2025 =X &OE S T
(2025.07.28~08.01, ot

=0
O:IE—!-DL
O
T

241}
ZHEG L)

XE=| _|_|_|- 7| x
(Basics of Grawtatlonal Waves)

S &

=9|: gwkang@cau.ac.kr



mailto:gwkang@cau.ac.kr

. S8 71K



Mars, left, and
the Milky Way
are visible in
the clear night
sky as
photographed
near
Salgotarjan,
some 110 kms
northeast of
Budapest,
Hungary, Aug.
03, 2018.
(MTVA - Media
Service Support
and Asset
Management
Fund)




Dark Energy
Accelerated Expansion
Afterglow Light
Pattern Dark Ages Development of
380,000 yrs. Galaxies, Planets, etc.

Inflation

Quantur
Fluctuations

1st Stars
about 400 million yrs.

Big Bang Expansion

13.7 billion years

Credit courtesy: NASA/WMAP Science Team




(Credit: LIGO/SXS/R.Hurt and T. Pyle)
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v 1916'F O}CIFEFCIO]| 0=

ar §

= Nap + Rap

© physikalisch-mathematischen Klasse vom 22, .luni 1916

with |hg| < 1

Gab|Ned + heal = 8TGT [ Matter, 1.q + hedl
Niherungsweise Integration der Feldgleichungen

der Gravitation. - ME AR CEES AB7HO| ]St M5
Von A. EinsTEIN. 1 871G
Rop — EgabR = C_4Tab
Guo = —0,, .., (1)
1 62 =2
(Hl(‘l‘ = 9 (—;m-l— V )hab =
Nyl =2xT,,. (6)

s

in vacuum with TT- gauge

-

z 0 [
z \I’=— — - C"l“ . 23 Y
47RO (,l‘”' ) (23) - FEH FHIO:
d —

Auf analoge Weise berechnet man s? —dt? + a? (t) (51']' + hij)dxidxj
: x 0 ‘ )
Vg = — T pdy ) (239)
17 R 0t ( _ (0)
| o e ; - In general, g,, = g,y + hyy



v Expansion around flat space

Jab = Nab T Nap §§

with |hgp| < 1 Tab

e Linearized gravity:

-

qu[’]cd + llcd} = 3nGT,

Matter, 1.4 + hedl

— Expand it up to the linear order.
ORy, = 0,01 — 0,01 + o'l + T'0l" — oI'T — I'oT
“TC 1‘(’(1" ' ]‘Cd‘t‘ ; ;
oLy, = 509 (Oca + -+ +) + 51 (Ja0Gba + Oplrad — ahap) +

L .
— SI]C(I ((:’)ahbd - é)bllcl(l — (.—v)dha,b) + v (hfd)



1 1

‘ 1 - 1 - - .
I:> 0G = _502h,ab + 5020 hie + 5050 hae — 5nabd"c‘-)dhcd

d—

- 1
with hap = hap — 577&6/2.
Gauge condition: ¢ — 2" = 22 + ¢9(a)
, Odxc Ozt | ] - _
Jab = G 9 (ed + hea) hoy, = hap — 0y — Opa + Map0E,

= Tab + Nab — Talp — Hpéa + U (52)

Even if 9%hg # 0. D = O%hgy — 0*Ey — Oy0Eq + 0yO°E, = gy — 0*E = 0

provided that £*(x) is chosen such that 9%¢, = 9%hgy

, . : o i 1.
S0, in the Transverse gauge condition, i.e., 0%, =0 ((—)“hab = 5(-)1,/1)

1 Z
)Qhab

5(;0,1) — —SC

Finally, we have | 9*ha = —167GT,  w/  0%ha =0




In vacuum, i.e., T, =0 ,

,)2_ ()2 =2\ 7 : . AT ;
C hab — _F +V ha,b =0 with 0 'hab =(
— Massless spin—2 field propagating in the flat spacetime: Fierz & Pauli (1939)
— Propagation speed: c the speed of light!

— Residual gauge in the case of vacuum: h=0, Traceless gauge

- Transverse gauge:  gej, . — gep . — ()

— Transverse-Traceless (TT) gauge: 0%hy, =0 & h=0

[ h0=po=0, hi=0 8/h;=0 & azhij=o]

h;j: 6 variables, 1 condition 3 conditions

=2 6-(1+3) = 2 independent components, or degrees of
freedom!!



v Plane wave solution:

hIT(x) = e;j(k)e**, et Polarization tensor

0%h;; =0 - —(k-k)eje®* =0 - k-k =0 — k*: Null — like vector
— kH = (a)/c,l_é) & w/c = |l_c>|

0'h;j =0 - ikle;e™®* =0 - kle;; =0: k&e are orthogonal or transverse

Choosing the z—direction along k, we have k = (0,0, |E|) =
kjel-j — kzeiz =0 - €iz = €5 = 0.
hi=0 - (exxteyy +e,)ef*¥=0 >en+e,, +e,y=ent+e, =0

= €yy = TExx



0 0 0 0 0 0 k= |k|z
(/0 O 0 O ) 0 0 0 O
0 h h 0 (=2 z 0 h hy, O
TT _— + X i(—cct+k?z) \ _ + 5 _
hyy = Re o 0 h, —h, 0 e > <0 h. —h, 0) cosw(t —z/c)
\\0 O 0 O J 0 O 0 O

I &l ad e — Two degrees of freedom
N i s & [ — Superposition of these two

polarizations in general

Or, ds? = —dt? + [1 + hy (t — 2)]dx?* + [1 — h (t — z)]dy? + 2h(t — z)dxdy + dz*
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- Lots of confusions and contraversals for the reality of GWs till 1950s
- “Sticky bead” argument: Chapel Hill meeting in 1957

Wl o

- It was J. Weber (‘63) who tried for the first time the detection experiment
by using a resonant-mass cylindrical bar at 1660Hz.

dzqi R Iqj dEh;Jl;T |
= — S ]
dr? 0p) 2 dr 3

(Pirani '57)

- It was very sensitive h~1071¢, but still far from ~10722,

UMD LSU (‘09)



v Generation of gravitational waves

In the linearized approximation, g, g,y = Ny + hyy With |huv < 1|,

16tG

0%hy, = — T,y +9(h?) inthe Transverse (Lorentz) gauge 0*hy, =

Outside the source, one can additionally impose the traceless gauge (i.e, h = h = 0)

|x— x'I /

Tri(t———x")

|x— x'l

hTT(t )_ L]kl(n)fd3 ’

14G
= ——Aukl(n)fd X Tkl(

’) at r > d.

A~

. . : . xIn wsd v
In the low-velocity expansion for source motions, i.e., w . < Z ~ K 1,

i, i L.
hTT(t ) = lﬂAU kl(ﬁ) f d3x' [Tkl (t - E,x') sl atTkl + ”X’JTlanatszl + ]
14G () gkl 4 1, ¢kim + Sklmp 4
= rc 4 l] kl n nm nmnp t_)t_r/c .

Here,

SUt) = [d3x TYU(t,x), SUR(t) = [d3xTY (t,x)x*,SUK(t) = [d3xTY (t, x)x*xt



- Note: 9,TH =0 - 9,T° +9,T* =0 & 9oT" +9,TV =0

> 9Z(T%xx)) = (8,0, T*)(x'x’) = 2TY + 0, (9, T ¥ x'x/ — — Tikxh),

(7 0 sinceTY =0 outside
Or, TU = Z(TOOxLx]) + ak( D) - le] — 2c26t2f TO0, iy ] +§)/at2(f TOOXixf)_

- Thus, defining the momenta of the energy density (T°%) and the momentum density (T %)

for the source, respectively as follows,

M(t) = Cizf d3x T°°(t, x) : Monopole of the source,

Mt = Cizf d3x T°°(t,x)x! : Dipole moment,

MY = C—lzfd3x TOO(t, x)xix) = Cizf d3x p (t,x)x'x7 : Quadrupole moment, ---,

PU(t) = - [ d3x TOUt,x), PY = = [ d®x TOU(t, x)x T, PYK = = [ d3x TOU(t, x)ac K,
we have

Sij — %Ml‘j,s‘-ij,k — %M’ijk n %(pi,jk + piik _ ppkil) Skl — ... ...

- Note also that

M = 0 + 9(h?): Energy conservation of the source at the leading order,

P! = 0 + 9(h?): Momentum conservation at the leading order.



hil(t x) = Ukl(n)[S + = nm5k1m+—nmnp5klmp+ ”

Here,

Order of magnitude (amendment):

t-t-r/c '

~o) ~0(2)  ~o C‘Z)

SU(t) = [d3x TY(t,x) = %6? (C—lzfd3x TOOxixj) = %MU « MY = C—lzfd3x TO0xix/

STk = j d3xTY (t, x)x* = EM”" +§(P‘J" + piik — 2pkiy)

— MUk =2 [d3x T, x)xlx) xk & PUWK =2 [ d3x TO(t, x)x)xk.

What orders are these quantities of T°°, T% & T¥ in v/c?
For simplicity, consider a free point-like particle moving on a trajectory x,(t) in flat ST. Then,

= (E/c,p).

1—v?%/c?,

THV(t, x) = p:—:;v SO (x —xo(t)), with y=

uov
> TH(t,x) =Y, :“‘% §®(x —x,(t)) fora set of free point particles.
AlltA

For a two-body system with interactions in the non-relativistic limit,

dxA dXA 6(3)(x _ .X'A(t)) +9 (:_z)

TH(t,x) = Ya=12VaMa d;;q d;;46(3)(x - xA(t)) +V(@) + = Ypm1 Ma—— FIRPTS
2. Thus, leading orders are

Here, the gravitational binding energy V(r)~ — Gm;m,/r is the order of v?/c?.
T =3, muc?26® (x — x,4(t)) ~9(D),
TO = ¥, mucii ()@ (x — x,(0)) ~ 9 (;) ,

TY =3, mAjci(t)xf(t)(S(”(x - xA(t)) ~9 (:_z)



v/ Mass quadrupole radiation: ~0¢(f d®x T(t, x)x'x’): "Mass quadrupole rad.”
~ MU

4G 1 .
hil(tx) = Ajj () [Skl + =y, SKM 4 — 52 NNy SEEMP 4 ]

t->t——

- (hg;r quad ( tj next—to—leading
_ {Mijk’pi,jk}
~{03([ d3x TOO(t, x)xtx x¥), 02 ([ d3x TOU(¢, x)x/ xk)}
“Mass octupole rad.”, “Current quadrupole rad.”

12G

PR 12G ~ .. 1 . 1 . 12G =
- [RF] = A M (= 1/c) = 2L Ay () | (1K - 28K + gaklM]t_r/C =201 (¢ —1/c)

quad

> 09U = [d3 p(t,x) (x’lx’f - ’2511) Quadrupole moment

=|—sin¢g cos¢p 0]){0 cos@ siné
0 0 0 —sinf® cosf

v Angular distribution: n; = R;jn; Mij = (RM'RT);; - M' = RTMR

Q%:T(t;x)z Agj i (R)Qy (1) . (cos¢) sin ¢ o><1 0 0)

> K. (t;0,¢) =-—= (M11 Mj,) = %CG—4 [M;(cos? ¢ — sin? ¢ cos? 6)
+M22(sm ¢ — cos? ¢ cos? §) — M3 sin® @ — My, sin 2¢) (1 + cos? 0)
+1\7113 sin ¢> sin 260 + M3 cos ¢ sin 26],
hi(t;0,¢) = M12 (M11 My,) sin 2¢) cos @ + 2M;, cos 2¢) cos @
—2M13 cos ¢ sin @ + 2M,3 sin ¢ sin 8],




v' Radiated energy:

. . . dp _ dE _ T2C3 CTTLTT\ . G & AN N
- Power per unit solid angle: (E)quad = (M)quad = %(h” hil) = A (A)(Q; Qrer)-
dE dpP G ese ees G 1/ ooes 2
- Power: Pquad = (E)quad - fdQ (E)quad - 5¢5 <QUQU> §<MUMU - E(Mkk) >
- Energy radiated per unit solid angle: (Z—g) W= [dt (%) .
qua qua
G
87'[205 l] kl(n)f dw (‘)6QL] (w)le(w)

OOdw

where Q;(t) = [__ —— Qij(w)e ™t and Q;;(—w) = Q;;(w) is used.

- Total radiated energy: Eqyaq = [da (dﬂ)quad 51Tc5f dw a)6QU(a))le(w)

dE
- Energy spectrum: (E)quad = 51'[c5 w®Q;; ()05 (w).

- For a monochromatic source, radiating at w,, @ij (w) = qijZn(S(a) — wy). Using 2m6(w =0) =T

ap 1 G
> (Gh5) oy = 7% 50 i M 0* Qi (@) s (@) = Z24500 Wiy 6 = 0)
v Momentum flux:
dpt c3 : ;
2 (i o)
- Momentum flux per unit solid angle: (dpi) —_QITotQIT
" \dtdo quad 8nc5 ki
- BUT, the total momentum flux: (d—Pl) = ——=_[dQITa!QIT =0 since the integrand is odd
dt quad 8 14

under reflection, x - —x. Note that Q;;(—x) = Q;;(x) & 0* - —0d".

- This vanishing of the total momentum flux is not true any more if higher order contributions to GWs
are taken into account.



v Various time-varying sources:




« Ex1) Point object moving on a strait line:

- Guess: No radiation in a constant motion, but emits GWs in an acceleration?

- Non-vanishing quadrupole moment:
M,, = mx? - M, =2mxx — M,, = 2mx¥ + 2mx?
m i) Uniform motion, x = v = Constnat.,, or a =X = 0;
x(t) M,, = 2mv? = Constant.
. . 1 2
> Q;; =M; - —5ij(2mv2 =gmv Zxdiag(2,—1,-1)
- hy; ich Q;; = C;; = Constant. (¢ 0) . Note that  ds?=—dt?+ (6;+
U)dx‘dxf = —dt? 4 &;;dx"'dx')  with x'" = x'/,/1+ C; (No sum in i). Thus, the
spacetime is still flat, e.g., Minkowski metric. Note also that adding a constant

T, and 8"k, = 0. Actually, there

uv

tensor is also a solution of 6271‘“, = —

o dt
one may have h;;(t =—o)=C(;" & h;;(t =+m) = C;}°° determined by the
asymptotic velocities. These different constancies give a non-vanishing physical
effect although both initial and final spacetimes are all flat. This effect is so-called
“Gravitational Memory”.

. . . dap aQ;; .
would be no radiation since — ~ (&) = 0. For a hyperbolic encounter, however,

ii) Accelerating motion, i.e., X # 0;

hij = %i—fdiag@ —1,-1)x ém[xa(t) +v2(t)] andso % +0

// Ci;OO\‘ G °
J\ RABNGIN Thus, there will be a GW radiation. h,(t;0,¢) = — M;,(cos®* ¢ —
e V NN —— \l re
\\ C+00 /, _
A sin? ¢ cos? B) — 0, s L _jf,, = 2mE 2), and hy =~ My sin 2¢) cos 6.

rct



« Ex2) Harmonic oscillator:

- For a two-body system,

ij — i0J i — i mz i J M2 .. j
MY = myxix; + mpxyx, =my (xCM ——X )(xCM - ?xf)

i my J my i\ — i ) _Mmamg irJ
+m, (xCM T )(xCM X ) =My XemXey — (xCMx +Xx xCM)

m;
2 . . 2
mymsz _i..j i ] mamy i j [ ] Mmamy _i..j
. +Tx‘xf + MpXemXey +— (xémx? + xtxly,) + Tx‘xf
2
_ i J m;m; in]
= (my+my)xeyXoy +—— (M +my)x'x
“1 > &|MY = mxtyxl,, + uxix|with the total mass m = m; + m,, the reduced mass y =
1 m;m,/m,and X = X, — X; . Thus, for an isolated system, X, does not change and so the
center-of-mass term does not contribute to radiation.
- Defining z,(t) = z, —z; = L + a cos wqt,
n MU (t) = uzZ(t)53873 = u63673(L? + 2La cos wgt + a? cos? wgt)
+
3o 1+cos 2wt
= ué3673 (L2 + 2La cos wst + a? %)
_ 5353 (22
= ué*ad > Cos 2wst + 2La cos wgt + Const.
G .
9 h+(t; 9, ¢) = _mMgg(tret) Sin 9 & hx(t; 9, ¢) = O.
ha (60, ) = 22425 §in2 @ [a? cos 2w, (t — 1/c) + L (t —1/0)]
+(&:0,¢ = ———sin” 6 |a” cos 2w r/c a CoS W r/c
- Note:
° ﬁ - Frequencies of GWs radiated: wgy = wg, 20,
- No radiation along the oscillation axis: h, (68 = 0,7) = 0. = General result: The component of source
) motion to the line-of-sight does not contribute since MY ~n! — hl-T]-T~Al-j,kl nk =0

- Symmetric with respect to the perpendicular plane: hy () = h, (7 — 0)
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Ol ZdotLt X|=

1tonx2, 2m & 1kHz
= hGWN9X1O_39
at r~4 =300 km

1Y = [ pxtx/d3x

i’ 2 2
~ ; Xw ><IWS,‘ourceXRsourceXﬁ(l)

~1.6x10~44 =
kgm
M~~1039 I
5| ok o~107" kg
-1 3

~1011 protons at ¥~0.999999991c
> hey~10"%3




v ZHT}o| o3t x| X AH0| W3k hyyy, ~ AL/L

AL ~ h L ~ 107(-21) x 6,400km x 2
~ 107 (-14) m
~ Size of a proton

> =L 2 QFol S 1!
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BF A (Credit: NASA/C. Henze) (Credit: LIGO/SXS/R.Hurt and T. Pyle)



Ex) Radiated energy from a compact binary system:
M

0 p(t,T) = Mdé(x — Rcost)d(y — RsinQt)d(z2)
+ M6(x + Reos Qt)5(y + Rsin Q)5 (=)
M
I = /pratd?’:r.

= M (RcosOt)? / S(y — RsinQt)d(2) dydz + M (—R cos Qt)?

= 2MR? cos®(Qt)
= MR*[1 + cos(20t)]

IIy = /p.’l’ydB
— ]\[];1’2 cos Ot sin Ot _ 2G ..
= M R*sin(20t) hl] — IU

IV = 2M R?sin® Qt
= MR?[1 — cos(20t)]



02 9 CO\[zﬂ(f — 7)] sin[2Q(t — 7)] 0
h’]{T ~ —%M ( sin[20)( r)] —cos[2Q(t —7)] 0

¢ r o 0 0
— ;—cos2Q(t—-7r){0 -1 O
re 0 0 0

8GO%MR? 010
—————sin2Q(t—-7r){1 0 0
rc
0O 0 O
P = ¢ 5 (I;1V)
128G
P = ——M?*R*'QS
5¢d
10/3 ‘o
_1ox 108 (M ;h re
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h(t)

-S5e-21}

Insplral

Merger Ring-

down

—
<>
>

0.05

0.1
t-ime

0.15

Binaries emit GWs, resulting in decays of orbit.
Eventually collide or merge

Quickly becomes quite, e.g., a stationary single
spinning BH which is probably described by the
Kerr metric

PN gives waveforms for inspiral and ringdown
phases

h(f)

le-24F

le-25¢

le-26

100 1000
f-requency

Abadie et al. arXiv:1102.3781



A ~ —— sin[2€)( 0 r)] —005[255(1‘ —7)] 8

C r

G R02M B2 ( COH[ZQ(f - 7)] sin[2Q(t —7r)] 0 )

h~—~MR2f2 cos 2nf (t — 1) With 20 = Qg = 21f

.7 1. T f2 21 _f_ _3R
f=f):: f2R > f2~ f =22
Fe — Gmym; ~f§ N E"'f_l/Bf ~— P~ _f10/3

2R
> f(t)~(teoar — £)73/8

_ GM/c? 1+cos® (5GM/C3)1/4 ( to—t )5/8 B
Aoy r 2 to—t €05 \semy/es 2¢c
Ex) m1=36Msun, m2=29Msun, r=410Mpc 7| %1022
_ (m1xm2)37 58 M
> Menirp = TR YR . AAAAAAALKAAAAARAAAARHAMRR

(m1 + m2) /3

h(f)~eW () F=7/6

LA §
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« Astronomical sources:
- BH-BH, BH-NS, NS—NS coalescences
— Supernova explosions: GW+Neutrino+--
— Stochastic signals
— Cosmic string Kinks
— Etc.

— Galaxies ~1,000< JH/Universe. Stars ~1,000< Jl/Galaxy.



GW astronomy

Coalescence of
Massive Black Holkes NS-BH
INS-NS and BH-BH

Coalescence
Resolved

Galactic Binaries /
|
|
/ L

Gravitational Wave Amplitude

22
1 0 Unresolved
Galactic
Binaries
i LIS Ground-based interferometer
107™ 1072 10° 10° 10*
Frequency (Hz)
NS-WD NS-NS (DNS)
space-based ground-based

fw~0.01-100 mHz  (f,,~a few x10-103 Hz)



( Power Spectral Density / Hz**)

v'Gravitational wave spectrum and detectors:

10

10 -10

10

10

10

10 %

Supermassife
binaries

Extreme mass
ratio inspirals

P
KAGRA
ET
| o
I_ | L - —_
10 10°* 10 10* 102 10° 102 10 10°
Frequency / Hz

Based on http://rhcole.com/apps/GWplotter/ by Moore, Cole & Berry

Interferometer-type detectors:

- aLIGO, aVirgo, KAGRA, eLISA, INDIGO

Plans to improve sensitivity:

- A+ (~22), Voyager (~25), Einstein
Telescope (~23), Cosmic Explorer (~27),
AAGO, TAUI, TianQin, etc.

Covers 10~1000 Hz only!

Multi-wavelength GW astronomy

Mid-Frequencies (0.1~10 Hz):
- Space: DECIGO ('01), BBO, ALIA, AMIGO
- Ground: TOBA ('10), MIGA, ZAIGA

+ “SOGRO" (~'13)

33


http://rhcole.com/apps/GWplotter/

« Bandwidths and significances of sources: (Cutler & Thorne ‘02)

- Extremely Low Freq. band (ELF, 1071>~10718 Hz):
- Primordial GWs
- Imprint on the polarization of CMB radiations
- Quantum origin at big bang subsequently amplified by inflation
- Great potential for probing the physics of inflation
- Very Low Freq. band (VLF, 1077~10~° Hz):
- Emitted by pulsars (e.g., Hulse-Taylor '75)
- via pulsar timing array, or indirectly by pulses at earth
- Extremely massive BH binary or violent processes in 0.1 second of
the early universe

- Low Freq. band (LF, 107*~0.1 Hz):
- From massive (10r5~10A7M©) BH binaries out to cosmological distances (CD)
- From small BHs, NSs and WDs spiraling into massive BHs out to CDs
- From orbital motions of WDB, NSB, and stellar-mass BHB in our own galaxy
- And possibly from violent processes in the very early universe
- To be observed by the space-based detector, LISA

- High Freq. band (HF, 10~103 Hz):
- From a spinning slightly deformed NS in our Milky Way galaxy
- From a variety of sources in the more distance:
- Final inspiral and collisions of NSB and stellar-mass BHB (up to ~100M©)

- Tearing apart of a NS by a companion BH

- Supernovae, Triggers of GRBs, etc.
- To be measured by earth-based detectors such as LIGO, Virgo, KAGRA, and resonant-mass bar
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EM Waves

» Theory: Maxwell (1864)
« Detection: H. Hertz (1886)

e

Gravitational Waves
« Theory: Einstein (1916)

« Detection: Not yet (??)

e\ 1| Hulse & Taylor
(1975)




