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EINSTEIN EQ.



ELEMENTS IN EINSTEIN’S EQ.

Einstein tensor

Curvature of spacetime

Rank-2 symmetric tensor

4x4 matrix components

Divergence-free

Newtonian g’l 

constant

General relativity

Accelerated objects

Related to gravity

Speed of light

- Special relativity

- Locally non- 

   gravitational physics

- Causal structure of

   spacetime

Energy-momentum tensor

Matter(Energy) distribution

Energy, momentum, pressure

Stars, galaxies, …

Standard model particle,

Dark matter, dark energy, 

vacuum, radiation…. 



COUNTING # OF EQNS IN 
EINSTEIN’S EQ.

▪ Rank-2 tensor > 2 dimensional matrix

▪ Index range:
                       > 4x4 matrix

▪ Symmetric tensor:

▪ We have 10 eqns.: 3+1?



VARIABLES IN EINSTEIN’S EQ.

▪ Metric tensor

▪ Unknowns to solve in Einstein’s eq. such as x in f(x)=y.

▪ Field variable, not x(t) but gμν(t,x)

▪ Related to gravitational field g in Newtonian gravity

▪ Describes the spacetime structure

▪ Fundamental quantity: 4x4 symmetric tensor, 10 dof’s 
 

    >> What is its value? 10 is real dofs? Why not just 3+1? 3+1?



3+1 DECOMP. OF EINSTEIN EQ.?

▪ We don’t know the exact functional form of G in terms of g yet.

?



3+1 DECOMP. OF EINSTEIN EQ.?

▪ 2nd order PDE of 



3+1 DECOMP. OF EINSTEIN EQ.
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Physical Quantities in GR?
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HOW DO WE DEFINE PHYSICAL QUANTITIES IN GR?



MASS OF BLACK HOLE?



ADM FORMALISM

Richard Arnowitt(-14,86), Stanley Deser(-23,92) and Charles Misner(-23,91)

at the ADM-50: A Celebration of Current GR Innovation conference 

held in November 2009 to honor the 50th anniversary of their paper.



ADM FORMALISM (HILBERT ACTION 

DECOMPOSITION)



ADM FORMALISM (CANONICAL 
VARIABLE)



ADM FORMALISM (CONJUGATE 
MOMENTUM)



ADM FORMALISM (ADM HAMILTONIAN)



ADM FORMALISM (BOUNDARY TERM)



ADM FORMALISM (GIBBONS-HAWKING 
TERM)



ADM FORMALISM (GRAVITATIONAL HAMILTONIAN 

INCLUDING GH TERM)



ADM FORMALISM



ADM FORMALISM (ADM MASS)



ADM FORMALISM TO ADM MASS 

M



WITH ADM FORMALISM



TWO BIG QUESTIONS BEFORE 3+1 FORMALISM

1. How Do We Define 
Physical Quantities in GR?

2. Can We Predict the Future in GR 
from the Present?



CAN WE PREDICT THE FUTURE IN GR 
FROM THE PRESENT?



EI. EQ.: 2ND ORDER PDE

▪ 2nd order PDE of 



INITIAL VALUE PROBLEM 
/ WELL-POSEDNESS
▪ Initial value formulation:

▪ appropriate initial data > subsequent uniquely determined dynamical 
evolution  

▪Appropriate initial data:

▪ small changes in initial data > small change in solution
                      > predictable physics law

▪ Any changes  in initial data can not change solutions outside causal future.
             
 > “Initial value formulation” is well-posed.



[Wald (1984) p.251]

INITIAL VALUE PROBLEM 
/ WELL-POSEDNESS



[Wald (1984) p.264]

INITIAL VALUE PROBLEM 
/ WELL-POSEDNESS



CAUSAL STRUCTURE

𝑫+ 𝐻+ 𝐼+
𝐽+



3. GLOBALLY HYPERBOLIC SPACETIME

▪ Cauchy surface

▪ Globally hyperbolic spacetime



5 QUESTIONS



Q.’S BEFORE 3+1 FORMALISM

1. Why All Measurements Need a Frame ?
→ No Observer, No Physics

2. Why We Need a Spacetime Slice? 
→ To Observe Anything, Need to Define “Now” and “Here”

3. How Do We Slice Spacetime?
 → Foliation, Lapse, and Shift, (Gauge Fixing)

4. Given a Spacetime Slice, Can We Specify Any Metric?
→ No, It Might Be Unphysical! (No Match With E-p Distribution.)
→ Physical Meaning of the Constraints

5. Once We fix a Slice’s Geometry of the Spacetime, 
How Does it Change Over Time?
→ Through the Evolution eq. 



WHY ALL MEASUREMENTS 
NEED A FRAME ?



WHY ALL MEASUREMENTS 
NEED A FRAME ?

1. Four-velocity

2. Four-momentum

3. Observed energy
𝑣

𝑝𝑥

𝑣
𝑣′ = 0
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4. Energy-Momentum Tensor
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WHY ALL MEASUREMENTS 
NEED A FRAME ?

4. Energy-Momentum Tensor



[Gourgoulhon, 2021]

(EX) 3+1 Decomposition
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WHY WE NEED A SPACETIME SLICE?
▪ Various hypersurfaces and foliation
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HOW DO WE SLICE SPACETIME?
▪ Non-degenerate scalar fields labels submanifolds. > foliation



HOW DO WE SLICE SPACETIME?
▪ Surface forming one-form > foliation

(Frobenius theorem)

𝑋

𝑋

𝑌

𝑌

[𝑋, 𝑌]



HOW DO WE SLICE SPACETIME?
▪ Foliation (scalar field, normal vector, vectors)

𝑋

𝑋

𝑌

𝑌

[𝑋, 𝑌]



HOW DO WE SLICE SPACETIME?
▪ Scalar field > Submanifold  

▪ Gradient of Scalar field > normal vector (one-form basis)

▪ A  curve intersecting the hypersurface > tangent basis vector

▪ Tangent basis and one-form

▪ A congruence of curves > coordinates > vector components

> Not unit vectors



TANGENT /DUAL VECTOR BASIS

M

𝛾

𝑋

M

𝑓

𝛼



TANGENT /DUAL VECTOR 
FROM SCALAR FIELD

M

𝑥1, 𝑥2= 𝑥3=0

𝑥1

𝝏𝒙𝟏

𝒅𝒙𝟏



y=0

y=1

y=2
2

    1

0           1          2  

x=0 x=1 x=2
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TANGENT /DUAL VECTOR BASIS



▪ Foliation of the spacetime
▪ Constant time hypersurface 

 > normal vector: dt (not unit length)
       > unit normal vector: n
       > normal vector with length 
          to next t=1 hypersurface: m
    (|m|=lapse N)

▪ Draw constant x=0 curve
 > tangent basis until next grid: ∂t

 > difference of ∂t from m
    = shift vector: β

▪ Information of bases on the hypersurface
 > γij

2

    1

0         1        2  

𝑛 𝑚

𝑚 …  𝑙𝑎𝑝𝑠𝑒

t=0

t=1

t=2

HOW DO WE SLICE SPACETIME?



▪ Foliation of the spacetime
▪ Constant time hypersurface 

 > normal vector: dt (not unit length)
       > unit normal vector: n
       > normal vector with length 
          to next t=1 hypersurface: m
    (|m|=lapse N)

▪ Draw constant x=0 curve
 > tangent basis until next grid: ∂t

 > difference of ∂t from m
    = shift vector: β

▪ Information of bases on the hypersurface
 > γij

HOW DO WE SLICE SPACETIME?
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VARIABLES IN EINSTEIN’S EQ.

▪ Metric tensor

▪ Unknowns to solve in Einstein’s eq. such as x in f(x)=y.

▪ Field variable, not x(t) but gμν(t,x)

▪ Related to gravitational field g in Newtonian gravity

▪ Describes the spacetime structure
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    >> What is its value? 10 is real dofs? Why not just 3+1? 3+1?



METRIC TENSOR IN EINSTEIN EQ.

▪ Metric tensor components from coordinate basis

▪ Information about the lengths and angles of the basis vectors

?



METRIC TENSOR EXAMPLE
▪ 2-D Polar coordinates

▪ Alternative coordinate system of flat 2-D space

▪ Orthogonal coordinates

▪ Symmetric tensor > metric tensor property

▪ Diagonal components indicates lengths of the basis



METRIC TENSOR EXAMPLES
▪ 3-D flat space                  2-D sphere surface                  3-D spherical coordinates



METRIC TENSOR EXAMPLES (PSEUDO-

RIEMANNIAN, FLAT)

▪ 4-D flat Minkowski spacetime (Cartesian)  4-D flat Minkowski spacetime (Spherical)



METRIC TENSOR EXAMPLES (PSEUDO-

RIEMANNIAN, CURVED)

▪ 4-D curved spacetime
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PHYSICAL DOFS OF METRIC 
TENSOR

▪ Considering the gauge fixing, we have 6 physical dof’s in the metric.

10 → 6 10 → 6



3+1 DECOMPOSITION (METRIC 

DECOMPOSITION)
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3+1 DECOMPOSITION (PROJECTION TENSOR)

2
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1



3+1 DECOMPOSITION (PROJECTION TENSOR (2))

▪ Definition:

▪ Projected vectors are tangent to the hypersurface.

▪ Act like the metric for tangent vectors

▪ Idempotent f(f(x))=f(x)

2
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𝑛 𝑚

𝑚 …  𝑙𝑎𝑝𝑠𝑒 = 1

1



3+1 DECOMPOSITION (INVERSE METRIC)

2

    1

0         1        2  

𝑛 𝑚

𝑚 …  𝑙𝑎𝑝𝑠𝑒



Q.’S BEFORE 3+1 FORMALISM

1. Why All Measurements Need a Frame ?
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GIVEN A SPACETIME SLICE, CAN 
WE SPECIFY ANY METRIC?

No, It Might Be Unphysical! (No Match With E-p Distribution.)
→ Physical Meaning of the Constraints



CONSTRAINTS AND EVOLUTION 
EQ.
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ONCE WE FIX A SPACETIME SLICE, 
HOW DOES IT CHANGE OVER TIME?

Through the Evolution eq. 



PHYSICAL DOFS OF METRIC 
TENSOR

▪ Considering the gauge fixing, we have 6 physical dof’s in the metric.

10 → 6 10 → 6



EINSTEIN EQUATION
DECOMPOSITION



3+1 DEPENDS ON COORDINATE 
CHOICE.
▪ Problems in the direct use of g00, g01, ….

▪ Not gauge invariant quantities

▪ Decompose Einstein eq. in a coordinate independent way

▪ We can deal with a specific slice of the spacetime and evolve it.

▪ Initial value problem, numerical relativity, ADM formalism, …

2

    1

0         1        2  



3+1 DECOMPOSITION (EINSTEIN TENSOR)

▪ Vector decomposition:

▪ Einstein tensor decomposition:
𝑛 

1

V

[Gourgoulhon, 2021]



3+1 DECOMPOSITION (ENERGY-MOMENTUM 

TENSOR)

𝑛 

1

V

Eulerian observer (observer moving along a normal vector)



3+1 DECOMPOSITION TO HYPERSURFACE 
QUANTITIES

We need to understand 
the quantities of the hypersurface.



FUNDAMENTAL FORM OF 
HYPERSURFACE

▪ 1st fundamental form of the hypersurface:

Projection tensor > project all tensors on to the hyper surface

▪ 2nd fundamental form of the hypersurface:

Change of projection tensor along the normal direction 

  > bended hypersurface  

  >> Extrinsic curvature



DERIVATIVES IN DEFINITION OF 
KΜΝ

▪ Vector derivatives describe how a vector has changed relative to a reference vector.
▪ Covariant derivative ∇μ: Vector change relative to a parallelly transported vector

▪ Lie derivative LV : Vector change along the flow of another vector field

φ

V

X

Y

V



DERIVATIVES IN DEFINITION OF 
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▪ Vector derivatives describe how a vector has changed relative to a reference vector.

▪ Covariant derivative ∇μ: Vector change relative to a parallelly transported vector

▪ Lie derivative LV : Vector change along the flow of another vector field

φ

V

X

Y

V



φ

V

Derivatives in definition of Kμν

X

Y

V



Definitions of Kμν



EXAMPLE OF KΜΝ .



Properties of Pμν, Kμν



INTRINSIC CURVATURE

φ

V

[Gourgoulhon, 2021]



Intrinsic curvature (2. Gauss eq. (1))



Intrinsic curvature (3. Gauss eq. (2))



Intrinsic curvature (4. Gauss eq. (3))



Intrinsic curvature (4. Gauss eq. (4))



Intrinsic curvature (5. Codazzi eq.)



Summarry



Dimensional analysis of K and R

Example of intrinsic curvature



3+1 DECOMPOSITION (EINSTEIN 
EQ. (1-1))

[Gourgoulhon, 2021]



3+1 DECOMPOSITION (EINSTEIN 
EQ. (1-2))

2023 GW NR Summer School – 3+1 Formalism

[Gourgoulhon, 2021]



[Gourgoulhon, 2021]

3+1 Decomposition (Einstein eq. (2-1))



[Gourgoulhon, 2021]

3+1 Decomposition (Einstein eq. (2-2))



[Gourgoulhon, 2021]

3+1 Decomposition (Einstein eq. (3-1))



[Gourgoulhon, 2021]

3+1 Decomposition (Einstein eq. (3-2))



[Gourgoulhon, 2021]

3+1 Decomposition (Einstein eq. (3-3))



3+1 Decomposition (Einstein eq. (3-4))



3+1 Decomposition (Einstein eq. (3-5))



[Gourgoulhon, 2021]

3+1 Decomposition (Einstein eq. (3-6))



[Gourgoulhon, 2021]

3+1 Decomposition (Einstein eq. (4-1))



3+1 Decomposition (Einstein eq. (4-2))

2
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0         1        2  

𝑛 𝑚

𝑚 …  𝑙𝑎𝑝𝑠𝑒



>>> Intrinsic eq. with coordinates on the hypersurface

3+1 Decomposition (Einstein eq. (4-3))



>>> Intrinsic eq. with coordinates on the hypersurface

3+1 Decomposition (Einstein eq. (4-4))



3+1 Decomposition (Einstein eq.)



TO APPLY 3+1 EQ’S IN NR

Hamilton/Momentum constraint eq.

Evolution eq.



INITIAL DATA CONSTRUCTION
(CONFORMAL TRANSVERSE TRACELESS DECOMPOSITION)



2023 GW NR Summer School – 3+1 Formalism 118

Initial data construction 

(Thin-sandwich formalism)



EVOLUTION: BSSN FORMALISM

▪ The modes that violates the momentum constraint propagate with speed zero in the ADM 

equations. 

▪ These modes lead to instabilities when non-linear source terms are included. 

▪ In the BSSN system, the momentum violating modes propagate with non-zero speed and 

propagate off the numerical grid, presumably stabilizing the simulation.



MORE ABOUT  NR APPLICATIONS



NR WORKS: SIMULATION OF BBH 
MERGER
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NR WORKS: SIMULATION OF BBH 
ENCOUNTERS
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NR WORKS: SIMULATION OF BBH 
ENCOUNTERS



ENJOY SPACETIME 
TRAVEL!
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