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Equation of State (EoS)

|. Equation of state :a thermodynamic equation relating state variables
(PBV, T, E) which describe the state of matter under a given set of
physical conditions. - from Wikipedia

- NS is cold on the nuclear scale (I MeV ~ 1010 K) :frozen in the
point of view of hadronic and leptonic compositions.

uter crust 0.3-0.5 km

/ |ons, electrons

inner crust 1-2

electrons, neutrons, nuclei

outer core ~9 IKIN
neutron-proton Fermi liquid
few % electron Fermi gas

inner core 0-3 km

quark gluon plasma?



Degenerate Fermi Gas
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Degenerate Pressure of electron gas (I)
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Degenerate Pressure of electron gas (2)
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Degenerate Pressure of electron gas (3)
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Degenerate Pressure of electron gas (4)
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Degenerate Pressure of electron gas (5)
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Degenerate Pressure of electron gas (6)
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Degenerate Pressure of electron gas (/)




Another way to obtain Pe
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Nucleus and Strong force

Strong Force

The strong farce holds topether thing

same charge. [t's strongar than tha electromagnetic
foree, <o that's why atemes with multiple protons and
neutrons don't fly apart, Sut most importantly, it
holes logether the gquarks Thal make up peolons and
neutrons themsalves. Cach proton conteins twe up
quarks and ore down Each neutron contains two
dewn quarks and one up.

. Neutzon

Image: NASA



Effective field theories and energy scales
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Slide from Dean Lee’ lecture in Nuclear Physics School 2020



EoS for a Neutron Star

Energy per nucleon

p : baryon density [fm™?]

E V
1 (p,0) = —e(p,0) =¢€(p,0)/p s _ Pn—pp
0
Pressure
OF A OFE LOE/A(p,9)
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Beta Equilibrium

Pp = Pe T Pu (_I_IOK)

fin = [p + e e = pu(= 1K)
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Nuclear Equation of States

E/A (MeV)

" (p.8) = ~e(p.0) = €(p.)p

&(p, d)

= E(p,0 =0) + Esym(p)52 + 0" + ...,

5:/071_:019
0

po ~ 0.16 : saturation density
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Kim et al. (|MPE 2020)



Nuclear Equation of States

£(p,0) = Eo + 5Kox” + §Q0x’ + O(*),
Slp)=J+Lx+ 1Ksymx + 6stmx + Rsymx

+ O(x°),
&2 E(n.0) v = (L — Po)
P, o
Ko = 9p; 2 , 3P0
P=p0
d’ Incompressibility /o ~ 230 MeV

Skewness K, ~ —2000 MeV



Nuclear Symmetry Energy

E(p,0) = Eg + 3Kox” +

£00x” + O(x™),

Slp)=J+Lx+ leymx + 6stmx + Rsymx

+ O0(x°),
S = Esym(po)
L = 3po j—ps (0)
Koym = 90§ dd; Si)p)

b

P=po

P=pP0

stm

Rym

275 as(l))

810, d—S(P)




Nuclear Symmetry Energy

=FE(p,0 =0) + Esym(p)52 + 06" + ...,
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Nuclear Symmetry Energy

Gandolfi and Steiner (2016)
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Constraints on Symmetry Energy

Model £0 Ey Ky —Qo J L —K; Minax
Exp/Emp|~ 0.16|~ 16.0| 200 ~ 260 | 200 ~ 1200 | 30 ~ 35 40 ~ 76 372 ~ 760 |>=1.93 ~ 2.05
CSkP - - 1202.0 ~ 240.3|362.5 ~ 425.6(30.0 ~ 35.5|48.6 ~ 67.1|360.1 ~ 407.1 -
GSkI | 0.159 | 16.02 230.2 405.6 32.0 63.5 364.2 1.98
SLy4 | 0.160 | 15.97 229.9 363.1 32.0 45.9 322.8 2.07
Skl4 0.160 | 15.95 248.0 331.2 29.5 60.4 322.2 2.19
SGI 0.154 | 15.89 261.8 297.9 28.3 63.9 362.5 2.25
KIDS |0.160 | 16.00 240.0 372.7 32.8 49.1 375.1 2.14

20

Kim et al., PhysRevC.98.065805



Constraints on EoS
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Fig. 1 Energy below (a) and pressure above (b, ¢) the saturation density. The result of an EFT and lattice chiral EFT in a is taken from [16] and
[17], respectively. The results from experiment in b are from [21,22], and those in ¢ are from [22-25]
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Fitting to Observables

N
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Standard Skyrme effective interaction

L. Chabanat gt gl./ Nuclear Physics A 627 (1997) 710-740 713
NILO Skyrme pseudopotentlaf
Viry,rp) = to (1 + xoPy) 6(r) central term

+%,, (1+x1P,)) [P'Za(r) +5(,-)p2}! 2nd order derivative

+t2 (1 + x2P,) P - 8(r)P non-local terms (2.1)
1
+gt3 (I +x1P;) [p (R) ]Ué(r) density-dependent term
+iWhor - [P' X 6(r)P] spin-orbit term .
with:
1
r=ry—ra, R=§(rl+"2),
| /
P= % (V, —-V3), P cc of P acting on the left
and

o =0+ 07, P,=(l+a 02) /2.
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Skyrme-type Energy Density Functional

K2 3
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Properties of Nuclei
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Constraints on Nuclear EoS

* Nuclear data: hundreds of models (Skyrme force, RMF, ...)

 Neutron star maximum mass
.97 £ 0.04 Mo [Nature 467, 1081 (2010)]

2.0l + 0.04 M [Science 340,448 (2013)]
* || experimental/empirical data for nuclear matter around saturation density [Phys.Rev. C 85,035201 (2012)]

Constraint Quantity Eq. Density Region Range of constraint Range of constraint Ref.
exp/emp from CSkP
SM1 Ko (7),(15) po (fm—32) 200 — 260 MeV 202.0 — 240.3 MeV (64]
SM2 K'=-Q, (8),(16) po (fm~2) 200 — 1200 MeV 362.5 — 425.6 MeV 65)
SM3 P(p) (6)) 2 < -,% <3 Band Region see Fig. (1] (78]
SM4 P(p) (6)) 1.2 < -,% < 2.2 Band Region see Fig. 2] (80]
PNM1 % (31) 0.014 < -,% < 0.106 Band Region see Fig. 3] (39, 40]
PNM2 P(p) (6)) 2 < ;)% <3 Band Region see Fig. (78]
MIX1 J @) po (fm—3) 30 — 35 MeV 30.0 — 35.5 MeV [44]
MIX2 L (10) po (fm—3) 40 — 76 MeV 48.6 — 67.1 MeV 101
MIX3 Krv (21 po (fm™2) -760 — -372 MeV -407.1 — -360.1 MeV [107]
MIX4 S(pe/2) - po (fm—3) 0.57 — 0.86 0.61 — 0.67 110
MIX5 3”,5% @1) po (fm=3) 0.90 — 1.10 1.02 — 1.10 112]

| 6/240 Skyrme force models satisfy | | constraints.



Relativistic Mean-Field (RMF) theory

2

m g2 93
U=—"2¢%+25% 4 2254,
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Relativistic Mean-Field (RMF) theory

TABLE 1. Parameter sets.

: — Parameter Set | Set 11 NL3
guﬂw 6 CPRARURp 1 o Ky ‘,‘f"-' . iy (fm?) 1033 same 15.73
| = “g“ c +Zw A TESE fo (fm?) 542 same 10.53
b SRR TN L ' j, (fm?) 0.95 3.15 1.34
j : s (fm?) 0.00 250 0.00
A(fm™ ) 0.033 same -0.01
B =0.0048 same -0.003

and compare with (3.26) t0 read the energy dens | —
equations to rewrite the energy density as

€= 3’bmn(gao')3 13 40(&’0)4 7 3?”,0' Zmﬂwz % Zmppgs
ka
+ Z e JEZ+ (mp — gop0) k> dk

B 2t Jo
b
L k2 +m? k* dk . (5.50)
+ ;‘ 75 j; JE2 +m?
The pressure is given by
p=- lbmn(.s'aa)’ E lc(.gn,rar)“ — Im2a? + Smiwd + sm)pps
2.’3 +1
+" k“dk k2 4+ (mg — 8480
e I :
Loy L 551)
55 _.[ k*dk/) Jk2 + m? . O
3 ; n? J, / 1
p— 2 KR



EoS from GWV observation
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29 Abbott et al. (LSC andVirgo), PhysRevLett.121.16110



Bayesian Inference

Ba)les’ theQrem The likelihood could be the function of errors

n(d|0
Posterior p((9|d) - ZE(!D) | p(e) Prior choices can

B p(d|0) influence results
~Totdop@a "

p(8|d) ~ p(d|0)p(0)

Prior, p(8) : the distribution of the parameter(s) before any data is observed

Likelihood, p(d|8) : the distribution of the observed data conditional on its parameters
Posterior, p(8]|d): the distribution of the parameter(s) after taking into account the observed data

Model evidence, p(d):the distribution of the observed data marginalized over the parameter(s)
30


https://en.wikipedia.org/wiki/Marginal_distribution

Figure 1. A schematic representation of the different approaches

MCMC methods and nested sampling methods take to ...

MCMC
Unknown
Posterior
Nested
Sampling

Mon Not R Astron Soc, Volume 493, Issue 3, April 2020, Pages 3132—3158, https://doi.org/10.1093/mnras/staa278

The content of this slide may be subject to copyright: please see the slide notes for details.
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Polytropic equation of state
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gammazl

gamma?

gamma3i

Posteriors w/ Piece-wise Polytropic EoSs

Reference for Piece-wise Polytropic EoSs : Read et al. PRD 79, 124032 (2009)

GW170817

34.20%44 MR samples: EoS-insensitive model

PRL, 121, 161101 (2018)
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Symmetry Energy from GWV observation
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[D]Y.Lim and J. Holt, PRL.121.062701 (arXiv:1803.02803v2)
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KIDS Energy Density Functional

KIDS Energy density functional form

T(p,6) = °

- o

1—-9

9 | 2m,,

(

2

)

5/3
|

h2

2m.,

(

140
2

Papakonstantinou et al.,
Phys. Rev. C 97, 014312 (2018)

)5/3‘

(37r2p)2/3

f o\

Ci(5) — Q; T ﬁiéz to be determined by fitting to the observables

at Zzero temperature

kp = (3m2p/2)Y/3

35
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Implication of PREX 2 and NICER Obs.

PREX 2 - PhysRevLett.126.172502 (2021) Neutron skin thickness, Rn-Rp = 0.278 +/- 0.078 (exp.) +/- 0.012 (theo.) fm

Implication of PREX 2 - PhysRevLett.126.172503 (2021) R (km)
120 - 1200 121.5 1'3 13;.5 1|4 1zt.5
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20 1000
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Astrophysics w/ nuclear physics

Experimental Systems

« Astrophysics
e
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Next Generation GVV detectors
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Equilibrium Structure of Star

Fluid equation (Euler equation).

1. Continuity Equation

op .

—+ V- (pv)=0

" (pY)

2. Momentum Equation
ov

pE+pT5-VT5+VP=—pV(I)

3. Energy Equation

de P_
p—+v-Ve+—V.v=0
ot p

For spherical star (non-rotating, non-magnetized), LHS of 1. Continuity and 3. Energy equation
is 0. The remaining equation is 2. Momentum equation and can be rewritten in spherical

coordinates as

r 1 2 P
CjZ_P =—p GA;” where M, = 47r[ p(r)rdr ‘ d <r d ) = —4nGp
r r 0

A= EAtE ZeRt= S0



Linear Stability Analysis

Let us revisit hydrodynamic (Euler) equation in
spherical coordinates
1. Continuity Equation
0 1 0
P +
ot r?or

O%ﬁ:Q

2. Momentum Equation

ov v op 9D
—_ V = — p—),
oot TP Tor T TP o

3. Equation of State
P = Kp',

4. Poisson Equation

Equilibrium (background) solution

or, 0D,
o P
Assume,
p = po+op,
P = P, + oP,
v=0+4ov,
D = P, + 6D,

where subscript O denotes background
(equilibrium) solution while 6-ed variables
represents Eulerian perturbations.

We can define radial displacement, {, then

the perturbation of velocity can be written as
o¢

oV = —.
ot

dZl= ALY ZoRI= S0 A



Linear Stability Analysis

Then the linearize equation becomes

1.

Continuity Equation

1

0

o+ 55 k) =0

Momentum Equation

0°¢ L 0P _ 050
P02 T oy T 0 T
Equation of State
oP )
P _ %
Py Po
Poisson Equation
1 o ([ ,06D
—— | r = 4 Gop.
r2 or or

We assume that the perturbation has a form as
follows,

{(t, 1) = E(e™”.

All other 6-ed variables also follow the above
form. Then the continuity and momentum
equation become

1 o
5p +——(r* =0,
1% 2 97 ( ,005)
25 N d0OP 00D 5 0D,
— D@ — = —p— — .
Po or Po or P or

Boundary condition:
. r=0<¢~r
2. r=r; AP =0

dZl= ALY ZoRI= S0 A



g(r) / E(r=ry)

Radial Pulsation Modes

r/r

F: Fundamental mode. No node inside star.
H,: nth overtone modes. n nodes interior of the star.

A= EAtE ZeRt= S0



Models of Rapidly Rotating NS

e Rotating star (2D structure) depends on r, z (or theta) coordinates.
e Integral representation of equilibrium equation (see previous lecture and homework, it is
also known as Self-Consistent Field Method).
e Hachisu (1986): Newtonian

H+ ® — JQZRdR =C.

e Komatsu, Eriguchi & Hachisu (KEH, 1989), Cook, Shapiro & Teukolsky (CST, 1992): GR

Metric: ds?® = — e?*dt? + e*® (dr2 + r2d92) + ¢?r?sin% 4 (dgb — a)dt)z,
dQ
Q-—w

Integral equation: InH + v + In (1 _ VZ) n [Vz

1 : T

k=100, N=1 k=100, N=1
max 0.001 max -4 1¢-04
o =0.001 o =110
0.8 0.0008 0.8 — "0 = 8e-05
0.0006 = 6e-05
0.0004 0.6 — — 4e-05
0.0002 2¢-05
0 0_4 p— — 0
0.2 —
0 ' 0O 02 04 06 08 1
0 0.2 rrg

A= EAtE ZeRt= S0



Astrophysical GW Sources - NS

Coalescing Binary Transient Burst’
Systems P Sources

« Black hole — black o 0 L . asymmetric core
hole ' . =& collapse supernovae

gt3al?0k hole — neutron e "0 . cosmic strings
* Neutron star —

neutron star (Unmodeled

(modeled waveform) waveform)
Credit: Chandra X-ray Observatory

« 777

Credit: Bohn, Hébert, Throwe, SXS

Stochastic

Background Continuous

Sources
* Spinning neutron

* incoherent sum of stars
unresolved ‘point’ AR (monotone waveform)

sources

* residue of the Big Bang

Credit: Planck Collaboration (StQChaStiQ incoherent
noise background)
Credit: Casey Reed, Penn State

In D. Reitze’s presentation in LIGO ODW #1,2018




Continuous Gravitational VWaves (CW)

non- [ransient sources

x 10° Example Continuous Gravitational Wave
| Ny X . v i 7 ™ L 7 T T
‘ | l " A | II yl . | A () " " ll | | | |
© | ] ol ' | [ | | ] || | | [ | | | | l
E, 41 | Il (| ) | | | || ' [ | [ | IV . | || | ol &
3 1 u u s u L
# 03[ | IRT ) S A T T O TR O e Y T I
a4 ‘ [ | R I | ' ' | II Iy | ‘ ' | [ ' I i
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< TREE g g L I \ [ ] 1
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L \) | 1) { | { ! “\ ( | | \ | |
-1 ' Y. Y W ) / \) |\ W/ <) / \
)} 0.01 0.0z x4 n.na (1.0" 008 nozs 0.3 (.04 0.1
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credit: A. Stuver/ LIGO
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CW from Neutron Star Spin-down

) Keith Riles, Living. Rev. Rel. 26, 3(2023
Phenomenological model ° (2929

f=Kf"

Breaking index

e n = 1—"Pulsar wind” (extreme model)
« n = 3—Magnetic dipole radiation
« n = 5—AQravitational mass quadrupole radiation (“mountain”)

« n = 7—Qravitational mass current quadrupole radiation (r-modes).
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CW from Neutron Star Spin-down
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“The Dynamics of Binary Neutron Star Mergers and GW170817”

Radice et al. ,Annu. Rev. Nucl. Part. Sci. 70, 95119 (2020)
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h, (10%° Mpc)

Radice et al.,Annu. Rev. Nucl. Part. Sci. 70, 95—-119 (2020)
“The Dynamics of Binary Neutron Star Mergers and GW170817”
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Stergioulas, Bauswein, Zagkouris , and Janka, MNRAS. 418, 427-436 (2011)

“Gravitational waves and non-axisymmetric oscillation modes in
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Stergioulas, Bauswein, Zagkouris , and Janka, MNRAS. 418, 427-436 (2011)

“Gravitational waves and non-axisymmetric oscillation modes in
mergers of compact object binaries ”

Table 1. Extracted mode frequencies.
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