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normal modes vs quasi-normal modes
The purpose of this lecture is to understand

normal modes vs quasi-normal modes

In this lecture, we will understand them by studying

» normal modes : a particle in a box
» quasi-normal modes : a particle in a black hole

quasi-
1. cf. apparently but not really, seemingly

2. cf. being partly or almost
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normal modes vs quasi-normal modes

A particle in a box A particle in a black hole
Closed system, energy is conserved! Open system, energy is NOT conserved!
V()
V=infinity V=0 V=infinity

V(x)

Black Hole

Normal modes Quasinormal modes

X
Infinity

(w is real) (w is complex)



Quantum mechanics



Schrédinger equation
> the time-dependent Schrédinger equation

SOVt B 0P
! ot 2m Oz

+V(@)(a,t) = Hy(e,t),
where (x,t) : wave function

» If V has no explicit time dependence, we can make separation of
variables

P(z,t) = T(t)u(x),

L1 dT(t) 1 B2 d%u(x)
T "t :M@{_mndﬁ +W@“@}
AU ET(t),  T(t) = Ce *Et/n

dt

» the time-independent Schrédinger equation

I )

+ V(z)u(z) = Hu(z) = Fu(x)
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Hermitian (self-adjoint) operator

> In QM, observables correspond to that have certain
special properties.
A. the expectation value of an observable must be a real number

©) = [ v Ouvds = 410v) = (O} (1)

B. for that represent observables
w00 =060 (h=thor v cn) @
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Hermitian (self-adjoint) operator

> In QM, observables correspond to that have certain
special properties.
A. the expectation value of an observable must be a real number

©) = [ v Ouvds = 410v) = (O} (1)
B. for that represent observables
w00 =060 (h=thor v cn) @
Proof : O = Ev, 3)
(f,0f) = (},0f)" = (OF, ), (4)
E(f, [)=E(f,]) %)
where (f, f) cannot be zero, so E = E* and hence FE is real.
> that correspond to observables are called Hermitian

operators.
> self-adjoint :

0=0" (6)
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eigenvalues and eigenfunctions : £ and ug

h? d2u(x)
2m dx?

where E and ug(x) are eigenvalues and eigenfunctions

» eigenfunctions for different eigenvalues are orthogonal

/ drul (z)up,(z) =0  where Ey # E»

—00
» the eigenfunctions become normalized

/OO dzu) ()um(x) = dnm

> the eigenfunctions of H form a complete set
P(x,t) =Y Crun(z)e Fnt/h 4 /dEC(E)uE(l,)e—iEt/h
n

the C,, and C(E) are arbitrary constants and functions of E.

+ V(z)u(z) = Eu(x) — Hug(z) = Fug(x)
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eigenvalues and eigenfunctions : £ and ug

h? d2u(x)
2m dx?

where E and ug(x) are eigenvalues and eigenfunctions

+ V(z)u(z) = Eu(x) — Hug(z) = Fug(x)

» eigenfunctions for different eigenvalues are orthogonal

/ drul (z)up,(z) =0  where Ey # E»

—00
» the eigenfunctions become normalized

/OQ dzu) ()um(x) = dnm

> the eigenfunctions of H form a complete set
P(x,t) =Y Crun(z)e Fnt/h 4 /dEC(E)uE(I)e—iEt/h
n

the C,, and C(E) are arbitrary constants and functions of E.
> the set of all square-integrable functions, on a specific interval,

b
u(z) such that / lu(z)|?dz < oo
a

()

©)
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Hup(z) = Eug(x) : Hilbert space
» the collection of all functions of u(z) constitutes a vector space.
» Mathematicians call it L?(a, b), physicists call it Hilbert space.
» inner product
(flg) / f*(x)g(z)dx = scalar (a real or complex number)
» square-integrable (norm)

[|fIl = v/ {f|f) = positive-definite (non-negative real number)

» which satisfies completeness

l‘) = ch.fn(x)
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A particle in a box (an infinite potential well)

+V(2)p(z) = Ey(x)

0 for 0 <z <L, h? d*y(x)
Viz) = ) -
%) otherwise 2m dx

» the region outside the box : ¢ (z) =0
> the region inside the box :

(B.C.) 4(0) = 4(L) =0,

Y(x) = Asin(kz) + Beos(kz) —  ¢n(x) = \/zsin(L)

» the corresponding energy is

E, = h2k2 _ n2h?
2m 8mL2




A particle in a box : A solution

w1(x)
1.0/
0.8
0.6 —onet
0.4

0.2

Ya(x)

0.5
— n=2

-0.5

-1.0"

— n=3




A particle in a box
» Eigenvalues and Eigenfunctions
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A particle in a box
» Eigenvalues and Eigenfunctions

21.2 272 2
- hzk - ;77:2 = real values, ¥ (z) = 1/ > sin(0)
m m

En L L

(11)

» orthonormal :

mmnx

L L
/Ou);;(x)zpm(x):%/o sin(%)sin(T)zémm (12)



A particle in a box

» Eigenvalues and Eigenfunctions

R2E2 n2R2 \/5 . onmx
E, = o = BmLE real values, Un(x) = I bln(T)

(11)

» orthonormal :

2 mnx

L L
/O ¢;(x)¢m(x):z/0 sin($)sm(7)=5mm (12)
» complete set :

() = enthn() (13)



A particle in a box

» Eigenvalues and Eigenfunctions

h2k2 n2h2 2 . nrmx
E, = o = BmLE real values, Pn(x) =4/ 7 sin(

» orthonormal :

mmnx

L 2 L nmx
(A%@¢@)LA$MLNML) (12)
» complete set :

() = enthn() (13)
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Summary
In QM,

vyVvyvVvyvYyVvYyYyvyy

solve Schrédinger equation
Hermitian system

energy conservation

observable is real (e.g. £ ~ w is real)
eigenfunctions are othornormal
eigenfunctions form a complete set

Hilbert space (inner product is well defined and
square-integrable)



A particle in a black hole
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Our background spacetime
Schwarzschild black hole

2M 1
ds® = — (1 - )dt2 + —————dr® + r2d6* + r’sin® 0d¢” (15)
)

r

» asymptotically flat in 4-dimensional spacetime
> a static solution
» avacuum solution T}, =0

1
R, — §Rg,w = 81T, (16)



from Schrédinger equation to Klein-Gordon equation

» Schrédinger eqg. : the non-relativistic energy-momentum relation
2 92 2
haw _K oy (w - e—i(Et—Px)/Fb) - E = il (17)
2m

ot 2m O0x?
> the relativistic energy-momentum relation :
E? = P2 + m?ct (18)
requires
.9 . hd 0
E :m%P: =35 h2@ = —h3c? ﬁw+m2c4w (19)
1% 9 mAd :
Zar? gt t T v=0  Vedmiv=0  (20)
9 H
Where Vﬂ - @, T = {Ct7x3y72}7 (21)
-1 0 O

=" (22)

_ o O O

0
1
0

o OO
O O =



Klein-Gordon equation

Quantum mechanics + Relativity — Quantum field theory

Klein-Gordon equation: V2 +m2p =0 (23)

» 4 : fields (not a wave function)
> (YY) = [d®z|(z)|? : not Lorentz invariant
» Klein-Gordon inner product :

Wl = 5 [ |t vm — D)z 24
z

which is invariant under Lorentz transformation and ensures
conservation under time evolution



Klein-Gordon equation on curved spacetime ()
» Klein-Gordon equation on curved spacetime (m? = 0)
V2¢ _ v/tvu¢ _ vﬂg/wvyw =0, (Vugaﬂ = O) (25)

PV D) = g (a,,(ayw) - rzmw)) —0  (28)

where V¢ =9,y and V, A, = 0,4, — T, A,
and

1

ds? = —A(r)dt* + A0

dr? + 72d6? + r? sin? fdp? (27)




Klein-Gordon equation on curved spacetime ()

Klein-Gordon equation on curved spacetime (m? = 0)

VQ'(/J = guu (au(al/w) - r::u(a’\/w)) =0 (28)
1
ds? = —A(r)dt* + - ® dr? + r2d6? + r? sin® 0d¢? (29)
—A(r) 0 0 0
0 L0 0 )
uv = 0 A(()) r2 0 y Guvd T = 53 (30)
0 0 0 r?sin®@
1 ag § agué ag v
A vd o o H
iz 27 [81’” T e T 9 | (31)
1 0915 o g1t 1 094t 094t 094t
rto— 20|99 995 O L w99t GG  O9u |
=39 L’ht dxt  Oaf 29 |9t " at  Oat 0
It 1 45199t5 | Ogrs  Oger _ 1 4| 9gu n 091t Oger
tr =59 | Gpr Oxt oxf 2 Oxr Ozt Ozt
_ 1 1 I(=A(r))  O(=A(r)) _A(n)
= 2( A(r)) [ e ol Ry S



Klein-Gordon equation on curved spacetime ()

rt, = fA((’;)> Iy, = %A(T)A’(T), Iy, = - ;A((:)) (28)
Iy =—rA(r), T}, =—-rA(r)sin®(9), 'y, = % (29)
I, = —cos(6)sin(9), T, = % %, = cot(0) (30)
v = ¢ (0,000 - 17,(0,9))
=" (a00) - i)+ (0.00) - T (0,0))
% (000n) = T74(0,0) ) + % (06(0,0) ~ T 0,0))

)
:gtt(at 8t"/} F:t >+gr < T rql) - [] ( r/(/)))

+0(00(@00) = 13,000 ) + 9% (0u000) ~ T2,00) 17, (00w )



Klein-Gordon equation on curved spacetime ()

vit.r0,0) = e 2yl g, 1)
Vi = g"* {@(aﬂl)) - A(r);l’(r) (aﬂﬁ)}

w0 - (1 @+ o [ont@n) - (@)

+ g% [@,(aw) — (—rA(r)sin® 0)(8,4) — (— cos O sin /))(agqp)] (32)

using

1 0%Y} sinf 9 oyl

VT o5 =-—m? 1(l+1)sin®6 + ao(l 939) m?  (33)
then




Klein-Gordon equation on curved spacetime (lI)

1
V2(t, 1,0, p) = —=0,(¢"' /=g, ) = 0, 35
U( ) Ner (9 90,) (35)
—A@) 00 0
0 A%’r‘) 0 0 2 ;
Gy = 0 2 0 , V—g=r"sin(f) (36)
0 0 0 r%sin?(f)
1
a0 o
py r
A N 37)
1
0 0 0 72 sin?(0)
P
wi1,r,0.0) = = 2y (0,9) (@8)

VQ’(/J(t,T,97¢) = m {@ (gttr2 sin(6 3t¢> (g r? sin(6 )

#0040 sin0)an) + 05 (1% sin(0)04 )| =0 (39)



Klein-Gordon equation on curved spacetime (lI)

: 1 1
V2¢(t» r,0,¢) = 0 < - A(7’)atw> + ﬁ@r (A(T)TQ&JZ))

sy (O] + i o (000 (40)

72 sin

Let us insert : ) (t,7,0,¢) = e*i“’t@)’fn(& ®)

_ _ 1 it ) 2(1) i 20 P\ ini
—&s( A(T)ate )r Ym—l—ﬂar A(r)r (’9r—r e "ty



Klein-Gordon equation on curved spacetime (lI)

. 1 1
Vzd’(ﬁ r, 97 ¢) = at( - Maﬂ/}> + ﬁar’ (A(T)TQarw)

Let us insert : (t,7,0,¢) = e*i“tyiﬁb(ﬁ,qb)

_ _ 1 it ) @) i 20 P\ iviv
_8t< A(T)ate >r Ym+r2& A(r)r<d,——= |e ™'Y,

1(9)89(sin(9)39Y7;)ei“’tq)(r)+ ! a¢<a¢yg@)em®(’”)

r2 sin r r2 sin?(6)




Klein-Gordon equation on curved spacetime (lI)

1 1
V2¢(t,r,07 ¢) = O < - A(T)at¢> + ﬁ@r <A(r)r2(3r1/1>

+ sy (000 ) + s 94 (000 (40)

o(r)

Let us insert : o (t,7,0,¢) = e*"‘“tTYnl@(H, ®)

_ _ 1 it ) 2(7) i 20 M)\ _iwty
_8t< A(r)ate )r Ym—l—rzar A(r)r 3T—r e "'Y,,

42 Lml(e)@(sm(e)aam) P Dy (aqayg@)]emqm (41)

r2 sin2(9) r

<Sin1( ) Do <sin(9)80an> + smiw) oM <3¢Y,;> =1+ 1)Y,f1> (42)




Klein-Gordon equation on curved spacetime (lI)

: 1 1
V2¢(t» r,0,¢) = 0 < - A(7’)atw> + ﬁ@r (A(?")TQ&JZ))

sy (O] + i o (000 (40)

72 sin

Let us insert : ) (t,7,0,¢) = e*i“’t@an(G, ®)

_ _ 1 it ) 2(1) i 20 P\ ini
—&s( A(T)ate )r Ym—l—ﬂar A(r)r (’9r—r e "ty

o(r)

1 .
+ = { — 11+ 1)ny1} et
.

r2

(41)



Klein-Gordon equation on curved spacetime (lI)

. 1 1
Vzd’(ta T, 97 ¢) = at( - Maﬂ/}> + ﬁar’ (A(T)TQarw)

(o) s (o) e

Let us insert : ) (t,7,0,¢) = efi“’t@)ﬁb(ﬁ,qb)

=% ( - 5t€m> @YTL + rizar (A(r)ﬂarq’(r))emm

A(T) r
+ %2 { — 11+ 1)Y4 e*“’t@ (41)
. A(r) 1 (l+1)  Ar) 3 w? .
— ®"(r)+ Am@(r) A(T)( = . Am)@( )=0



Klein-Gordon equation on curved spacetime

A scalar field equation on curved spacetime

A'(r) 1 i+ A(r) w?
A(r)( r2 + r A(r)

@I/(T) +
Let us employ a tortoise coordinate
dr, = —dr ds® = —A(r)(dt? + dr2) + r*dQ, (43)
A(r)

it becomes Schrodinger equation like

;702 " (r) — Vg ®(r) = —w?®(r) (44)
where
V= A (M5 + 210 (45)

We will solve this equation classically (not quantize).



Quasi-Normal Modes (QNM)

d2
dr2

" (r) + Vegg ®(r) = —w?®(r)

Boundary conditions
> near the horizon : incoming, e~*(t+7)«
> at infinity : outgoing, e *(t=")v

which indicates "open system”
» non-Hermitian : £ # £f
» no conservation in time evolution
» the Klein-Gordon inner product at infinity diverge

» w is not real but complex (discrete and infinity number of set)
— Quasi-Normal Modes (QNM)



How to impose the Boundary Conditions?

%@”(r) + Vo ®(r) = —w?®(7) (47)

*

» (B.C.) near the horizon : incoming, e *(t+7+)«
» (B.C.) at infinity : outgoing, e ~#(t="+)«

Ver =0: ®(r) =c1 cos(riw) + co sin(r.w) (48)
_ 1 . _ .
=_cre Y L Ze ™Y Zicoe™ Y 4 Zicoe W
27! 27! 27 22
- incoming boundary condition : ¢1 = ica

(r) = icge” Y, e o (r) = —jcge it (49)

- outgoing boundary condition : ¢; = —ica
O(r) = —icae’™", e D (r) = —icoe T (50)

» previously (a particle in a box)
(B.C.) Vg =0(0<x <L), 9(0)=1(L)=0,

Y(x) = Asin(kz) + Beos(kz) —  n(x) = \/Esin(L



A particle in a box A particle in a black hole

V(x)

V=infinity V=0 V=infinity

Normal modes Black Hole

ey
0‘ L fn Infinity



Vg » effective potential for KG field

-10



How to obtain QNMs (w) : 1. Eigenvalues Problem

2
%@H(T) 4 Ve ®(r) = —w?®(r) (51)

which takes a form of
L O(r) = A0(r) (52)
this is nothing but the eigenvalue problem.

Luy, = A\ un, (53)

» By using numerical methods (e.g. pseudo spectral methods or
shooting method), we impose the boundary condition for QNM
and can calculate \,, and u,.



How to obtain QNMs (w) : 1. Eigenvalues Problem

QNM with [ = 0 for scalar field in Schawarzschil black hole by using
pseudo spectral method

0.0
L n=0— ®
-0.5
L] L]
n=l—"
1.0
| Relwn] Im{w,]
_ o n=2/. 1 | £0.13024640  -2.7140490
) 2 | $0.13444262  -2.2112523
L , 3 +0.14078647 -1.7073040
. . 4 | $0.15148323  -1.2021605
n=3 — 5 | $0.17223383  -0.69610489
-20 6 | £0.22090988  -0.20979143
L] L]
n=4——"
-25
. n=5 —>®
0.2 0.1 0.0 0.1 0.2
Refw]
—iwt —i(wr+iwr)t —itwRrt wrt
e = ( R ) = e R e



How to obtain QNMs (w) : 1. Eigenvalues Problem

QNM with [ = 0 for scalar field in Schawarzschil black hole by using
pseudo spectral method

e iwt — e—z(wR+zw1)t —

e—letewIt



How to obtain QNMs (w) : 1. Eigenvalues Problem

QNM with I = 0, 1, 2, 3 for scalar field in Schawarzschil black hole by
using pseudo spectral method

1
OEA . u . . u . Iy
[ a . . . . " . A
1] a - . . R . . A
: A * | ] | | * A 4
.—1—2: A * n 3 . ] ¢ A 1 1=0
- —3L = ¢ ] [ * & 1
[ A . ° ° . A 1* =2
. A . ._ ° ¢ : S A 1A |=3
4 A . b © . A ]
—5} A S : b N : . A
A . L ] L ] . . A
_6l A . " b 2 A
-1.0 -0.5 0.0 0.5 1.0

Re[w]



How to obtain QNMs (w) : 1. Eigenvalues Problem

pseudo spectral method in time domain

QNM with [ = 0 for scalar field in Schawarzschil black hole by using
=0

- n=0

- n=1
; :: : n=2
20 40 60

80

100



How to obtain QNMs (w) : 2. WKB method '

2
L0 + Ve B(r) = w2 (1)
dr2

*

Region III | Region II | Region I
I I
I |
| |

1)y (rf)u (ro),] re ©
! |

I I

| \

| 1

FIG. 1. The function V(ry)—w?>.

1Sai lyer, "Black-hole normal modes: A WKB approach. Il. Schwarzschild black
holes", Phys. Rev. D 35, 3632



How to obtain QNMs (w) : 2. WKB method '

2
S50 () + Ve B(r) = —w?(r)

*

Region III | Region II | Region I
I I

|

|

[
- ! L
— 1r)y (redg (re)] Te ©
! |
! |
| i
I 1
FIG. 1. The function V(ry)—cw?
mula for the normal-mode frequencies, given by 0,1,2,..., Relw)>0,
*=[Vo+(—2V§)?A] n= Re(w) <0,
—iln+TN=2V)2140),
(1.2)  where

< 1 1y ][t 1
An)=—0o©>L |1 1l
= [8 vy |14 | 288 (1.32)
& 1 s | ) :
M=o o |y | (17188 )—m (67+68a?)
- 0 o
L[ veve
T | ppr |19+ (13b)

1Sai lyer, "Black-hole normal modes: A WKB approach. Il. Schwarzschild black
holes", Phys. Rev. D 35, 3632



How to obtain QNMs (w) : 2. WKB method '

2
L0 + Ve B(r) = w2 (1)
dr2

*

imt@)

Region III | Region II | Region I o roy oy woy M
| | beode o4 TR
| | o A
1 | b b s HE
- 1 \ ‘v \ ! I !
— :u.). (redo (re)] e © booohe A DT o
v ok
\ : ook b ad )
\ . 10 ! !
: : Yook sf o of
N ;o
Ve o
FIG. 2. Gravitational normal modes. Here o =M, where
FIG. 1. The function V(r, )_wZ. M is the mass of the black hole.

mula for the normal-mode frequencies, given by

Re(w)>0,
0P =[Vo+(—2V§)/*A]

Re(w) <0,
—i(n+ (=2 1+ D),

(1.2)  where
J
N 1 INLGEEN (v )
Aln)=———r—— | = —ta? | ——— 2
(Z2vg)” [8 v ||| " ass |y | 70 (1.32)
. 1 5 ‘ N (v
Qn)=——— | === | — | (7T7+188a%) — b | —— 2
o | | v (77+188a%)— o l151+x00a)+2304 Ve (67+68a%)
L[y [
— 1 2y_ 2
288 7E (19+28a?%) 28 | vy (5+4a”) | . (1.3b)

1Sai lyer, "Black-hole normal modes: A WKB approach. Il. Schwarzschild black
holes", Phys. Rev. D 35, 3632



Solution for KG equation: Green’s function method

[ 0?02

el V(a:)] Y(t,x) =0, T = (54)

Laplace transformation : (s, z) = / dt e tp(t, z), (55)
0

Vi) = Tsa) (5= i (56)
where J(s,z) = —0(t, z) — sib(t, z) . (57)
[8‘9; — 52— V(x)} G(s,z,2') = 6(x — ') (58)

Then the corresponding solution is given by
U(s,x) = / h dz'G(s,x,2") T (s,2) (59)

If the initial data J (s, 2’) is given the solution is uniquely determined.



Solution for KG equation: Green’s function method

’ :
952 ° —V(x) |4 (s,x) =0,

where ¢, are any two linearly independent sol’s of homogenous eq.



Solution for KG equation: Green’s function method

02 a
|:8x2 — s> = V(z)|s(s,x) =0,

where ¢, are any two linearly independent sol’s of homogenous eq.

A 1 "o N / n p /
= g [l )60, 1) + O — i (s, 0],

where W(s) = ¢p_(s,2)0p1hy (5,2) — Uy (s, 2)0u_ (s, ),



Solution for KG equation: Green’s function method

02 a
|:8x2 — s> = V(z)|s(s,x) =0,

where ¢, are any two linearly independent sol’s of homogenous eq.

A 1 "o N ’ 7 p /
G = o7 0 =05 s,2) + O — )i (s, . .

a field propagates from z’ to = a field propagates from z to z’

where W(s) = _(5,2)0400+ (5,2) — By (5,2) 0015 (5, 2),



Solution for KG equation: Green’s function method

02 a
|:8x2 — s> = V(z)|s(s,x) =0,

where ¢, are any two linearly independent sol’s of homogenous eq.

A 1 "o N ’ 7 p /
G = o7 0 =05 s,2) + O — )i (s, . .

a field propagates from z’ to = a field propagates from z to z’

where W(s) = tr_(s, )00 (5. ) — o (5, 2)0t— (5,),
(s, x) :/ dx'é(s,x,x’)j(s,x’)

77/}+(57x) * x/A 5:17/ ng/
-t [ g +

'L/A)—(Sax) > 17 / /
Wis) /x dz'v (s, 2") T (s, ")



Solution for KG equation: Green’s function method

0? N
[6x2 — 2 V(z)|YL(s,z) =0,

where 1, are any two linearly independent sol’s of homogenous eq.
1

G - m |:9($ - xlﬁ;— (S,l‘/)@_i_(&.%‘) + @(l’/ - .Z‘)@_(S,.’I})@_,_(S,x/) )

a field propagates from z’ to x a field propagates from z to z’
where W(s) = ¢h_(s,2)0p1hy (5, 2) — ¥y (s, 2)0u0_ (s, ),
o0
P(s,z) = dx'G(s,x,x')j(s,x/)

—0o0

_ @[AJJr(va) ‘ LCIA s :E/ S fE/
-G [ )T +

b (s,)

/00 da' )y (s, 2") T (s,2)
c(s) 2
Wi(s

(s)
Ife < (s, z) = ;;gg

Ifz>axp :Y(s,z) =

bi(s,2), c_(s) = / " (5,27 (5,2')

Jos0) enls) = | " A (5,0) T (s,2')



Solution for KG equation: Green’s function method

0? ~
5 V) (s =0

where 1, are any two linearly independent sol’s of homogenous eq.

1

G:m

|:®(‘1j - T/)l;* (87 m/)lﬁJr(S? T) + ®<xl - x)’([}— (57 x)'([}-ﬁ-(sa J,‘/) ’
a field propagates from =’ to x a field propagates from z to z’

where W(s) = ¢h_(s,2)0p1hy (5, 2) — ¥y (s, 2)0u0_ (s, ),
dow)= [ aw'Gls,z,2)T(5,)

—0o0

_ '@[Aj+(37$) ‘ CC/A s :E/ S CL'/
-G [ )T +

b (s,)

/OO da' )y (s, 2") T (s,2)

o> e @ d(s,a) = =l (s,2), c_(s) = / A (s, T (5, 2')

(s)
7 ct(s)

Ife<zp :¢(s,z) =

1& (873;)7 C+(S) = /xR dx/’JjJr(&x/)J(s?x/)



Solution for KG equation: Green’s function method

N c—(s)

1/1(871') = W(S) 1ﬁ+(s,x)7




Solution for KG equation: Green’s function method
c—(s)

Z[;(va) = W(S) ’(&+(S,CE)7
e+ioco R e+ioco .
vit) = [ dsetis = o [ dsestjvg b (s,)

which is kwon as Bromwich integral or Mellin’s inverse formula.



Solution for KG equation: Green’s function method
c—(s)

'L/A}(Svir) = W(S) ’(&+(S,CE)7
e+ioco R e+ioco .
vit) = [ dsetis = o [ dsestivgjg b (s,)

which is kwon as Bromwich integral or Mellin’s inverse formula.

Im (s)

Re ()




Solution for KG equation: Green’s function method

$ov2) = 5N (5,3),
e+i00 R e+1i00 .
vit) = [ dsetis = o [ dWE§ b (s,)

which is kwon as Bromwich integral or Mellin’s inverse formula.

If y(s,2) are analytic in s
(there are no essential singular-
Im (s) ities or branch cuts inside of the
contour), the only contribution
to the integral come from the
poles of integrand due to zeros

Re (s) of W(s).
W(s) = W (5,)(s — sp) + O(s — 5,)?,
dw
/ i —
where W(s,) = P

S=Sn



Solution for KG equation: Green’s function method

$ov2) = 5N (5,3),
e+i00 R e+1i00 .
vit) = [ dsetis = o [ dWE§ b (s,)

which is kwon as Bromwich integral or Mellin’s inverse formula.

If y(s,2) are analytic in s
(there are no essential singular-
ities or branch cuts inside of the
contour), the only contribution
to the integral come from the
poles of integrand due to zeros

Re (s) of W(s).
W(s) = W (5,)(s — sp) + O(s — 5,)?,
dw
/ i —
where W(s,) = P

S=Sn



Solution for KG equation: Green’s function method

W(sn) = 1/;_(8”71‘)(9951/;4,_(8”,33) - 11[;+(3n71')8x72}— (8n,7) =0 (60)

implies

%;(sn,x) _ 1/:/,(57“96) 1)

¢+(Smx) VJL(Smx)

which integrates to

¢+(5n7x) = C(Sn)@;f (smx) (62)

"This means that, for s = s,, the two solutions of the homogenous
equation, ¢ (s,z) and ¢_(s, ), are no longer independent, and we
have a single solution ¢ (s, ) X ¥—(8pn, ) = Ps(sn, s)."



Solution for KG equation: Asymptotic solution

Asymptotic solutions (V(z) — 0 as  — +00)
[83 - 52]'(Z)i<57.'17) =0
1/3,(5730) - {e ) (x = —00) 7

a1(s)e’® +ag(s)e™**  (z = 400)
- ) bhi(s)e’® +ba(s)e™  (z — —o0)
1/J+(5a90) - {e_sx (Z‘ N —|—OO) )
W(s) = —2sby(s) (x = —o0), W(s) = —2saq(s) (x — 00)
= a;1(s) = ba(s)
W(sp) =0 — ai(sp)="ba(sp) =0



KG inner product
when z — oo,
Yn(z) = e i, (x), Phm(z) = Wi, ()

where s, = —iwn, Pn(z) =57



KG inner product
when z — oo,
Yn(z) = e i, (x), Phm(z) = Wi, ()

where s, = —iwn, Pn(z) =57

(wnw)m)KG - %/ [(Duwn)*wm - w;(D;ﬂZ)m) as#
>



KG inner product

when z — oo,

Yn(z) = et (a),

= —iwp, Pp(z) =€ 5%

P (x) = e Dy, ()
where s,

nltmdia = 5 [ (D) = 2 (Dycon) 4

2/2 Katefwtcpn(x))*e*Wmt@m(x)f (e*i%t@n(x))*ate*wfcpm(x)}dzt

%



KG inner product

when z — oo,

Yn(z) = et (a),

where s, = —iwn, Pn(z) =57

nltmdia = 5 [ (D) = 2 (Dycon) 4

%

Ym(z) = e mtdn ()

T2 /2 Kateimntq)"(xo*efmmtq’m(m) - (efi”"t‘bn(w)>*8te*i“mtcbm(x)} ast

5 / {iw;ei“’;tq);(x)e_wmt@m(z)—ei“’;t@;(a:)(—iwm)e_wmti’m(z)}dEt
=



KG inner product

when z — oo,

wn(l") = e_iwntén(m)z T/Jm(m) = e_iwmtq)m(x)
where s, = —iwn, Pn(z) =57
(albmhice = 5 [ [(Duwn)*wm - w;(Dmm] as
)
= 1 / {(BtefiW"t'I)n(x))*efi“’mt@m(x) - (efi“’"tq)n(x))*8tefi“’mt<l>m(x)} daxt
2Js
7

=3 / {iw;ei“’;tq);(x)e_wmt@m(z)—ei“’;t@;(a:)(—iwm)e_wmti’m(z)}dEt
=

1 -
——(wy, +wm)el(“’n*“”")t/ O (2) D dX?
2 =



KG inner product

when z — oo,

wn(l") = e_iwntén(m)z T/Jm(m) = e_iwmtq)m(x)
where s, = —iwn, Pn(z) =57
(albmhice = 5 [ [(Duwn)*wm - w;(Dmm] as
)
= 1 / {(BtefiW"t'I)n(x))*efi“’mt@m(x) - (efi“’"tq)n(x))*8tefi“’mt<l>m(x)} daxt
2Js
7

=3 / {iw;ei“’;tq);(x)e_wmt@m(z)—ei“’;t@;(a:)(—iwm)e_wmti’m(z)}dEt
=

N[ —

—( Z-l—wm)ei(“’:f“”")t/ O (2) D dX?
)

— 71(“):1 +wm)ei(w:l—wm)t/ e—iw;zeiwmzdzt
=

[\



KG inner product

when z — oo,

wn(l") = e_iwntén(m)z T/Jm(m) = e_iwmtq)m(x)
where s, = —iwn, Pn(z) =57
(albmhice = 5 [ [(Duwn)*wm - w;(Dmm] as
)
= 1 / {(BtefiW"t'I)n(x))*efi“’mt@m(x) - (efi“’"tq)n(x))*8tefi“’mt<l>m(x)} daxt
2Js
7

=3 / {iw;ei“’;tq);(x)e_wmt@m(z)—ei“’;t@;(a:)(—iwm)e_wmti’m(z)}dEt
=

N[ —

—( Z-l—wm)ei(“’:f“”")t/ O (2) D dX?
)

1 - e
:77(w;+wm)ez(u}n—wm)t/ e—zwnzezwm,zdzt;éénm
=

[\



KG inner product

when x — oo,

wn(l") = e_iwntén(m)z T/Jm(m) = e_iwmtq)m(x)
where s, = —iwn, Pn(z) =57
(albmhice = 5 [ [(Duwn)*wm - w;(Dmm] as
)
= 1 / {(BtefiW"t'I)n(x))*efi“’mt@m(x) - (efi“’"tq)n(x))*8tefi“’mt<l>m(x)} daxt
2Js
7

=3 / {iw;ei“’;tq);(x)e_wmt@m(z)—ei“’;t@;(a:)(—iwm)e_wmti’m(z)}dEt
=

N[ —

—=( ,Z-f—wm)ei(w;*“’m)t/ q):;(x)q)mdzt
z
1

=——(wi + wm)ei(“’:l_“’m)t/
b

[\

e~ R T IWmT g3t # 8pm  (Not orthogonal)



KG inner product

when z — oo,
UYn(z) = e_i“’”tcbn(m), Um(z) = e_i“’mtq:'m(a:)
where s, = —iwn, Pn(z) =57
(albmhice = 5 [ [(Duwn)*wm - w;(Dmm] as
)
= 1 / {(BtefiW"t'I)n(x))*efi“’mt@m(x) - (efi“’"tq)n(x))*8tefi“’mt<l>m(x)} daxt
2Js

= % /E {iw;eiw;tq):;(x)e_iwmt(bm(z) _ eiw;tq);(m)(—iwm)e_iwmt(bm(z)} dEt

1 ok
= —i(wz + wm)ez(wnfwrm)t/ @Z(w)@mdzt
3
1 - .
- 75(0'); + wm)el(wn—wm)t/ e nTe!mTdNt o 5, (Not orthogonal)
>z

1 o e
(n=m) = _5(“,;*1 4 wn)ez(wn—wn)t / eTIWnToiwnT g5t
>



KG inner product

when z — oo,
UYn(z) = e_i“’”tcbn(m), Um(z) = e_i“’mtq:'m(a:)
where s, = —iwn, Pn(z) =57
(albmhice = 5 [ [(Duwn)*wm - w;(Dmm] as
)
= 1 / {(BtefiW"t'I)n(x))*efi“’mt@m(x) - (efi“’"tq)n(x))*8tefi“’mt<l>m(x)} daxt
2Js
[

=3 / {m;eiwit@;(x)e—iwm%m(z) _eiwitcpg(m)(_mm)e—wmt@m(z)} dst
=

1 -
——(wy, +wm)el(“’n*“”")t/ O (2) D dX?
2 =

1 ok o
= *E(W:l + wm)el(“’n_“’m)t/ e WnTelwmTqyit £ 5, (Not orthogonal)

b
1 o e
(n=m) = _5(“,;*1 4 wn)ez(wn—wn)t / eTIWnToiwnT g5t
>

1
(wn = an +1ibn) = f§2an62b"t/ e 2nrgyt
b))



KG inner product

when z — oo,
UYn(z) = e_i“’”tcbn(m), Um(z) = e_i“’mtq:'m(a:)
where s, = —iwn, Pn(z) =57
(albmhice = 5 [ [(Duwn)*wm - w;(Dmm] as
)
= 1 / {(BtefiW"t'I)n(x))*efi“’mt@m(x) - (efi“’"tq)n(x))*8tefi“’mt<l>m(x)} daxt
2Js
[

=3 / {m;eiwit@;(x)e—iwm%m(z) _eiwitcpg(m)(_mm)e—wmt@m(z)} dst
=

1 *
—7(w;+wm)a<wnwm>t/ @7 (2) P dS?
2 b

1 % ok
= fi(w:l + wm)el(“’n_“’m)t/ e WnTelwmTqyit £ 5, (Not orthogonal)

=
1 o e
(n _ m) _ —5(0.1:; + wn)ez(wnfwn)t/ 677,wnm:em.unzdzt7
>

1
(wn = an +1ibn) = 7§2an62b"t/ e 2bnzgyt diverge (bn < 0)
>



KG inner product

when z — oo,
’I/Jn(l') — e_iw”tcbn(m), wm(m) _ e—iwmtq)m(x)
where s, = —iwnp, Pn(z) = 5%
% . .
(Yn|tm)ka = 3 /E [(Duwn) Y — ’/’n(DWJm)} dse
= %/ |:(8t67iw"t¢'n(x)> efiwmtq)m(m) _ (67iwntq)n(x)> 8t€7iwmt‘13m(x):| dEt
>z

= % /E {iw;eiw;tq):;(x)e_iwmt(bm(z) _ eiw;tq);(Z)(—iwm)e_iwmt(bm(z)} dEt

1 .
=——(w; + Wm)el(wn*w'rrn)t/ @Z(w)@mdzt

2 >

1 - .
- 75(0'); + wm)el(wn—wm)t/ e nTe!mTdNt o 5, (Not orthogonal)

P

1 o e
(n=m) = _§(w:1 4 wn)ez(wn—wn)t / eTIWnToiwnT g5t
>

1
(wn = an +1ibn) = 7§2an62b"t/ e~ 2n2gxt 5 diverge (b, < 0) (No E. conservation)
b))



KG inner product
when z — oo,
Yn(z) = e 9t (z), Pm(z) =e O (2)
where s, = —iwn, Pn(z) =57

nltmdia = 5 [ (D) = 2 (Dycon) 4

= % /E {iw;eiw;tq):;(x)e_iwmt(bm(z) _ eiw;tq);(Z)(—iwm)e_iwmt(bm(z)} dEt

1 -
=——(w; + Wm)el(wn*w'rrn)t/ @Z(w)@mdzt
2 3

1 . e
= *E(W:l + wm)el(“}"—w"")t/ e WnTelwmTqyit £ 5, (Not orthogonal)
b

1 . ks
(n _ m) _ _E(w:;. + wn)ez(wnfwn)t/ 677,wna:em.unzdzt7
>
_ gy Lo ot [ —2bae gt : .
(wn = an +1ibn) = 22ane e dX*® — diverge (bn < 0) (No E. conservation)
b))

In QM,
(7/}’n|7/)m> = 6((*)71 - UJ'm) = dnm



Solution for KG equation: Green’s function method

2 '(r
300+~ Vi) 0() =0, Vi = () (52 4 21

2
dr2 r



Solution for KG equation: Green’s function method

2 ‘o
;Tzcbu(r) + (W2 = Vo) @(r) =0, Ve = A(r) (l(l%l) n AT())

» This form is known as a generalized spheroidal wave equation



Solution for KG equation: Green’s function method

d2
dr2

(1) + (P ~ Vi) 2(0) =0, Ve = ) (15 4 210

» This form is known as a generalized spheroidal wave equation
> their solutions are known exactly such as

b1 (s,7) = (2is)%e’®+ (1 — 1/r)* Z br[Gr4v(—is,isT) + iFp 4, (—ts,isT)]

L=—c0

b_(s,r)=r"25(r — l)sefs(sz) Z an(l—1/r)"
n=0

where G4, and F,y, are Coulomb wave functions. ¢_ (s, r) is analytic in s,
but ¢ (s, r) has a branch cut in the complex s-plane.



Solution for KG equation: Green’s function method

d2
dr2

(1) + (P ~ Vi) 2(0) =0, Ve = ) (15 4 210

» This form is known as a generalized spheroidal wave equation
> their solutions are known exactly such as

b1 (s,7) = (2is)%e’®+ (1 — 1/r)* Z br[Gr4v(—is,isT) + iFp 4, (—ts,isT)]

L=—c0

b_(s,r)=r"25(r — l)sefs(sz) Z an(l—1/r)"
n=0

where G4, and F,y, are Coulomb wave functions. ¢_ (s, r) is analytic in s,
but ¢ (s, r) has a branch cut in the complex s-plane.

Im (s)

Re (s)




Solution for KG equation: Green’s function method

d2

dr2

(1) + (P ~ Vi) 2(0) =0, Ve = ) (15 4 210

» This form is known as a generalized spheroidal wave equation
> their solutions are known exactly such as

b1 (s,7) = (2is)%e’®+ (1 — 1/r)* Z br[Gr4v(—is,isT) + iFp 4, (—ts,isT)]

L=—c0

b_(s,r)=r"25(r — l)sefs(sz) Z an(l—1/r)"
n=0

where G4, and F,y, are Coulomb wave functions. ¢_ (s, r) is analytic in s,
but ¢ (s, r) has a branch cut in the complex s-plane.

Im (s) Im (s)

) :
Re (s) Re (s)




Solution for KG equation: Green’s function method

B(s,2) = / Ao Gs, 2,4 T (s, ), (69)
Gt z,2") = / s sl (70)
7:1;7:[; - e_zoo 271_16 b b
Im (s)
X
U Re(s)

G(t,z,2") = Gonm(t, z,2') + Ge(t,z,2") + Gp(t, x,2") (71)



Branch cut solution for small w : late time tail

» In the limit ¢ — oo with z fixed :
2(21 +2)! 7, (za!)HL
[(2L+1D)M)2 ¢ ¢2043

there is a power-law tail at spatial infinity, i.e. a non-radiative tail.

GB(t7 z, (L‘/) =~ (_I)H_l

> In the limit ¢ — oo with ¢/x fixed :

T+ 1) 7y ()T

N o~ (1)1 h
GB(tva'/'?m)*( 1) (2l+1)” ¢ ult2 ’

u=t—=x

there is a radiative tail at future null infinity.

(72)

(73)



Solution for KG equation: Green’s function method

G(t,z,2') = Gonu(t, z,2') + Ge(t,z,2") + G (t,z,2") (74)

|

U

——— >
X'

» t~z — ' : the outward propagating wave can effectively ignore the influence of
this potential and travel outward reaches the observer,

» ¢~ x+ 2’ : (quasinormal modes) the part of the low-frequency scalar
perturbation traveling towards the black hole bounces off the effective potential
Veir(r) near the horizon and propagates back to the observer, Gonwm

> >z + 2’ : (late-time behavior) the QNMs gradually fade away, and only the
decaying modes of the signal persist. The outgoing wave that traveled to a large
distance and then scattered back towards the observer due to the spacetime
curvature at large distances, G
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Summary
In QM (vs in QNMs),

» solve Schrodinger equation vs solve KG equation (but,
Schrodinger equation like)

Hermitian system vs non-Hermitian
energy conservation vs energy is not conserved (open system)
observable is real (e.g. £ ~ w is real) vs w is complex

eigenfunctions are othornormal vs eigenfunctions are not
othornormal

eigenfunctions form a complete set vs eigenfunctions do not
form a complete set

» Hilbert space (inner product is well defined and
square-integrable) vs no Hilbert space (KG inner product is not
well defined and not square-integrable)

» Despite QNMs not being a Hermitian system themselves,
numerous developments have been made to uitilize the powerful
mathematical properties of Hermitian systems.

vvyyvyy

v



Black Hole ringdwon



Ring-down phase

T T T
Inspiral Merger Hlng

fj@”)ﬁ.

The newly formed, perturbed black hole relaxes to a stable state (usually a Kerr black
hole characterized by its mass M and spin J) by emitting gravitational waves. These
waves are described by the black hole’s quasinormal modes (QNMs)



QNMs for gravitational wave

We need to consider metric perturbation

9ap(T) = Gap(T) + hap(®) (75)

» for a Schwarzschild black hole

» Odd-parity (axial) modes: Use Regge-Wheeler equation, related to
off-diagonal metric components.

> Even-parity (polar) modes: Use Zerilli equation, related to diagonal metric
components.

> for a Kerr black hole : Teukolsky equation

They all take a form of

d—2<1>”(r) + W= V) ®(r)=0 (76)
dr2



Ringdown phase with QNMs for gravitational wave

However, as we have seen that QNMs generally do not form a complete set in the
usual mathematical sense due to their non-Hermitian nature and the boundary
conditions imposed. They can be part of a generalized basis when combined with
other modes, such as:

P(t.z) = Z Cntbn(x)e”*nt 4 branch cut contribution (77)

2Kostas D. Kokkotas, Bernd G. Schmidt, "Quasi-Normal Modes of Stars and Black
Holes",Volume 2, article number 2, (1999)
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Figure 4: The response of a Schwarzschild black hole as a Gaussian wave packet
impinges upon it. The QNM signal dominates the signal after t = T0M while
at later times (after t = 300M ) the signal is dominated by a power-law fall-off
with time.
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2Kostas D. Kokkotas, Bernd G. Schmidt, "Quasi-Normal Modes of Stars and Black
Holes",Volume 2, article number 2, (1999)



Thank you!
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