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Abstract

This lecture introduces a basic theory for stochastic gravitational waves (GWs). Pulsar timing arrays

1 Gravitational Waves

Let us consider gravitational waves (GWs) in the transverse-traceless (TT) gauge with a globally inertial coordinate system
{t, x⃗} as

hab (t, x⃗) =

∫ ∞

−∞

dω

2π

∫
d2κ h̃ab (ω, κ) e

iP (t,x⃗;ω,κ), (1)

where ω is the frequency, κ is the unit spatial vector for the propagation, and P is the phase, a function of spacetime with
parameters (ω, κ), given by

P (t, x⃗;ω, κ) ≡ ω (−t+ κ · x⃗) . (2)

The wave vector for GWs is defined by

ka ≡ ∇aP = ω (na + κa) , (3)

where na ≡ −gab (dt)b = (∂/∂t)
a
. The TT gauge condition gives

h̃ab (ω, κ)n
b = 0, (4)

h̃ab (ω, κ)κ
b = 0, (5)

h̃aa (ω, κ) = 0. (6)

Because h is real, we have

h̃ab (−ω, κ) = h̃∗ab (ω, κ) . (7)

When we introduce two parameters (θ, ϕ) for κ as

κa (θ, ϕ) = sin θ cosϕx̂a + sin θ sinϕŷa + cos θẑa, (8)

where {x̂, ŷ, ẑ} is the orthonormal basis in a Cartesian coordinate system, the integradtion for d2κ becomes∫
d2κ =

∫ 2π

0

dϕ

∫ π

0

dθ sin θ =

∫ 2π

0

dϕ

∫ 1

−1

d (cos θ) (9)

2 Polarization

Let us consider a vector space S for symmetric tracelss rank (0, 2) tensors orthogonal to κ. The GW amplitude h̃ab (ω, κ)
belongs to S. We choose a basis {eA : A = +,×} for S as

e+ab =
1√
2
(uaub − vavb) , (10)

e×ab =
1√
2
(uavb + vaub) . (11)

where {u, v, κ} is a right-handed orthonormal basis that is the rotation of the orthonormal basis {x̂, ŷ, ẑ} in the Cartesian
coordinate system by the Euler angle (θ, ϕ, ψ) asuava

κa

 =

 cosψ sinψ 0
− sinψ cosψ 0

0 0 1

cos θ 0 − sin θ
0 1 0

sin θ 0 cos θ

 cosϕ sinϕ 0
− sinϕ cosϕ 0

0 0 1

x̂aŷa
ẑa

 . (12)
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Note that the 1/
√
2 factors in eqs. (10) and (11) ensure the normalization as

eAabe
B
cdg

acgbd = δAB . (13)

Then, h̃ab is decomposed into

h̃ab = h̃+e
+
ab + h̃×e

×
ab

= h̃Ae
A
ab, (14)

where h̃A are components in the basis and we intoduced the Einstein summation convetion for the index A.
Let us consider the projection operator from general vectors to vectors orthogonal to n and κ defined by

P a
b ≡ δab + nanb − κaκb. (15)

Then, the projection operator from general rank (0, 2) tensors to S is given by

Λab
cd ≡ P a

(cP
b
d) − 1

2
P abPcd. (16)

Note that

Λab
ab =

1

2
P a

aP
b
b +

1

2
P a

bP
b
a − 1

2
P abPab

= 2 + 1− 1

= 2. (17)

The dual basis
{
eA : A = +,×

}
uniquely exists such that

eAabe
ab
B = δAB . (18)

Since the basis is complete, we obtain

eabA e
A
cd = Λab

cd. (19)

3 Stochastic Gravitational Waves

We assume that hab of stochastic gravitational waves (SGWs) is Gaussian such that its statistical status is fully described
by the expectation value and the correlations. The expectaion value is given as

⟨hab (t, x⃗)⟩ = 0, (20)

which implies 〈
h̃ab (ω, κ)

〉
= 0. (21)

We also assume that h of SGWs is temporally stationary and spatiallly homogeneous. Then, its correlations Rh
abcd are given

by

Rh
abcd (τ, y⃗) = ⟨hab (t, x⃗)hcd (t+ τ, x⃗+ y⃗)⟩ . (22)

Note that it only depends on the time difference τ and the position difference y⃗. The correlation has properties as

Rh
abcd = Rh

cdab, (23)

Rh
abcd (−τ,−y⃗) = ⟨hab (t, x⃗)hcd (t− τ, x⃗− y⃗)⟩

= ⟨hab (t′ + τ, x⃗′ + y⃗)hcd (t
′, x⃗′)⟩

= Rh
cdab (τ, y⃗)

= Rh
abcd (τ, y⃗) . (24)

The wave equation for Rh is given by

□(τ,y⃗)R
h
abcd =

〈
hab (t, x⃗)□(τ,y⃗)hcd (t+ τ, x⃗+ y⃗)

〉
= 0, (25)
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where □(τ,y⃗) is the D’Alembertian operator with partial derivatives with respect to (τ, y⃗). Then, Rh has wave solution as

Rh
abcd (τ, y⃗) =

∫ ∞

−∞

dω

2π

∫
d2κSh

abcd (ω, κ) e
iω(−τ+κ·y⃗), (26)

where Sh
abcd (ω, κ) is the power spectral density having properties

Sh
abcd = Sh

cdab, (27)

Sh
abcd (−ω, κ) = Sh

abcd (ω, κ) , (28)

Sh
abcd (−ω, κ) = Sh∗

abcd (ω, κ) . (29)

The first equation is derived by eq. (23), the second is deduced from eq. (24), and the third comes from that Rh is real.
Therefore, we conclude that Sh is also real. From eq. (22), we obtain∫ ∞

−∞

dω

2π

∫
d2κSh

abcd (ω, κ) e
iω(−τ+κ·y⃗)

=

∫ ∞

−∞

dω

2π

∫
d2κ

∫ ∞

−∞

dω′

2π

∫
d2κ′

〈
h̃ab (ω

′, κ′) h̃cd (ω, κ)
〉
eiω

′(−t+κ′·x⃗)eiω(−t−τ+κ·(x⃗+y⃗))

=

∫ ∞

−∞

dω

2π

∫
d2κ

[∫ ∞

−∞

dω′

2π

∫
d2κ′

〈
h̃∗ab (ω

′, κ′) h̃cd (ω, κ)
〉
ei(ω

′−ω)tei(ωκ−ω′κ′)·x⃗
]
eiω(−τ+κ·y⃗). (30)

Note that the expression inside the square bracket has nothign to do with t and x⃗. Therefore, we obtain〈
h̃∗ab (ω, κ) h̃cd (ω

′, κ′)
〉
= 2πδ (ω′ − ω) δ2 (κ′ − κ)Sh

abcd (ω, κ) (31)

For κ (θ, ϕ), the factor δ2 (κ′ − κ) is explictly written as

δ2 (κ′ − κ) = δ (cos θ′ − cos θ) δ (ϕ′ − ϕ) . (32)

Assuming no preference to SGW polarization, we get

Sh
abcd (ω, κ) =

1

2
Sh (ω, κ) Λabcd (κ) , (33)

where Sh is a scalar function of (ω, κ). In addition, we assume the isotropy of SGW. Then,

Sh (ω, κ) =
1

4π
Sh (ω) , (34)

where Sh (ω) is the scalar function of ω. The factors 1/2 in eq. (33) and 1/4π in eq. (34) are chosen such that〈
hab (t, x⃗)h

ab (t, x⃗)
〉
= Rh

abcd (0, 0) g
acgbd

=

∫ ∞

−∞

dω

2π

∫
d2κSh

abcd (ω, κ) g
acgbd

=

∫ ∞

−∞

dω

2π

∫
d2κ

1

2
Sh (ω, κ) Λabcd (κ) g

acgbd

=

∫ ∞

−∞

dω

2π

∫
d2κSh (ω, κ)

=

∫ ∞

−∞

dω

2π

∫
d2κ

1

4π
Sh (ω)

=

∫ ∞

−∞

dω

2π
Sh (ω) . (35)

Therefore, Sh (ω) becomes the power spectral density for
〈
habh

ab
〉
. In these assumptions, we have〈

h̃∗ab (ω, κ) h̃cd (ω
′, κ′)

〉
= 2πδ (ω′ − ω)

1

4π
δ2 (κ′ − κ)

1

2
Λabcd (κ)Sh (ω) . (36)

3



4 Energy density of GW background

The energy density of GWB is given by

ρgw =
1

32π

〈
∂thab∂th

ab
〉

=
1

32π

∫ ∞

−∞

dω

2π

∫
d2κ

∫ ∞

−∞

dω′

2π

∫
d2κ′ (−iω) (−iω′)

〈
h̃ab (ω, κ) h̃

ab (ω′, κ′)
〉

=
1

32π

∫ ∞

−∞

dω

2π

∫
d2κ

∫ ∞

−∞

dω′

2π

∫
d2κ′ (iω) (−iω′)

〈
h̃∗ab (ω, κ) h̃

ab (ω′, κ′)
〉

=
1

32π

∫ ∞

−∞

dω

2π

∫
d2κ

∫ ∞

−∞

dω′

2π

∫
d2κ′ ωω′2πδ (ω′ − ω)

1

4π
δ2 (κ′ − κ)Sh (ω)

=
1

32π

∫ ∞

−∞

dω

2π

∫
d2κ

∫
d2κ′ ω2 1

4π
δ2 (κ′ − κ)Sh (ω)

=
1

32π

∫ ∞

−∞

dω

2π
ω2Sh (ω)

=
1

32π

∫ ∞

0

df (2πf)
2
Sone−sided
h (f)

=
1

32π

∫ ∞

0

df (2πf)
2
Sone−sided
h (f) . (37)

Let us define Ωgw as the log frequency density for the cosmological parameter of GWB:

ρgw
ρc

=

∫ ∞

0

d ln f Ωgw (f)

=
1

12H2
0

∫ ∞

0

df (2πf)
2
Sone−sided
h (f)

=
π2

3H2
0

∫ ∞

0

d ln f f3Sone−sided
h (f) (38)

where ρc = 3H2
0/8π is the critical density. Therfore, Ωgw is related to Sone−sided

h as

Ωgw (f) =
π2

3H2
0

f3Sone−sided
h (f) . (39)

5 Detector Output Correlation

Detector output is given by

s (t) = h (t) + n (t) . (40)

GW signal h is given by

h (t) = Dabhab (t, x⃗0) , (41)

where Dab is the detector tensor and x⃗0 is the position of detector. We assume that the noise n is Gaussian and stationary
as

⟨n (t)⟩ = 0 (42)

⟨n (t)n (t+ τ)⟩ = Rn (τ) =

∫ ∞

−∞

dω

2π
Sn (ω) e

−iωτ , (43)

where Rn (τ) is the auto-correlation depends only on the time difference τ and Sn (ω) is the noise spectral density.
Let us define a correlation measurement from two detector outputs as

Y ≡
∫ T/2

−T/2

dt

∫ T/2

−T/2

dt′ s1 (t) s2 (t
′)Q (t′ − t) , (44)

where Q is the real filter function. We assume the noises of each detector are not correlated as

⟨n1 (t)n2 (t
′)⟩ = ⟨n1 (t)⟩ ⟨n2 (t′)⟩

= 0. (45)
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Then, we obtain

⟨s1 (t) s2 (t′)⟩ = ⟨h1 (t)h2 (t′)⟩+ ⟨h1 (t)n2 (t′)⟩+ ⟨n1 (t)h2 (t
′)⟩+ ⟨n1 (t)n2 (t

′)⟩
= ⟨h1 (t)h2 (t′)⟩+ ⟨h1 (t)⟩ ⟨n2 (t′)⟩+ ⟨n1 (t)⟩ ⟨h2 (t′)⟩+ ⟨n1 (t)⟩ ⟨n2 (t′)⟩
= ⟨h1 (t)h2 (t′)⟩ . (46)

The signal S for the measurement is defined by

S ≡ ⟨Y ⟩

=

∫ T/2

−T/2

dt

∫ T/2

−T/2

dt′ ⟨s1 (t) s2 (t′)⟩Q (t′ − t)

=

∫ T/2

−T/2

dt

∫ T/2

−T/2

dt′Dab
1 D

cd
2 ⟨hab (t, x⃗1)hcd (t′, x⃗2)⟩Q (t′ − t)

=

∫ T/2

−T/2

dt

∫ T/2

−T/2

dt′Dab
1 D

cd
2 R

h
abcd (t

′ − t, x⃗2 − x⃗1)Q (t′ − t)

=

∫ T/2

−T/2

dt

∫ T/2

−T/2

dt′Dab
1 D

cd
2

∫ ∞

−∞

dω

2π

∫
d2κSh

abcd (ω, κ) e
iω(−(t′−t)+κ·(x⃗2−x⃗1))

∫ ∞

−∞

dω′

2π
Q̃ (ω′) e−iω′(t′−t)

= Dab
1 D

cd
2

∫ ∞

−∞

dω

2π

∫
d2κ

1

4π
Sh (ω)

1

2
Λabcd (κ) e

iω(κ·(x⃗2−x⃗1))

∫ ∞

−∞

dω′

2π
Q̃∗ (ω′) δT (ω′ − ω) δT (ω′ − ω)

=

∫ ∞

−∞

dω

2π
Sh (ω) Γ̃ (ω)

∫ ∞

−∞

dω′

2π
Q̃∗ (ω′) δT (ω′ − ω) δT (ω′ − ω)

≃ T

∫ ∞

−∞

dω

2π
Sh (ω) Γ̃ (ω) Q̃∗ (ω) (47)

where δT is defined by

δT (ω) ≡
∫ T/2

−T/2

dt eiωt

= T sinc (ωT/2) , (48)

and Γ̃ (ω) is the overlap reduction function given by

Γ̃ (ω) ≡ 1

4π

∫
d2κ

1

2
Λabcd (κ)D

ab
1 D

cd
2 e

iω(κ·(x⃗2−x⃗1)). (49)
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The noise N for the measurement is defined by

N2 ≡ Var ([Y ]h=0)

=
〈[
Y 2
]
h=0

〉
− ⟨[Y ]h=0⟩

2

=
〈[
Y 2
]
h=0

〉
−

(∫ T/2

−T/2

dt

∫ T/2

−T/2

dt′ ⟨n1 (t)n2 (t′)⟩Q (t′ − t)

)2

=
〈[
Y 2
]
h=0

〉
−

(∫ T/2

−T/2

dt

∫ T/2

−T/2

dt′ ⟨n1 (t)⟩ ⟨n2 (t′)⟩Q (t′ − t)

)2

=
〈[
Y 2
]
h=0

〉
=

∫ T/2

−T/2

dt

∫ T/2

−T/2

dt′
∫ T/2

−T/2

dt′′
∫ T/2

−T/2

dt′′′ ⟨n1 (t)n2 (t′)n1 (t′′)n2 (t′′′)⟩Q (t′ − t)Q (t′′′ − t′′)

=

∫ T/2

−T/2

dt

∫ T/2

−T/2

dt′
∫ T/2

−T/2

dt′′
∫ T/2

−T/2

dt′′′ ⟨n1 (t)n1 (t′′)⟩ ⟨n2 (t′)n2 (t′′′)⟩Q (t′ − t)Q (t′′′ − t′′)

=

∫ T/2

−T/2

dt

∫ T/2

−T/2

dt′
∫ T/2

−T/2

dt′′
∫ T/2

−T/2

dt′′′
∫ ∞

−∞

dω

2π

∫ ∞

−∞

dω′

2π

∫ ∞

−∞

dω′′

2π

∫ ∞

−∞

dω′′′

2π

× Sn
1 (ω) e−iω(t′′−t)Sn

2 (ω′) e−iω′(t′′′−t′)Q̃ (ω′′) e−iω′′(t′−t)Q̃ (ω′′′) e−iω′′′(t′′′−t′′)

=

∫ T/2

−T/2

dt

∫ T/2

−T/2

dt′
∫ T/2

−T/2

dt′′
∫ T/2

−T/2

dt′′′
∫ ∞

−∞

dω

2π

∫ ∞

−∞

dω′

2π

∫ ∞

−∞

dω′′

2π

∫ ∞

−∞

dω′′′

2π

× Sn
1 (ω)Sn

2 (ω′) Q̃ (ω′′) Q̃∗ (ω′′′) e−iω(t−t′′)e−iω′(t′′′−t′)e−iω′′(t′−t)e−iω′′′(t′′−t′′′)

=

∫ ∞

−∞

dω

2π

∫ ∞

−∞

dω′

2π

∫ ∞

−∞

dω′′

2π

∫ ∞

−∞

dω′′′

2π

× Sn
1 (ω)Sn

2 (ω′) Q̃ (ω′′) Q̃∗ (ω′′′) δT (ω′′ − ω) δT (ω′′ − ω′) δT (ω′′′ − ω) δT (ω′′′ − ω′)

≃ T

∫ ∞

−∞

dω

2π
Sn
1 (ω)Sn

2 (ω)
∣∣∣Q̃ (ω)

∣∣∣2 (50)

Then, the signal to noise ratio (SNR) is given by

S

N
≃

√
T

∫∞
−∞

dω
2π Sh (ω) Γ̃ (ω) Q̃∗ (ω)√∫∞

−∞
dω
2πS

n
1 (ω)Sn

2 (ω)
∣∣∣Q̃ (ω)

∣∣∣2 (51)

=
√
T

〈
ShΓ̃/S

n
1 S

n
2 , Q̃

〉
√〈

Q̃, Q̃
〉 (52)

where the inner product is defined by

⟨A,B⟩ =
∫ ∞

−∞

dω

2π
Sn
1 (ω)Sn

2 (ω)A (ω)B∗ (ω) . (53)

The SNR is maximized when we choose the filter Q as

Q̃ ∝ ShΓ̃

Sn
1 S

n
2

. (54)

In this case,

S

N
=

√
T

√√√√〈 ShΓ̃

Sn
1 S

n
2

,
ShΓ̃

Sn
1 S

n
2

〉
(55)

=
√
T

√∫ ∞

−∞

dω

2π

S2
h (ω)

Sn
1 (ω)Sn

2 (ω)

∣∣∣Γ̃ (ω)
∣∣∣2 (56)

6 Detection of Gravitational Waves by Light

6.1 Maxwell’s Equations

Maxwell equation for 4-potential A is given by

2∇b∇[aAb] = 4πJa, (57)
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where J is the electromagnetic 4-current and we introduce Gaussian unit, ϵ0 = 1/4π and µ0 = 4π. Using Lorenz gauge,

∇aAa = 0, (58)

we get

∇b∇bAa = Rb
aAb − 4πJa. (59)

Exercise: As you know, Maxwell’s equations consist of 4 equations. However, with 4-potential A, we only need Gauss’s
law and Ampère’s law as in eq. (57). Why?

Exercise: Prove that the conservation of electric charge, ∇aJa = 0.

6.2 Geometrical Optics

Let us consider a local Lorentz frame {t, x⃗}. In the frame, L is defined as a typical length over which the waves vary and
R is defined as a typical components of the Riemann curvature tensor. When the frequency of electromagnetic waves ω is
much larger than 1/L where L ≡ min (L,R), geometrical optics is valid. Let us consider electromagnetic waves given by

Aa (t, x⃗) = 2ℜ
[{
Ãa + ω−1B̃a +O

(
ω−2

)}
eiωq(t,x⃗)

]
, (60)

such that l̂a ≡ ∇aq is future-directed. In vacuum, eq. (59) becomes the wave equation for A as

∇b∇bAa = 0 (61)

Through,

∇bAa = 2ℜ
[{
iωl̂b

(
Ãa + ω−1B̃a

)
+∇bÃa +O

(
ω−1

)}
eiωq

]
= 2ℜ

[{
iωl̂bÃa + il̂bB̃a +∇bÃa +O

(
ω−1

)}
eiωq

]
, (62)

∇aAa = 2ℜ
[{
iω
(
l̂ · Ã

)
+ i
(
l̂ · B̃

)
+∇aÃa +O

(
ω−1

)}
eiωq

]
, (63)

∇c∇bAa = 2ℜ
[{
iωl̂c

(
iωl̂bÃa + il̂bB̃a +∇bÃa

)
+ iω∇c

(
l̂bÃa

)
+O (1)

}
eiωq

]
= 2ℜ

[{
−ω2 l̂c l̂bÃa + ω

(
−l̂b l̂cB̃a + il̂c∇bÃa + i∇c

(
l̂bÃa

))
+O (1)

}
eiωq

]
, (64)

∇b∇bAa = 2ℜ
[{

−ω2
(
l̂ · l̂
)
Ãa + ω

(
−
(
l̂ · l̂
)
B̃a + 2il̂b∇bÃa + iÃa∇b l̂

b
)
+O (1)

}
eiωq

]
, (65)

we get

0 = l̂ · l̂, (66)

in the leading-order of ω and

0 = l̂ · Ã, (67)

0 = 2l̂b∇bÃa + Ãa∇b l̂
b (68)

in the next-to-leading-order. Rewriting results in Q ≡ ωq and l ≡ ωl̂, we obtain the evolution equations along l as

la∇aQ = l · l
= 0, (69)

lb∇bl
a = gaclb∇b∇cQ

= gaclb∇c∇bQ

=
1

2
gac∇c (l · l)

= 0, (70)

in the leading-order and

lb∇bÃa = −1

2
Ãa∇bl

b (71)

l · Ã = 0 (72)

in the next-to-leading-order. Introducing the real amplitude A ≡
√
Ã · Ã∗ and polarization vector f̃a ≡ Ãa/A, we get

0 = ∇b

(
A2lb

)
, (73)

0 = lb∇bf̃a, (74)

0 = l · f̃ . (75)

The first equation is conservation of the number of light rays, the second equation is the parallel transport of polarization,
and the third equation is the transverse condition of polarization.
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6.3 Perturbation of Rays

We introduce the Minkowski background spacetime and monochromatic plane electromagnetic wave given by

Aa = 2ℜ
[
Ãae

iQ
]
, (76)

where Ã and la ≡ ∇aQ are constant over spacetime. We impose Lorenz gauge and radiation gauge as

0 = ∇aAa, (77)

0 = u ·A, (78)

implies

0 = Ã · l, (79)

0 = Ã · u. (80)

Meanwhile, GWs are in the TT gauge given by

0 = kah̃ab (k) , (81)

0 = h̃aa (k) , (82)

0 = uah̃ab (k) , (83)

for all k ∈ N .
Perturbed phase is given by

Q̃ (ϵ) = Q+ ϵS +O
(
ϵ2
)
. (84)

The linear perturbation of l becomes

Lυl
a = Lυ

(
gab∇bQ

)
= −hablb +∇aS. (85)

Then, eq. (69) provides

0 =
(
−hablb +∇aS

)
la + la∇aS, (86)

implies

la∇aS =
1

2
habl

alb. (87)

The general solution of S is decomposed into the particular solution and the homogeneous solution as

S = Sp + Sh. (88)

The particular solution can be solved using

Sp =

∫
N
d3N (k) S̃p (k) eiP (;k). (89)

Plugging it into eq. (87), we get

S̃p = −1

2
i

1

(k · l)
h̃ab (k) l

alb. (90)

The homogeneous solution have to be satisfied

la∇aS
h = 0, (91)

implies Sh (t, x, y, z) = X (q = −t+ x, y, z).
Let us consider the frequency as

ω ≡ −ua∇aQ. (92)

Its perturbed value becomes

ω̃ (ϵ) = ω + ϵα+O
(
ϵ2
)
, (93)
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where

α = −vala − ua∇aS

= −ua∇aS. (94)

Note that α is gauge-invariant because ω is constant on M0. We give boundary condition at the 3-dimensional timelike
plane P that is the congruence of emitters as

0 = [α]P (95)

=
[
−ua∇aS

p − ua∇aS
h
]
P (96)

=

[
−ua

∫
N
d3N (k) ika

(
−1

2
i

1

k · l
h̃bcl

blc
)
eiP (;k) + ∂qX (q = −t+ x, y, z)

]
P
, (97)

=

[
1

2

∫
N
d3N (k)

1

k̂ · l
h̃abl

albeiωg(−t+κ·(yŷ+zẑ)) + ∂qX (q = −t, y, z)
]
P
, (98)

implies

∂qX (q, y, z) = −1

2

∫
N
d3N (k)

1

k̂ · l
h̃abl

albeiωg(q+κ·(yŷ+zẑ)), (99)

X (q, y, z) =
1

2
i

∫
N
d3N (k)

1

k · l
h̃ab (k) l

albeiωg(q+κ·(yŷ+zẑ)) + C (y, z) (100)

Sh (t, x⃗) =
1

2
i

∫
N
d3N (k)

1

k · l
h̃ab (k) l

albeiωg(−t+λ·x⃗+κ·(x⃗−(λ·x⃗)λ)) + C (y, z) . (101)

We conclude that

S = −1

2
i

∫
N
d3N 1

k · l
h̃ab (k) l

alb
(
1− eiD(;k,l)

)
eiP (;k) + C (y, z) , (102)

where

D (t, x⃗; k, l) = ωg (1− κ · λ) (λ · x⃗) . (103)

Before arrival of GWs, we assume no perturbation as S (t < t0, 0 < x < L, y, z) = C (y, z) = 0. Therefore,

S = −1

2
i

∫
N
d3N 1

k · l
h̃abl

alb
(
eiP (;k) − ei(P+D)(;k,l)

)
, (104)

where

(P +D) (t, x⃗; k, l) = P (t− λ · x⃗, x⃗− λ (λ · x⃗) ; k) . (105)

Perturbed amplitude is given by

˜̃Aa (ϵ) = Ãa + ϵB̃a +O
(
ϵ2
)
. (106)

The evolution of the amplitude, eq. (71), provides

lb∇bB̃a − Ċc
ab Ãcl

b = −1

2
Ãa

{
∇b

(
−hbclc +∇bS

)
+ lcĊb

cb

}
, (107)

lb∇bB̃a = −1

2
Ãa∇b∇bS +

1

2
(∇ah

c
b +∇bh

c
a −∇chab) Ãcl

b. (108)

It gives

˜̃Ba =
1

2 (k · l)

[
1

2

1

k · l
Ãah̃bcl

blc
{
k −

(
k · l̂

)
λ
}
·
{
k −

(
k · l̂

)
λ
}
eiD(;k,l) +

(
kah̃

c
b + kbh̃

c
a − kch̃ab

)
Ãcl

b

]
eiP (;k) (109)

=
1

2 (k · l)

[
1

2
Ãah̃bcl

b l̂ck · (u− λ) eiD(;k,l) +
(
kah̃

c
b + kbh̃

c
a − kch̃ab

)
Ãcl

b

]
eiP (;k) (110)

B̃a =

∫
N
d3N 1

2 (k · l)

[
1

2
Ãah̃bcl

b l̂ck · (u− λ) eiD(;k,l) +
(
kah̃

c
b + kbh̃

c
a − kch̃ab

)
Ãcl

b

]
eiP (;k) + C̃a, (111)
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where C̃a (t, x, y, z) = Ỹa (q = −t+ x, y, z) is quantity satisfying lb∇bC̃a = 0. The Lorenz gauge, eq. (72), provides

0 =
(
−hablb +∇aS

)
Ãa + l · B̃ (112)

=

[
−hablb +

1

2

∫
N
d3N 1

k · l
h̃bc (k) l

blc
{
kaeiP (;k) −

(
ka −

(
k · l̂

)
λa
)
ei(P+D)(;k,l)

}]
Ãa

+

∫
N
d3N h̃ab

(
Ãa − k · Ã

2 (k · l)
la

)
lbeiP (;k) + l · C̃ (113)

= −1

2

∫
N
d3N k · Ã

k · l
h̃ab (k) l

albei(P+D)(;k,l) + l · C̃ (114)

C̃a =
1

2

∫
N
d3N k · Ã

k · l
h̃abl

bei(P+D)(;k,l) + C (q = −t+ x, y, z) l̂a (115)

The radiation gauge provides

0 =
(
B̃ + iSÃ

)
· u (116)

=
1

2

∫
N
d3N k · u

k · l
h̃abÃ

albeiP (;k) − C (q = −t+ x, y, z) (117)

C =
1

2

∫
N
d3N k · u

k · l
h̃abÃ

albeiP (;k) (118)

As a result,

B̃a =

∫
N
d3N 1

2 (k · l)

[
1

2
Ãah̃bcl

b l̂ck · (u− λ) ei(P+D)(;k,l) +
(
kah̃

c
b + kbh̃

c
a − kch̃ab

)
Ãcl

beiP (;k)

]
+

1

2

∫
N
d3N k · Ã

k · l
h̃ab (k) l

bei(P+D)(;k,l)

+
1

2

∫
N
d3N k · u

k · l
h̃bcÃ

blceiP (;k) l̂a

=

∫
N
d3N 1

2 (k · l)

[{
1

2
Ãah̃bcl

b l̂ck · (u− λ) +
(
k · Ã

)
h̃abl

b

}
ei(P+D)(;k,l)

+
{(
kah̃

c
b + kbh̃

c
a − kch̃ab

)
Ãcl

b + l̂a (k · u) h̃bcÃblc
}
eiP (;k)

]
(119)

7 Pulsar Timing Array

Pulsar Timing:

h (t) ≡ δT

T
(120)

=
δωe

ωe
(121)

=

∫
d2κg

∫ ∞

−∞

dωg

2π

1

2

h̃ab (ωg, κg)κ
a
eκ

b
e

1− κg · κe

(
eiP (t,x⃗0;ωg,κg) − eiP

′(t,x⃗0;ωg,κg)
)

(122)

=

∫
d2κg

∫ ∞

−∞

dωg

2π

1

2

h̃ab (ωg, κg)κ
a
eκ

b
e

1− κg · κe
eiP (t,x⃗0;ωg,κg)

(
1− eiωgL(1−κg·κe)

)
(123)

where

P (t, x⃗;ωg, κg) = ωg (−t+ κg · x⃗) (124)

P ′ (t, x⃗;ωg, κg) = P (t− L, x⃗− Lκe;ωg, κg) (125)

= ωg (−t+ κg · x⃗) + ωgL (1− κg · κe) (126)

Correlation:

⟨h1 (t)h2 (t+ τ)⟩ =
∫
d2κg

∫ ∞

−∞

dωg

2π

1

2

κae,1κ
b
e,1

1− κg · κe,1
eiP (t,x⃗0;ωg,κg)

(
1− eiωgL1(1−κg·κe,1)

)
×
∫
d2κ′g

∫ ∞

−∞

dω′
g

2π

1

2

κce,2κ
d
e,2

1− κ′g · κe,2
eiP(t+τ,x⃗0;ω

′
g,κ

′
g)
(
1− eiω

′
gL2(1−κ′

g·κe,2)
)

×
〈
h̃ab (ωg, κg) h̃cd

(
ω′
g, κ

′
g

)〉
(127)
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