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중성자별 (Neutron Star) 이란?
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위키피디아/항성진화



Neutron Star

3courtesy of D. Page

M= 1.4~2.0M◉
R=10~15km
A~ 1057 nucleons

ρcenter ≈ several × ρ0

n0 ≈ 0.16 fm−3 ≈ 1.6 × 1044m−3

ρ0 ≈ 2.04 × 1017kg ⋅ m−3
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Mass ~ 1.4 Msun 
Radius ~12km



Neutron Star of Known Mass
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J. Lattimer,  
Annu.Rev.Nucl.Part.Sci.62,485(2012) 
and https://stellarcollapse.org by C. Ott

https://stellarcollapse.org


Maximum mass of Neutron Stars
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Demorest  et al. Nature (2010)

Shapiro delay



Millisecond Pulsars / glitches
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Superfluidity of neutrons

8

D. Antonopoulou (2015)



Low-Mass X-ray Binary

9

Steiner,  Lattimer, Brown, ApJ 2010

95% confidence limits by using MC sampling



Mass and Radius from LMXBs
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Observation by NICER
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Research Laboratory and universities 
across the USA, together with McGill 
University in Canada.

NICER was selected in 2013 by NASA’s 
Science Mission Directorate as an 
Astrophysics Explorer Mission of 
Opportunity. NICER will launch in June 
2017 aboard the eleventh SpaceX 
Commercial Resupply Services 
(CRS-11) flight to the International Space 
Station. The payload will be robotically 
installed on one of space station’s zenith-
side Express Logistics Carrier (ELC) 
platforms.

NICER SCIENCE OBJECTIVES
UNCOVERING THE NATURE AND 
BEHAVIOR OF NEUTRON STARS
Neutron stars embody extreme conditions 
impossible to replicate in a laboratory. 
NICER provides high-precision 
measurements of the structure, 
dynamics, and energetics of neutron stars 
through observations in “soft” X-rays 
(photon energies between 0.2 and 12 
keV), the part of the electromagnetic 
spectrum in which these stars radiate 
both from their million-degree solid

"What's inside a neutron 
star?" is one of many 
long-standing astrophysics 
questions about the 
ultra-dense, fast-spinning, 
powerfully magnetic objects 
commonly observed as 
pulsars. The Neutron 
star Interior Composition 
Explorer (NICER) mission  
will reveal some of the 
extraordinary physics at 
work in and around 
neutron stars, confronting 
theoretical predictions 
with unique X-ray measurements of these 
stellar corpses. In particular, NICER will 
probe the nature of the densest stable form 
of matter, deep in the cores of neutron 
stars, by measuring the sizes of a handful of 
neutron stars. 

NICER is the first mission designed 
specifically for the study of neutron stars, 
with simultaneous fast timing—some 
pulsars flicker and flash hundreds of times 
each second—spectroscopy, and sensitivity 
to faint X-ray emissions. 

In addition to its principal science goals, 
NICER will enable the first demonstration of 
spacecraft navigation using pulsars as 
beacons, through the Station Explorer for 
X-ray Timing and Navigation Technology
(SEXTANT) enhancement to the mission,
which is funded by the NASA Space
Technology Mission Directorate's Game-
Changing Development program.

NICER team partners include NASA’s 
Goddard Space Flight Center (GSFC), the 
Massachusetts Institute of Technology 
(MIT), the Technical University of Denmark 
(DTU), and Moog, Inc. Additional science 
team members come from the Naval 

National Aeronautics and Space Administration

NICER
Neutron star Interior Composition Explorer
INVESTIGATING THE DENSEST KNOWN OBJECTS IN THE UNIVERSE



Hot spot region model in Riley 2019
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Riley_2019_ApJL_887_L21



NICER observations
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Riley_2019_ApJL_887_L21

PSR J0030+0451 PSR J0740+6620

arxiv:2105.06979



Mass and Radius of Neutron Stars
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TOV eq.
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Demorest  et al. Nature (2010)



Deriving TOV eq.
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Derving TOV eq. (1)
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Derving TOV eq. (2)
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Derving TOV eq. (3)
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Derving TOV eq. (4)
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Derving TOV eq. (5)

20



Derving TOV eq. (6)
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NS Observation via Gravitational Waves
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B1913+16  
Hulse & Taylor (1975)

 1993 Nobel Prize

* change in the orbital period 
due to GW radiation

˙EGW = � 32
5

G4M3µ2

c5a5
[GR correction]

˙JGW = � 32
5

G7/2M5/2µ2

c5a7/2
[GR correction]



GW170817 : The Golden Binary
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GW170817 : The Golden Binary
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Heavy Elements from BNS mergers
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Heavy Elements from BNS mergers
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A new constraint by GW Observation

Abbott et al. (LSC and Virgo),  arxiv:1805.11581 (PhysRevLett.121.161101)

Λ(1.4Μ )=190+390-120

h̃T (f) = Af�7/6ei T (f)



Response of NS to GW during inspiral
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perturbative approaches

Qij = ��Eij

� =
2

3

R5

G
k2

λ : Tidal deformability
k2 : Tidal Love number



Measurability of tidal 
deformability
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Tidal term in GW waveform
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⇤ = �/M5 ! G
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h̃T (f) = Af�7/6ei T (f) M. Favata, PRL.112.101101 (2014)
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⇡

4
+

3

128⌘v5
�(f)
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Accumulated GW phase (1)
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Moore et al., PRD.93.124061(2016)

f1 = 10 Hz, 
the low frequency cutoff for 
Advanced LIGO 
due to seismic noises

the number of wave cycles in frequency domain

Waveform models: 
    TaylorT2 for ΔNcyc

    TaylorF2(SPA) ΔNcyc,Ψ



Accumulated GW phase (2)
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waveform model: 
TaylorF2(SPA)

Mch=1.188M⦿

M1=M2=1.365M⦿



Accumulated GW phase (2)

32

waveform model: 
TaylorF2(SPA)

Mch=1.188M⦿

M1=M2=1.365M⦿

~600 Hz

1/2-cycle



Measurement Errors via Fisher Matrix
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�ij = Re <
@h

@�i
| @h
@�j

>

⌃ij = ��1
ij

cij = ⌃ij/
p

⌃ii⌃jj

�i =
p
⌃ii

h̃T (f) = Af�7/6ei T (f)

�i = Mchirp, ⌘,�c, tc, s1,2, e0, ⇤̃, ...

Fisher matrix

covariance matrix

correlation matrix

Measurement Errors



Measurement Errors of Tidal Deformability
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Kim, Kim, Kwak, Choi, Cho and Lee,  JKPS (2021)



Derive 2nd order Diff. eq of H 
for tidal deformability
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Selected references
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• A.E.H. Love (1909) - The Yielding of the Earth to Disturbing Forces 
• K.S. Thorne & A. Campolattaro (1967) - non-radial pulsation of NS 
• J.B. Hartle & K.S. Thorne (1969) - stability of rotating NS 
• … … 
• K.S. Thorne (1998) - Tidal stabilization of rigid rotating, fully relativistic  

                                 neutron star 
• … … 
• T. Hinderer (2008) - Tidal Love numbers of neutron stars 
• T. Damour and A. Nagar (2009) - Relativistic tidal properties of neutron stars



Love number
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Love number
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Tidal Love number and Tidal deformability
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⇤ = �/M5 ! G
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Qij = ��Eij

T. Hinderer,  ApJ,  677, 1216 (2008)

� : Tidal deformability

Qij : Quadrupole moment of NS

Eij : External quadrupole tidal field

k2 : l = 2 Tidal Love number



Tidal coefficients (deformability)
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Multipole moments induced by a external tidal field

Mass moments 

Spin moments 

electric-type tidal field

magnetic-type tidal field

electric-type tidal coefficient (even parity)

magnetic-type tidal coefficient (odd parity)



Metric in linearized perturbation
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even parity

odd parity



Regge-Wheeler gauge and M=0

42

even parity

odd parity



Regge-Wheeler gauge and M=0
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even parity

odd parity

k=0, stationary case

0

0

0

0

H=H0=H2,K

Ψ=h0



Even parity (Electric-type) metric Fn. H
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�Gµ⌫ = 8⇡�Tµ⌫

Regge & Wheeler (1957),  Thorne & Campolattaro (1967)

�T 0
0 = ��⇢ = �(dp/d⇢)�1�p �T i

i = �p



Electric-type tidal coefficients (1)
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General solution



Electric-type tidal coefficients (2)
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Damour and Nagar , PRD 80, 084035 (2009)



Electric-type tidal coefficients (3)
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Damour and Nagar , PRD 80, 084035 (2009)



Electric-type tidal coefficients (4)
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Damour and Nagar , PRD 80, 084035 (2009)

Electric-type tidal coefficients

 we calculated the case, l=2

yR =
rH

0(r)

H(r)
|r=R



Higher Tidal Love Numbers
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Damour and Nagar , PRD 80, 084035 (2009)

We hardly expect to 
observe higher terms of 
tidal deformability in the 

waveform

x ⌘ (M!)2/3

� tidal
2 ⇠ �2 x5/2

� tidal
3 ⇠ �3 x9/2

|� tidal
3 /� tidal

2 | ⇠ O(10�3)



Magnetic-type tidal coefficients
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Damour and Nagar , PRD 80, 084035 (2009)

Magnetic-type tidal coefficients

Likewise,



Magnetic-type tidal coefficients
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Damour and Nagar , PRD 80, 084035 (2009)

Magnetic-type tidal coefficients

Likewise,



Tidal Love number and Tidal deformability
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� =
2

3

R5

G
k2

Qij = ��Eij

T. Hinderer,  ApJ,  677, 1216 (2008)

� : Tidal deformability

Qij : Quadrupole moment of NS

Eij : External quadrupole tidal field

k2 : l = 2 Tidal Love number

k2 =
8C5

5
(1� 2C)2[2 + 2C(y � 1)� y]

⇥
⇢
2C[6� 3y + 3C(5y � 8)] + 4C3[13� 11y + C(3y � 2) + 2C2(1 + y)]

+ 3(1� 2C)2[2� y + 2C(y � 1)] ln(1� 2C)

��1

y =
R�(R)

H(R)
C =

GM

Rc2



Tidal term in GW waveform
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⇤ = �/M5 ! G
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h̃T (f) = Af�7/6ei T (f) M. Favata, PRL.112.101101 (2014)



Higher order terms in GW phase (1)
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Post-Newtonian spin-tidal couplings for compact binaries - 
arxiv:1805.01487 



Higher order terms in GW phase (2)
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Rotational-tidal phasing of the binary neutron star waveform 
 - arxiv:1805.01882



Dynamic tide

PRL.116.181101  (arxiv:1602.00599)



PRL.116.181101  (arxiv:1602.00599)



Calculation of Tidal 
deformability
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TOV Eq. vs. Diff. Eq. for Tidal deformability
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Gµ⌫ = 8⇡Tµ⌫

a spherical symmetric star in hydrostatic equilibrium

Mass & Radius

TOV eq.



TOV Eq. vs. Diff. Eq. for Tidal deformability
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static linearized perturbations due to an external tidal field

�Gµ⌫ = 8⇡�Tµ⌫

k2 or λ

T. Hinderer (2008), K. Thorne and A. 
Campolattaro (1967)

�T 0
0 = ��⇢ = �(dp/d⇢)�1�p �T i

i = �p



To obtain Tidal Love number, k2 (1)
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T. Hinderer,  ApJ,  677, 1216 (2008)



To obtain Tidal Love number, k2 (2)
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TOV
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k2 (λ,Λ) depends on NS EoS !!



Equation of State
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Hard (stiff)

Soft

Y.-M. Kim et al. (EPJA 2020)



Constraints on Equation of State
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prefer harder EoS: M_max, NICER

prefer soft EoS: GW170817,strangeness

M. Kim et al. (IJMPE 2020)



Polytropic equation of state
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M. Kim et al., JKPS, 78, 932-941(2021)
https://link.springer.com/article/10.1007/s40042-021-00084-4

K1<K2<K3

(a=0)

https://link.springer.com/article/10.1007/s40042-021-00084-4


Polytropic EoSs vs. Realistic EoSs (1)
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M. Kim et al. (IJMPE 2020)M. Kim et al. (JKPS 2021) K1<K2<K3

n < 1.0 n >=1.0



Polytropic EoSs vs. Realistic EoSs (2)
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Density profiles for polytropic eos
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Tidal Love number, k2
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High k2 low k2



Tidal Love number, k2
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Measurements of GW170817
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Abbott et al. (LSC and Virgo),  arxiv:1805.11581 (PhysRevLett.121.161101)

P(2 ρnuc)= 3.5+2.7-1.7 x1034 dyne/cm2

P(6 ρnuc)= 9.0+7.9-2.6 x1035 dyne/cm2

ρnuc= 2.8 x1014 g/cm3

Λ(1.4Μ )=190+390-120



Eos-insensitive relation
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K. Yagi and N. Yunes, Phys. Rep. 681 (2017) 1 

Insensitive to EoS

a_0=0.360, a_1= - 0.0355, a_2= 0.000705

C=GM/Rc^2



Red line: Λ(1.4M⦿) = 2.88 * 10-6 (R/km)7.5 

Blue line: Λ(1.4M⦿) = 1.35 * 10-3 (R/km)5.0 

Y.-M. Kim, in progress

Kim et al., PhysRevC.98.065805 (2018)

[C] PhysRevLett.120.172703.pdf

Magenta line: Λ(1.4M⦿) = 1.05 * 10-4 (R/km)6.0 

Lambda-Radius relation
Implication of PREX 2 - 

PhysRevLett.126.172503 (2021)

Implication of PREX 2 - PhysRevLett.126.172503 (2021)
  => Λ ~ R4.8



Beyond k2
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TOV solver in lalsimulation

eosfam = lalsim.CreateSimNeutronStarFamily(eos) 

mass = 1.4 * lal.MSUN_SI 
radius = lalsim.SimNeutronStarRadius(mass,eosfam) 
k2 = lalsim.SimNeutronStarLoveNumberK2(mass,eosfam)

73

참고 자료: https://lscsoft.docs.ligo.org/lalsuite/lalsimulation/
group___l_a_l_sim_neutron_star__h.html

eos = lalsim.SimNeutronStarEOSPolytrope(Gamma,  
reference_pressure_SI, 
reference_density_SI)

eos = lalsim.SimNeutronStarEOSFromFile(eosfile)

EoS generation

Solving TOV

import lalsimulation as lalsim

Polytrope EoS table 직접 계산해서 eosfile 생성 (첫번째 컬럼 pressure, 두번째 컬럼 density)

Polytrope EoS 내장함수 사용
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To be continued …
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To be continued …

궁금한 것은 이메일로 물어보세요~ : ymkim@kasi.re.kr


