ : baryon density [fm�3]
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⇢p = ⇢e + ⇢µ (+⇢K)
<latexit sha1_base64="nVKj6K72gQ/UNvUO2YDlxRTVufA=">AAACEHicbZDLSgMxFIYz9VbrbdSlm2ARK0KZEUE3QtGN4KaCvUBnGDJp2oYmkyHJCGWob+DGV3HjQhG3Lt35NqbTWWjrD4Ev/zmH5PxhzKjSjvNtFRYWl5ZXiqultfWNzS17e6epRCIxaWDBhGyHSBFGI9LQVDPSjiVBPGSkFQ6vJvXWPZGKiuhOj2Lic9SPaI9ipI0V2IeeHIgghhcwAwKPp5B6PBk/VPLbzVFgl52qkwnOg5tDGeSqB/aX1xU44STSmCGlOq4Taz9FUlPMyLjkJYrECA9Rn3QMRogT5afZQmN4YJwu7AlpTqRh5v6eSBFXasRD08mRHqjZ2sT8r9ZJdO/cT2kUJ5pEePpQL2FQCzhJB3apJFizkQGEJTV/hXiAJMLaZFgyIbizK89D86TqOlX39rRcu8zjKII9sA8qwAVnoAauQR00AAaP4Bm8gjfryXqx3q2PaWvBymd2wR9Znz9+fpuZ</latexit><latexit sha1_base64="nVKj6K72gQ/UNvUO2YDlxRTVufA=">AAACEHicbZDLSgMxFIYz9VbrbdSlm2ARK0KZEUE3QtGN4KaCvUBnGDJp2oYmkyHJCGWob+DGV3HjQhG3Lt35NqbTWWjrD4Ev/zmH5PxhzKjSjvNtFRYWl5ZXiqultfWNzS17e6epRCIxaWDBhGyHSBFGI9LQVDPSjiVBPGSkFQ6vJvXWPZGKiuhOj2Lic9SPaI9ipI0V2IeeHIgghhcwAwKPp5B6PBk/VPLbzVFgl52qkwnOg5tDGeSqB/aX1xU44STSmCGlOq4Taz9FUlPMyLjkJYrECA9Rn3QMRogT5afZQmN4YJwu7AlpTqRh5v6eSBFXasRD08mRHqjZ2sT8r9ZJdO/cT2kUJ5pEePpQL2FQCzhJB3apJFizkQGEJTV/hXiAJMLaZFgyIbizK89D86TqOlX39rRcu8zjKII9sA8qwAVnoAauQR00AAaP4Bm8gjfryXqx3q2PaWvBymd2wR9Znz9+fpuZ</latexit><latexit sha1_base64="nVKj6K72gQ/UNvUO2YDlxRTVufA=">AAACEHicbZDLSgMxFIYz9VbrbdSlm2ARK0KZEUE3QtGN4KaCvUBnGDJp2oYmkyHJCGWob+DGV3HjQhG3Lt35NqbTWWjrD4Ev/zmH5PxhzKjSjvNtFRYWl5ZXiqultfWNzS17e6epRCIxaWDBhGyHSBFGI9LQVDPSjiVBPGSkFQ6vJvXWPZGKiuhOj2Lic9SPaI9ipI0V2IeeHIgghhcwAwKPp5B6PBk/VPLbzVFgl52qkwnOg5tDGeSqB/aX1xU44STSmCGlOq4Taz9FUlPMyLjkJYrECA9Rn3QMRogT5afZQmN4YJwu7AlpTqRh5v6eSBFXasRD08mRHqjZ2sT8r9ZJdO/cT2kUJ5pEePpQL2FQCzhJB3apJFizkQGEJTV/hXiAJMLaZFgyIbizK89D86TqOlX39rRcu8zjKII9sA8qwAVnoAauQR00AAaP4Bm8gjfryXqx3q2PaWvBymd2wR9Znz9+fpuZ</latexit><latexit sha1_base64="nVKj6K72gQ/UNvUO2YDlxRTVufA=">AAACEHicbZDLSgMxFIYz9VbrbdSlm2ARK0KZEUE3QtGN4KaCvUBnGDJp2oYmkyHJCGWob+DGV3HjQhG3Lt35NqbTWWjrD4Ev/zmH5PxhzKjSjvNtFRYWl5ZXiqultfWNzS17e6epRCIxaWDBhGyHSBFGI9LQVDPSjiVBPGSkFQ6vJvXWPZGKiuhOj2Lic9SPaI9ipI0V2IeeHIgghhcwAwKPp5B6PBk/VPLbzVFgl52qkwnOg5tDGeSqB/aX1xU44STSmCGlOq4Taz9FUlPMyLjkJYrECA9Rn3QMRogT5afZQmN4YJwu7AlpTqRh5v6eSBFXasRD08mRHqjZ2sT8r9ZJdO/cT2kUJ5pEePpQL2FQCzhJB3apJFizkQGEJTV/hXiAJMLaZFgyIbizK89D86TqOlX39rRcu8zjKII9sA8qwAVnoAauQR00AAaP4Bm8gjfryXqx3q2PaWvBymd2wR9Znz9+fpuZ</latexit>
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E

A
(⇢, �) =

V

A
✏(⇢, �) = ✏(⇢, �)/⇢

<latexit sha1_base64="wGDe6/EIWh7hUAXY0sb1OwQVqyg=">AAACPXicbVBLSwMxGMzWV62vqkcvi0WoIHVXBL0IVRE8VugLuqVk02/b0GyyJFmhLP1jXvwP3rx58aCIV69m2x607UBgMjMfyTd+xKjSjvNqZZaWV1bXsuu5jc2t7Z387l5diVgSqBHBhGz6WAGjHGqaagbNSAIOfQYNf3Cb+o1HkIoKXtXDCNoh7nEaUIK1kTr5qhdITJK7UXI9KnqyL068LjCNj68mRj01PIgUZYLPBBapp+mlky84JWcMe564U1JAU1Q6+RevK0gcAteEYaVarhPpdoKlpoTBKOfFCiJMBrgHLUM5DkG1k/H2I/vIKF07ENIcru2x+nciwaFSw9A3yRDrvpr1UnGR14p1cNlOKI9iDZxMHgpiZmthp1XaXSqBaDY0BBNJzV9t0semNW0Kz5kS3NmV50n9rOQ6JffhvFC+mdaRRQfoEBWRiy5QGd2jCqohgp7QG/pAn9az9W59Wd+TaMaazuyjf7B+fgGpbK9y</latexit><latexit sha1_base64="wGDe6/EIWh7hUAXY0sb1OwQVqyg=">AAACPXicbVBLSwMxGMzWV62vqkcvi0WoIHVXBL0IVRE8VugLuqVk02/b0GyyJFmhLP1jXvwP3rx58aCIV69m2x607UBgMjMfyTd+xKjSjvNqZZaWV1bXsuu5jc2t7Z387l5diVgSqBHBhGz6WAGjHGqaagbNSAIOfQYNf3Cb+o1HkIoKXtXDCNoh7nEaUIK1kTr5qhdITJK7UXI9KnqyL068LjCNj68mRj01PIgUZYLPBBapp+mlky84JWcMe564U1JAU1Q6+RevK0gcAteEYaVarhPpdoKlpoTBKOfFCiJMBrgHLUM5DkG1k/H2I/vIKF07ENIcru2x+nciwaFSw9A3yRDrvpr1UnGR14p1cNlOKI9iDZxMHgpiZmthp1XaXSqBaDY0BBNJzV9t0semNW0Kz5kS3NmV50n9rOQ6JffhvFC+mdaRRQfoEBWRiy5QGd2jCqohgp7QG/pAn9az9W59Wd+TaMaazuyjf7B+fgGpbK9y</latexit><latexit sha1_base64="wGDe6/EIWh7hUAXY0sb1OwQVqyg=">AAACPXicbVBLSwMxGMzWV62vqkcvi0WoIHVXBL0IVRE8VugLuqVk02/b0GyyJFmhLP1jXvwP3rx58aCIV69m2x607UBgMjMfyTd+xKjSjvNqZZaWV1bXsuu5jc2t7Z387l5diVgSqBHBhGz6WAGjHGqaagbNSAIOfQYNf3Cb+o1HkIoKXtXDCNoh7nEaUIK1kTr5qhdITJK7UXI9KnqyL068LjCNj68mRj01PIgUZYLPBBapp+mlky84JWcMe564U1JAU1Q6+RevK0gcAteEYaVarhPpdoKlpoTBKOfFCiJMBrgHLUM5DkG1k/H2I/vIKF07ENIcru2x+nciwaFSw9A3yRDrvpr1UnGR14p1cNlOKI9iDZxMHgpiZmthp1XaXSqBaDY0BBNJzV9t0semNW0Kz5kS3NmV50n9rOQ6JffhvFC+mdaRRQfoEBWRiy5QGd2jCqohgp7QG/pAn9az9W59Wd+TaMaazuyjf7B+fgGpbK9y</latexit><latexit sha1_base64="wGDe6/EIWh7hUAXY0sb1OwQVqyg=">AAACPXicbVBLSwMxGMzWV62vqkcvi0WoIHVXBL0IVRE8VugLuqVk02/b0GyyJFmhLP1jXvwP3rx58aCIV69m2x607UBgMjMfyTd+xKjSjvNqZZaWV1bXsuu5jc2t7Z387l5diVgSqBHBhGz6WAGjHGqaagbNSAIOfQYNf3Cb+o1HkIoKXtXDCNoh7nEaUIK1kTr5qhdITJK7UXI9KnqyL068LjCNj68mRj01PIgUZYLPBBapp+mlky84JWcMe564U1JAU1Q6+RevK0gcAteEYaVarhPpdoKlpoTBKOfFCiJMBrgHLUM5DkG1k/H2I/vIKF07ENIcru2x+nciwaFSw9A3yRDrvpr1UnGR14p1cNlOKI9iDZxMHgpiZmthp1XaXSqBaDY0BBNJzV9t0semNW0Kz5kS3NmV50n9rOQ6JffhvFC+mdaRRQfoEBWRiy5QGd2jCqohgp7QG/pAn9az9W59Wd+TaMaazuyjf7B+fgGpbK9y</latexit>

� =
⇢n � ⇢p

⇢
<latexit sha1_base64="fPyXcxS7kskShT1NEZ4AAixiTzA=">AAACDHicbVDLSsNAFL3xWeur6tLNYBHcWBIRdCMU3bisYB/QhDKZTNqhk0mYmQgl5APc+CtuXCji1g9w5984TbPQ1gMDh3PO5c49fsKZ0rb9bS0tr6yurVc2qptb2zu7tb39jopTSWibxDyWPR8rypmgbc00p71EUhz5nHb98c3U7z5QqVgs7vUkoV6Eh4KFjGBtpEGt7gaUa3zlhhKTzJWjeCDQKSpIkhdCblJ2wy6AFolTkjqUaA1qX24QkzSiQhOOleo7dqK9DEvNCKd51U0VTTAZ4yHtGypwRJWXFcfk6NgoAQpjaZ7QqFB/T2Q4UmoS+SYZYT1S895U/M/rpzq89DImklRTQWaLwpQjHaNpMyhgkhLNJ4ZgIpn5KyIjbGrRpr+qKcGZP3mRdM4ajt1w7s7rzeuyjgocwhGcgAMX0IRbaEEbCDzCM7zCm/VkvVjv1scsumSVMwfwB9bnD/K2m4w=</latexit><latexit sha1_base64="fPyXcxS7kskShT1NEZ4AAixiTzA=">AAACDHicbVDLSsNAFL3xWeur6tLNYBHcWBIRdCMU3bisYB/QhDKZTNqhk0mYmQgl5APc+CtuXCji1g9w5984TbPQ1gMDh3PO5c49fsKZ0rb9bS0tr6yurVc2qptb2zu7tb39jopTSWibxDyWPR8rypmgbc00p71EUhz5nHb98c3U7z5QqVgs7vUkoV6Eh4KFjGBtpEGt7gaUa3zlhhKTzJWjeCDQKSpIkhdCblJ2wy6AFolTkjqUaA1qX24QkzSiQhOOleo7dqK9DEvNCKd51U0VTTAZ4yHtGypwRJWXFcfk6NgoAQpjaZ7QqFB/T2Q4UmoS+SYZYT1S895U/M/rpzq89DImklRTQWaLwpQjHaNpMyhgkhLNJ4ZgIpn5KyIjbGrRpr+qKcGZP3mRdM4ajt1w7s7rzeuyjgocwhGcgAMX0IRbaEEbCDzCM7zCm/VkvVjv1scsumSVMwfwB9bnD/K2m4w=</latexit><latexit sha1_base64="fPyXcxS7kskShT1NEZ4AAixiTzA=">AAACDHicbVDLSsNAFL3xWeur6tLNYBHcWBIRdCMU3bisYB/QhDKZTNqhk0mYmQgl5APc+CtuXCji1g9w5984TbPQ1gMDh3PO5c49fsKZ0rb9bS0tr6yurVc2qptb2zu7tb39jopTSWibxDyWPR8rypmgbc00p71EUhz5nHb98c3U7z5QqVgs7vUkoV6Eh4KFjGBtpEGt7gaUa3zlhhKTzJWjeCDQKSpIkhdCblJ2wy6AFolTkjqUaA1qX24QkzSiQhOOleo7dqK9DEvNCKd51U0VTTAZ4yHtGypwRJWXFcfk6NgoAQpjaZ7QqFB/T2Q4UmoS+SYZYT1S895U/M/rpzq89DImklRTQWaLwpQjHaNpMyhgkhLNJ4ZgIpn5KyIjbGrRpr+qKcGZP3mRdM4ajt1w7s7rzeuyjgocwhGcgAMX0IRbaEEbCDzCM7zCm/VkvVjv1scsumSVMwfwB9bnD/K2m4w=</latexit><latexit sha1_base64="fPyXcxS7kskShT1NEZ4AAixiTzA=">AAACDHicbVDLSsNAFL3xWeur6tLNYBHcWBIRdCMU3bisYB/QhDKZTNqhk0mYmQgl5APc+CtuXCji1g9w5984TbPQ1gMDh3PO5c49fsKZ0rb9bS0tr6yurVc2qptb2zu7tb39jopTSWibxDyWPR8rypmgbc00p71EUhz5nHb98c3U7z5QqVgs7vUkoV6Eh4KFjGBtpEGt7gaUa3zlhhKTzJWjeCDQKSpIkhdCblJ2wy6AFolTkjqUaA1qX24QkzSiQhOOleo7dqK9DEvNCKd51U0VTTAZ4yHtGypwRJWXFcfk6NgoAQpjaZ7QqFB/T2Q4UmoS+SYZYT1S895U/M/rpzq89DImklRTQWaLwpQjHaNpMyhgkhLNJ4ZgIpn5KyIjbGrRpr+qKcGZP3mRdM4ajt1w7s7rzeuyjgocwhGcgAMX0IRbaEEbCDzCM7zCm/VkvVjv1scsumSVMwfwB9bnD/K2m4w=</latexit>

Kim et al. (IJMPE 2020)

⇢0 ⇠ 0.16 : saturation density
<latexit sha1_base64="C8aUmQOzdyNeSQwUhOrl/4UonjY=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4scyIqLgqunFZwT6gU0omTdvQJDMkd4RhaH/Cjb/ixoUibsWdf2PazkJbDwQO55zLzT1BJLgB1/12ckvLK6tr+fXCxubW9k5xd69uwlhTVqOhCHUzIIYJrlgNOAjWjDQjMhCsEQxvJn7jgWnDQ3UPScTakvQV73FKwEqd4omvB2HHxb7hErtl7xynvpZ4fIUNgVhPU2PcZcpwSEadYsktu1PgReJlpIQyVDvFL78b0lgyBVQQY1qeG0E7JRo4FWxU8GPDIkKHpM9alioimWmn07NG+MgqXdwLtX0K8FT9PZESaUwiA5uUBAZm3puI/3mtGHqX7ZSrKAam6GxRLxYYQjzpCHe5ZhREYgmhmtu/YjogmlCwTRZsCd78yYukflr2bJ93Z6XKdVZHHh2gQ3SMPHSBKugWVVENUfSIntErenOenBfn3fmYRXNONrOP/sD5/AGv655+</latexit><latexit sha1_base64="C8aUmQOzdyNeSQwUhOrl/4UonjY=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4scyIqLgqunFZwT6gU0omTdvQJDMkd4RhaH/Cjb/ixoUibsWdf2PazkJbDwQO55zLzT1BJLgB1/12ckvLK6tr+fXCxubW9k5xd69uwlhTVqOhCHUzIIYJrlgNOAjWjDQjMhCsEQxvJn7jgWnDQ3UPScTakvQV73FKwEqd4omvB2HHxb7hErtl7xynvpZ4fIUNgVhPU2PcZcpwSEadYsktu1PgReJlpIQyVDvFL78b0lgyBVQQY1qeG0E7JRo4FWxU8GPDIkKHpM9alioimWmn07NG+MgqXdwLtX0K8FT9PZESaUwiA5uUBAZm3puI/3mtGHqX7ZSrKAam6GxRLxYYQjzpCHe5ZhREYgmhmtu/YjogmlCwTRZsCd78yYukflr2bJ93Z6XKdVZHHh2gQ3SMPHSBKugWVVENUfSIntErenOenBfn3fmYRXNONrOP/sD5/AGv655+</latexit><latexit sha1_base64="C8aUmQOzdyNeSQwUhOrl/4UonjY=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4scyIqLgqunFZwT6gU0omTdvQJDMkd4RhaH/Cjb/ixoUibsWdf2PazkJbDwQO55zLzT1BJLgB1/12ckvLK6tr+fXCxubW9k5xd69uwlhTVqOhCHUzIIYJrlgNOAjWjDQjMhCsEQxvJn7jgWnDQ3UPScTakvQV73FKwEqd4omvB2HHxb7hErtl7xynvpZ4fIUNgVhPU2PcZcpwSEadYsktu1PgReJlpIQyVDvFL78b0lgyBVQQY1qeG0E7JRo4FWxU8GPDIkKHpM9alioimWmn07NG+MgqXdwLtX0K8FT9PZESaUwiA5uUBAZm3puI/3mtGHqX7ZSrKAam6GxRLxYYQjzpCHe5ZhREYgmhmtu/YjogmlCwTRZsCd78yYukflr2bJ93Z6XKdVZHHh2gQ3SMPHSBKugWVVENUfSIntErenOenBfn3fmYRXNONrOP/sD5/AGv655+</latexit><latexit sha1_base64="C8aUmQOzdyNeSQwUhOrl/4UonjY=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4scyIqLgqunFZwT6gU0omTdvQJDMkd4RhaH/Cjb/ixoUibsWdf2PazkJbDwQO55zLzT1BJLgB1/12ckvLK6tr+fXCxubW9k5xd69uwlhTVqOhCHUzIIYJrlgNOAjWjDQjMhCsEQxvJn7jgWnDQ3UPScTakvQV73FKwEqd4omvB2HHxb7hErtl7xynvpZ4fIUNgVhPU2PcZcpwSEadYsktu1PgReJlpIQyVDvFL78b0lgyBVQQY1qeG0E7JRo4FWxU8GPDIkKHpM9alioimWmn07NG+MgqXdwLtX0K8FT9PZESaUwiA5uUBAZm3puI/3mtGHqX7ZSrKAam6GxRLxYYQjzpCHe5ZhREYgmhmtu/YjogmlCwTRZsCd78yYukflr2bJ93Z6XKdVZHHh2gQ3SMPHSBKugWVVENUfSIntErenOenBfn3fmYRXNONrOP/sD5/AGv655+</latexit>

≡
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x =
(ρ − ρ0)

3ρ0
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S ⌘ Esym(⇢0)
<latexit sha1_base64="zHGmAJyAyI5l8cO0DTPdTnFo8mo=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyURQZdFEVxWtA9oQphMJ+3QyUycmRRK6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HtPmDCqtON8W4WV1bX1jeJmaWt7Z3fP3j9oKZFKTJpYMCE7IVKEUU6ammpGOokkKA4ZaYfDq6nfHhGpqOD3epwQP0Z9TiOKkTZSYJfvPPKQ0hG8DjJPxlCN40nVkwMROCeBXXFqzgxwmbg5qYAcjcD+8noCpzHhGjOkVNd1Eu1nSGqKGZmUvFSRBOEh6pOuoRzFRPnZ7IkJPDZKD0ZCmuIaztTfExmKlbkuNJ0x0gO16E3F/7xuqqMLP6M8STXheL4oShnUAk4TgT0qCdZsbAjCkppbIR4gibA2uZVMCO7iy8ukdVpznZp7e1apX+ZxFEEZHIEqcME5qIMb0ABNgMEjeAav4M16sl6sd+tj3lqw8plD8AfW5w/MFJeH</latexit><latexit sha1_base64="zHGmAJyAyI5l8cO0DTPdTnFo8mo=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyURQZdFEVxWtA9oQphMJ+3QyUycmRRK6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HtPmDCqtON8W4WV1bX1jeJmaWt7Z3fP3j9oKZFKTJpYMCE7IVKEUU6ammpGOokkKA4ZaYfDq6nfHhGpqOD3epwQP0Z9TiOKkTZSYJfvPPKQ0hG8DjJPxlCN40nVkwMROCeBXXFqzgxwmbg5qYAcjcD+8noCpzHhGjOkVNd1Eu1nSGqKGZmUvFSRBOEh6pOuoRzFRPnZ7IkJPDZKD0ZCmuIaztTfExmKlbkuNJ0x0gO16E3F/7xuqqMLP6M8STXheL4oShnUAk4TgT0qCdZsbAjCkppbIR4gibA2uZVMCO7iy8ukdVpznZp7e1apX+ZxFEEZHIEqcME5qIMb0ABNgMEjeAav4M16sl6sd+tj3lqw8plD8AfW5w/MFJeH</latexit><latexit sha1_base64="zHGmAJyAyI5l8cO0DTPdTnFo8mo=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyURQZdFEVxWtA9oQphMJ+3QyUycmRRK6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HtPmDCqtON8W4WV1bX1jeJmaWt7Z3fP3j9oKZFKTJpYMCE7IVKEUU6ammpGOokkKA4ZaYfDq6nfHhGpqOD3epwQP0Z9TiOKkTZSYJfvPPKQ0hG8DjJPxlCN40nVkwMROCeBXXFqzgxwmbg5qYAcjcD+8noCpzHhGjOkVNd1Eu1nSGqKGZmUvFSRBOEh6pOuoRzFRPnZ7IkJPDZKD0ZCmuIaztTfExmKlbkuNJ0x0gO16E3F/7xuqqMLP6M8STXheL4oShnUAk4TgT0qCdZsbAjCkppbIR4gibA2uZVMCO7iy8ukdVpznZp7e1apX+ZxFEEZHIEqcME5qIMb0ABNgMEjeAav4M16sl6sd+tj3lqw8plD8AfW5w/MFJeH</latexit><latexit sha1_base64="zHGmAJyAyI5l8cO0DTPdTnFo8mo=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyURQZdFEVxWtA9oQphMJ+3QyUycmRRK6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HtPmDCqtON8W4WV1bX1jeJmaWt7Z3fP3j9oKZFKTJpYMCE7IVKEUU6ammpGOokkKA4ZaYfDq6nfHhGpqOD3epwQP0Z9TiOKkTZSYJfvPPKQ0hG8DjJPxlCN40nVkwMROCeBXXFqzgxwmbg5qYAcjcD+8noCpzHhGjOkVNd1Eu1nSGqKGZmUvFSRBOEh6pOuoRzFRPnZ7IkJPDZKD0ZCmuIaztTfExmKlbkuNJ0x0gO16E3F/7xuqqMLP6M8STXheL4oShnUAk4TgT0qCdZsbAjCkppbIR4gibA2uZVMCO7iy8ukdVpznZp7e1apX+ZxFEEZHIEqcME5qIMb0ABNgMEjeAav4M16sl6sd+tj3lqw8plD8AfW5w/MFJeH</latexit>



Nuclear Symmetry Energy
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Kim et al. (IJMPE 2020)



Gandolfi and Steiner (2016)

Nuclear Symmetry Energy
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Constraints on Symmetry Energy
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Kim et al., PhysRevC.98.065805



Constraints on EoS
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Fitting to Observables

22

PHYSICAL REVIEW C 82, 024313 (2010) 



Standard Skyrme effective interaction
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2nd order derivative 

N1LO Skyrme pseudopotential



Skyrme-type Energy Density Functional
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Properties of Nuclei
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Kim et al. (IJMPE 2020)



Constraints on Nuclear EoS

26

• Nuclear data: hundreds of models (Skyrme force, RMF, …)
• Neutron star maximum mass

1.97 ± 0.04 M⦿ [Nature 467, 1081 (2010)]

2.01 ± 0.04 M⦿ [Science 340, 448 (2013)]

• 11 experimental/empirical data for nuclear matter around saturation density [Phys.Rev. C 85, 035201 (2012)]

16/240 Skyrme force models satisfy 11 constraints. 



Relativistic Mean-Field (RMF) theory
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σ-ω-ρ model



Relativistic Mean-Field (RMF) theory
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EoS from GW observation
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GW170817

Abbott et al. (LSC and Virgo),  PhysRevLett.121.161101



Bayesian Inference

30

Bayes’ theorem

Prior, p(θ) :  the distribution of the parameter(s) before any data is observed

Posterior, p(θ|d): the distribution of the parameter(s) after taking into account the observed data

Likelihood, p(d|θ) : the distribution of the observed data conditional on its parameters

p(✓|d) =p(d|✓)
p(d)

· p(✓)

=
p(d|✓)R

p(d|✓)p(✓)d✓
· p(✓)
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p(✓|d) ⇠ p(d|✓)p(✓)
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Model evidence, p(d):the distribution of the observed data marginalized over the parameter(s)

The likelihood could be the function of errors

Posterior
Prior choices can 
influence results

The evidence is unimportant 
for parameter estimation

(but not model selection !)

https://en.wikipedia.org/wiki/Marginal_distribution
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Figure 1. A schematic representation of the different approaches 
MCMC methods and nested sampling methods take to ...



Polytropic equation of state
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(a=0)

Read et al. PRD 79, 124032 (2009)

Piece-wise polytope:  4 parameters



Posteriors w/ Piece-wise Polytropic EoSs

33

GW170817 
MR samples: EoS-insensitive model  

PRL, 121, 161101 (2018)

PSR J0030+0451 
MR samples: 2 spot model 

Miller et al., ApJL, 887, L24 (2019) 

Reference for Piece-wise Polytropic EoSs : Read et al. PRD 79, 124032 (2009)



Symmetry Energy from GW observation
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[D] Y.Lim and J. Holt, PRL.121.062701 (arXiv:1803.02803v2)

isospin-asymmetry energy slope parameter L 
C. Y. Tsang et al. arxiv:1807.06571



KIDS Energy Density Functional
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at zero temperature

Papakonstantinou et al.,

Phys. Rev. C 97, 014312 (2018)

ci(�) = ↵i + �i�
2
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E(⇢, �) = E(⇢, �)

A
= T (⇢, �) + ⌃N�1

i=0 ci(�)⇢
1+i/3
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KIDS Energy density functional form

kF = (3⇡2⇢/2)1/3
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to be determined by fitting to the observables

kF⌧ = kF (1 + ⌧�)1/3
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<latexit sha1_base64="fPyXcxS7kskShT1NEZ4AAixiTzA=">AAACDHicbVDLSsNAFL3xWeur6tLNYBHcWBIRdCMU3bisYB/QhDKZTNqhk0mYmQgl5APc+CtuXCji1g9w5984TbPQ1gMDh3PO5c49fsKZ0rb9bS0tr6yurVc2qptb2zu7tb39jopTSWibxDyWPR8rypmgbc00p71EUhz5nHb98c3U7z5QqVgs7vUkoV6Eh4KFjGBtpEGt7gaUa3zlhhKTzJWjeCDQKSpIkhdCblJ2wy6AFolTkjqUaA1qX24QkzSiQhOOleo7dqK9DEvNCKd51U0VTTAZ4yHtGypwRJWXFcfk6NgoAQpjaZ7QqFB/T2Q4UmoS+SYZYT1S895U/M/rpzq89DImklRTQWaLwpQjHaNpMyhgkhLNJ4ZgIpn5KyIjbGrRpr+qKcGZP3mRdM4ajt1w7s7rzeuyjgocwhGcgAMX0IRbaEEbCDzCM7zCm/VkvVjv1scsumSVMwfwB9bnD/K2m4w=</latexit><latexit sha1_base64="fPyXcxS7kskShT1NEZ4AAixiTzA=">AAACDHicbVDLSsNAFL3xWeur6tLNYBHcWBIRdCMU3bisYB/QhDKZTNqhk0mYmQgl5APc+CtuXCji1g9w5984TbPQ1gMDh3PO5c49fsKZ0rb9bS0tr6yurVc2qptb2zu7tb39jopTSWibxDyWPR8rypmgbc00p71EUhz5nHb98c3U7z5QqVgs7vUkoV6Eh4KFjGBtpEGt7gaUa3zlhhKTzJWjeCDQKSpIkhdCblJ2wy6AFolTkjqUaA1qX24QkzSiQhOOleo7dqK9DEvNCKd51U0VTTAZ4yHtGypwRJWXFcfk6NgoAQpjaZ7QqFB/T2Q4UmoS+SYZYT1S895U/M/rpzq89DImklRTQWaLwpQjHaNpMyhgkhLNJ4ZgIpn5KyIjbGrRpr+qKcGZP3mRdM4ajt1w7s7rzeuyjgocwhGcgAMX0IRbaEEbCDzCM7zCm/VkvVjv1scsumSVMwfwB9bnD/K2m4w=</latexit><latexit sha1_base64="fPyXcxS7kskShT1NEZ4AAixiTzA=">AAACDHicbVDLSsNAFL3xWeur6tLNYBHcWBIRdCMU3bisYB/QhDKZTNqhk0mYmQgl5APc+CtuXCji1g9w5984TbPQ1gMDh3PO5c49fsKZ0rb9bS0tr6yurVc2qptb2zu7tb39jopTSWibxDyWPR8rypmgbc00p71EUhz5nHb98c3U7z5QqVgs7vUkoV6Eh4KFjGBtpEGt7gaUa3zlhhKTzJWjeCDQKSpIkhdCblJ2wy6AFolTkjqUaA1qX24QkzSiQhOOleo7dqK9DEvNCKd51U0VTTAZ4yHtGypwRJWXFcfk6NgoAQpjaZ7QqFB/T2Q4UmoS+SYZYT1S895U/M/rpzq89DImklRTQWaLwpQjHaNpMyhgkhLNJ4ZgIpn5KyIjbGrRpr+qKcGZP3mRdM4ajt1w7s7rzeuyjgocwhGcgAMX0IRbaEEbCDzCM7zCm/VkvVjv1scsumSVMwfwB9bnD/K2m4w=</latexit><latexit sha1_base64="fPyXcxS7kskShT1NEZ4AAixiTzA=">AAACDHicbVDLSsNAFL3xWeur6tLNYBHcWBIRdCMU3bisYB/QhDKZTNqhk0mYmQgl5APc+CtuXCji1g9w5984TbPQ1gMDh3PO5c49fsKZ0rb9bS0tr6yurVc2qptb2zu7tb39jopTSWibxDyWPR8rypmgbc00p71EUhz5nHb98c3U7z5QqVgs7vUkoV6Eh4KFjGBtpEGt7gaUa3zlhhKTzJWjeCDQKSpIkhdCblJ2wy6AFolTkjqUaA1qX24QkzSiQhOOleo7dqK9DEvNCKd51U0VTTAZ4yHtGypwRJWXFcfk6NgoAQpjaZ7QqFB/T2Q4UmoS+SYZYT1S895U/M/rpzq89DImklRTQWaLwpQjHaNpMyhgkhLNJ4ZgIpn5KyIjbGrRpr+qKcGZP3mRdM4ajt1w7s7rzeuyjgocwhGcgAMX0IRbaEEbCDzCM7zCm/VkvVjv1scsumSVMwfwB9bnD/K2m4w=</latexit>



Mass=1.4 Msun

Bayesian analysis for 
nuclear symmetry energy

Preliminary 
results



Implication of PREX 2 and NICER Obs.
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Implication of PREX 2 - PhysRevLett.126.172503 (2021)

PREX 2 - PhysRevLett.126.172502  (2021) Neutron skin thickness, Rn-Rp = 0.278 +/- 0.078 (exp.) +/- 0.012 (theo.) fm



Astrophysics w/ nuclear physics
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Next Generation GW detectors
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Einstein Telescope

ET-bluebook



중성자별에 대해서 알아야할게 
더 없을까 …
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Equilibrium Structure of Star

Pressure 
Gradient

Gravity

∇P

−ρ∇Φ

Fluid equation (Euler equation). 

1. Continuity Equation 

 

2. Momentum Equation 

 

3. Energy Equation 

∂ρ
∂t

+ ∇ ⋅ (ρ ⃗v) = 0

ρ
∂ ⃗v
∂t

+ ρ ⃗v ⋅ ∇ ⃗v + ∇P = − ρ∇Φ

ρ
∂e
∂t

+ ⃗v ⋅ ∇e +
P
ρ

∇ ⋅ ⃗v = 0

For spherical star (non-rotating, non-magnetized), LHS of 1. Continuity and 3. Energy equation 
is 0. The remaining equation is 2. Momentum equation and can be rewritten in spherical 
coordinates as

dP
dr

= − ρ
GMr

r2
where Mr = 4π∫

r

0
ρ(r)r2dr

1
r2

d
dr ( r2

ρ
dP
dr ) = − 4πGρ

김진호 박사님 강의자료중에서



Linear Stability Analysis

Let us revisit hydrodynamic (Euler) equation in 
spherical coordinates 
1. Continuity Equation 

, 

2. Momentum Equation 

, 

3. Equation of State 

, 

4. Poisson Equation 

.

∂ρ
∂t

+
1
r2

∂
∂r (r2ρv) = 0

ρ
∂v
∂t

+ ρv
∂v
∂r

+
∂P
∂r

= − ρ
∂Φ
∂r

P = KρΓ

1
r2

∂
∂r (r2 ∂Φ

∂r ) = 4πGρ

Equilibrium (background) solution 

. 

Assume, 

  

where subscript 0 denotes background 

(equilibrium) solution while -ed variables 

represents Eulerian perturbations. 

We can define radial displacement, , then 

the perturbation of velocity can be written as 

.

∂P0

∂r
= − ρ0

∂Φ0

∂r

ρ = ρ0 + δρ,
P = P0 + δP,
v = 0 + δv,

Φ = Φ0 + δΦ,

δ

ζ

δv =
∂ζ
∂t

김진호 박사님 강의자료중에서



Linear Stability Analysis

Then the linearize equation becomes 
1. Continuity Equation 

, 

2. Momentum Equation 

, 

3. Equation of State 

, 

4. Poisson Equation 

.

δρ +
1
r2

∂
∂r (r2ρ0ζ) = 0

ρ0
∂2ζ
∂t2

+
∂δP
∂r

= − ρ0
∂δΦ
∂r

− δρ
∂Φ0

∂r

δP
P0

= Γ
δρ
ρ0

1
r2

∂
∂r (r2 ∂δΦ

∂r ) = 4πGδρ

We assume that the perturbation has a form as 
follows, 

. 

All other -ed variables also follow the above 

form. Then the continuity and momentum 
equation become 

, 

. 

Boundary condition: 
1. :  

2. : 

ζ(t, r) = ξ(r)eiωt

δ

δρ +
1
r2

∂
∂r (r2ρ0ξ) = 0

−ρ0ω2ξ +
∂δP
∂r

= − ρ0
∂δΦ
∂r

− δρ
∂Φ0

∂r

r = 0 ξ ∼ r
r = rs ΔP = 0

김진호 박사님 강의자료중에서



Radial Pulsation Modes

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

ξ(
r) 

/ ξ
(r=

r s
)

r / rs

F
H1H2H3H4H5

F: Fundamental mode. No node inside star. 
Hn: nth overtone modes. n nodes interior of the star.

김진호 박사님 강의자료중에서



Models of Rapidly Rotating NS
•Rotating star (2D structure) depends on r, z (or theta) coordinates. 
•Integral representation of equilibrium equation (see previous lecture and homework, it is 
also known as Self-Consistent Field Method). 

•Hachisu (1986): Newtonian 
. 

•Komatsu, Eriguchi & Hachisu (KEH, 1989), Cook, Shapiro & Teukolsky (CST, 1992): GR 
Metric: , 

Integral equation: .

H + Φ − ∫ Ω2RdR = C

ds2 = − e2νdt2 + e2α (dr2 + r2dθ2) + e2βr2 sin2 θ (dϕ − ωdt)2

ln H + ν + ln (1 − v2) + ∫ v2 dΩ
Ω − ω

김진호 박사님 강의자료중에서



Astrophysical GW Sources - NS
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5

The Astrophysical 
Gravitational-Wave Source Catalog

Credit: Casey Reed, Penn State 

Coalescing Binary 
Systems
• Black hole – black 
hole
•Black hole – neutron 
star
• Neutron star –
neutron star 
(modeled waveform)

Credit: Chandra X-ray Observatory 

Transient‘Burst’
Sources
• asymmetric core 
collapse supernovae
• cosmic strings
• ???
(Unmodeled
waveform)

Credit: Planck Collaboration

Stochastic 
Background
• residue of the Big Bang
• incoherent sum of 
unresolved ‘point’ 
sources
(stochastic, incoherent 
noise background)

Continuous 
Sources
• Spinning neutron 
stars
(monotone waveform)

Credit: Bohn, Hébert, Throwe, SXS

In D. Reitze’s presentation in LIGO ODW #1, 2018



Continuous Gravitational Waves (CW)

non-Transient sources

Credit: Casey Reed, Penn State

Continuous Sources

credit: A. Stuver/ LIGO



CW from Neutron Star Spin-down
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Phenomenological model

Breaking index

Keith Riles, Living. Rev. Rel. 26, 3(2023)  



CW from Neutron Star Spin-down
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CW targeted searches for known pulsars
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LVK, ApJ, 935, 1 (2022)

Searches for GW from Known Pulsars at Two Harmonics in O2 and O3



Radice et al. , Annu. Rev. Nucl. Part. Sci. 70, 95–119 (2020) 
“The Dynamics of Binary Neutron Star Mergers and GW170817”



Radice et al. , Annu. Rev. Nucl. Part. Sci. 70, 95–119 (2020) 
“The Dynamics of Binary Neutron Star Mergers and GW170817”



Stergioulas, Bauswein, Zagkouris , and Janka, MNRAS. 418, 427–436 (2011) 

“Gravitational waves and non-axisymmetric oscillation modes in 
mergers of compact object binaries ”



Stergioulas, Bauswein, Zagkouris , and Janka, MNRAS. 418, 427–436 (2011) 

“Gravitational waves and non-axisymmetric oscillation modes in 
mergers of compact object binaries ”
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중성자별과 중력파 ! 
아직도 할게 많다~
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중성자별과 중력파 ! 
아직도 할게 많다~

궁금한 것은 이메일로 물어보세요~ : ymkim@kasi.re.kr


