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EINSTEIN EQ.




ELEMENTS IN EINSTEIN’S EQ.

Einstein tensor

Curvature of spacetime
Rank-2 symmetric tensor
4x4 matrix components

Divergence-free

Newtonian g’l
constant

Speed of light

a )
Energy-momentum tensor

General relativity
Accelerated objects

Related to gravity

6.674 x 10 1 m3kg 's 2

- Special relativity

- Locally non-

gravitational physics

- Causal structure of

N

spacetime
c= 299,792,458 m/s

Matter(Energy) distribution
Energy, momentum, pressure
Stars, galaxies, ...
Standard model particle,
Dark matter, dark energy,

vacuum, radiation..

x ®




COUNTING # OF EQNS IN
EINSTEIN’S EQ.

G [y T,u,p

= Rank-2 tensor > 2 dimensional matrix

« Index range: ;. =0,1,2.3 — 2t = (2V, 2! 2% 23) = (t, 2.y, 2)
> 4x4 matrix

* Symmetric tensor: G, = G, Go1 = G19. Goa = G, - @
4

= We have 10 eqgns.: %%
Goo | Gor Go2 Gos ‘ Goo = B1C Ty
Go | Guu Gz Gis |:> Gor = 22T

_ 8
Go2 | Gi2 Gaa Goas G = Tn




VARIAE

(s |
GH-'V (Q;UJ’) — (A T,u.-fj é
= Metric tensor |

= Unknowns to solve in Einstein’s eq. such as x in {(X)=y.

o

p— ;_ — (1)
- Field variable, not x(t) but guv(t,x) F=ma — x(t)
i
= Related to gravitational field g in Newtonian gravity V. -E= ’r— — E(x)
= Describes the spacetime structure ©0 N A

= Fundamental quantity: 4x4 symmetric tensor, 10 dof’s %@ %@

>>What is its value? 10 is real dofs? Why not just 3+17? goo | g g0z 903\

\ v — gor | 911 912 gl‘gJ b

go2 | 912 G222 g23
gos | 913 G923 G33
v

\/'




3+1 DECOMP. OF EIl

G;w (g;w) — TT;L.V

1 * &

Ruy (gp,y) — 59;1,1/R(guy) — TTMV

= We don’t know the exact functional form of G in terms of g yet.

Riemann tensor : Weyl tensor (Not Ricci in Riemann) :

R, =0,I%, —0,I%, +T0 T, —T0 T » 4 2
[y vo T po UAT VO VA ) — _ B
'() 'rj C")U.‘H’/ R{J(fﬂ'fl {’? o 2) q[ﬂ[;iRl/]O'] + (n o 1)(’? . 2) g‘ﬂ['ug’/]ﬂ'R
= 20[”1_‘ ] +2F[I!‘A|F]/]ﬂ
Ricci tensor : ‘
— P P A

e RIMU = 2() ruh 1F QF[ wl‘,,]

e i Levi-Civita(affine) connection (Christoffel symbol) :
icci scalar :
R= R",, =20, ¢ + 20}, [0,9" Dhw = 59" (Ougve + 0u 9o —0sguw)

NSTEIN EQ.»

Q)
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3+1 DECOMP. OF EINSTEIN EQ.»

EinsteinCD[-pu, -v] // ToRicci // RiemannToChristoffel // NoScalar // ChristoffelToGradMetric[#, g] & // Expand //

ToCanonical
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~ g*° gre 0.8, l“-‘sgl_;' 2 g*& 0508, + 5 gae 0s0.8, .|+ 2 g*° 0s0.8 > g** gre OsB,50y8 , +
} aB pYs 5 3 E al pgys pS152 A Wi 1‘ a8 gys 5 H } 28 gy 3 A
‘ay,y Y30gy v /¥ 3 30318 £ | S0y St v
8™~ B'" 0.8,, 0:8z, ¢ g &' 8 B, Bz 085955 * g™~ B'" 0,8, ,0:8,¢ g™ B'" B,, 05086, +
i QFLV 2 . r- 3 6152~ o 2 ¥
1 e s c S _ ,
5 g*° g¥° g, 0:0,8,4 + 3 g*¢ g"° g*1°2 /B, 0:8gsy 028, = g*° g1° g°¥? g, 018, 0mBg; +
1 w e cq e 1 - e eq o S 1 2 e =
5 g*8 g1 g2 B, (7"583‘ 0528551 - = g° gro gUie? B,y OyB,z 052855, + a g% '~ (75875 9.8,
1 a - 1 n v 1 a e - 2 1 n” - - 8 . 1 ” g :
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< a=0 8=0 = = = =

1 . L ms s L a0 L g L. epiiu 1 ayaiw
+—;ywandumn~+:;y”dxd“ynr+-;yhdnd“ym,+-;y”010“ym/+-;gﬁ820uﬂw,+ ;gJOQOﬂyW

o =

1 i s 1 a5 o L e L i ] &
+ ;f}lz()g()ﬂflﬂx' + ;y"a()g(),,g;;,, + ‘5‘!]3“()3()“_{[(),: + ;ym()g()“gl,, -+ 72"_(]3")(‘)3(),,(3,/ -+ 5‘{1’}3()3(),,513,,

e order PDE of Gpuv




3+1 DECOMP. OF EIl

NSTEIN EQ.

|]| i e b a
G’II!”_,.- — '?S';'lG'_EII!”;

i

(1) DG, = 87GTm — R+ K2 — K;;KY = 167rGE

(2) VG, = 87GT,; — D:K — D,;K’, = —8nGp,

(3) ':']:'G-;,---;; = 3Gl — O Ki; = a(R;; — EI‘;:'L-IN_; + KK ;)

+ (BFOL K + 0,3 K, + 0,83 K ;)

— DiDja — 87GalS;; — 37i;(S — E)]

= —2aK;; + D;6; + D;5;
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2 QUESTIONS




QUESTIONS BEFORE 3+1 FORMALISM

1. How Do We Define e
Physical Quantities in GR? o
ynamics
time slice
2. Can We Predict the Future in GR tme  Predicting
from the Present» 4 /




TW0 BIG QUESTIONS BEFORE 3+1 FORMALISM

. How Do We Define L
Physical Quantities in GR> v

u dynamics

_ timeslice

. Can We Predict the Future in GR o, predicting
from the Present- 4 /




HOW DO WE DEFINE PHYSICAL QUANTITIES IN GR?

World lines of two people approaching each other
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ADM FORMALISM

PHYSICAL REVIEW VOLUME 116, NUMBER 5§ - DECEMBER 1, 1959

Dynamical Structure and Definition of Energy in General Relativity*}

R. ArNOWITT, Department of Physics, Syracuse University, Syracuse, New York
S. DESER, Department of Physics, Brandeis University, W altham, M assachuseits

AND

C. W. MisNER] Palmer Physical Laboratory, Princeton University, Princeton, New Jersey
(Received July 6, 1959)

The problem of the dynamical structure and definition of energy for the classical general theory of
relativity is considered on a formal level. As in a previous paper, the technique used is the Schwinger action
principle. Starting with the full Einstein Lagrangian in first order Palatini form, an action integral is derived
in which the algebraic constraint variables have been eliminated. This action possesses a ‘“‘Hamiltonian’
density which, however, vanishes due to the differential constraints. If the differential constraints are then
substituted into the action, the true, nonvanishing Hamiltonian of the theory emerges. From an analysis
of the equations of motion and the constraint equations, the two pairs of dynamical variables which represent
the two independent degrees of freedom of the gravitational field are explicitly exhibited. Four other variables
remain in theory; these may be arbitrarily specified, any such specification representing a choice of co-
ordinate frame. It is shown that it is possible to obtain truly canonical pairs of variables in terms of the
dynamical and arbitrary variables. Thus a statement of the dynamics is meaningful only after a set of 8
coordinate conditions have been chosen. In general, the true Hamiltonian will be time dependent even for an Richard Arnowitt(-14,86), Stanley Deser(-23,92) and Charles Misner(-23,91)

isolated gravitational field. There thus arises the notion of a preferred coordinate frame, i.e., that frame in at the ADM-50: A Celebration of Current GR Innovation conference
which the Hamiltonian is conserved. In this special frame, on physical grounds, the Hamiltonian may be held in November 2009 to honor the 50th anniversary of their paper.

taken to define the energy of the field. In these respects the situation in general relativity is analogous to
the parametric form of Hamilton’s principle in particle mechanics.

€



ALISM wisert acrion

DECOMPQSETE@NJ

SH = / Ry=gd'z, V= U2, %,
JYV

( R=R+[-K?*+ K, K"+ 2V, (Kn") -
C vV=g=N.7

SH — *SYH._V(_)L + *SYH._surf.

‘fz ‘ AN + .. -
~ - /n {/v N(R = K* + Ki;K"V)\/y d‘5:1°} dt
(6 6 )\/_d41 T / VN(A ?3}{)\/—_J(i4:z'?

JY

The gravitational Lagrangian density for ¢ = (74, IV, 3%) is given by

Lol (q.4) = NyA(R — K? + K K'7) = NA[R + (7597 = 474" K K

L




LE)

" \LISM (CANONICAL
VA RIA

The gravitational Lagrangian density for ¢ = (vi;, N, 3") is given by

Litno(9.4) = NyA(R — K? + KK = NAR + (77" — 394 KK

1 1 1
| ON

——Lm P = ——=Ls,—3F;

" 2N
= —(Ls,P;j — LgPij)

C LgPij=Lgyij = -"/3;‘? i
1
= o

;]V 3F




)M FORMALISM (CONJUGATE
MOMENT%JM]

The gravitational Lagrangian density for ¢ = (vi;, N, 3") is given by

Litno(9.4) = NyA(R — K? + KK = NAR + (77" — 394 KK

oL 0

J Yig 0, Vij

INVA(R — K4 K;;K"7))

.

1
1 ?:(. ?:(_ ?:K-
K ™ = /y(KY — KyY)

OK ,ﬁ
= 2N /7K ANy KM
25 —
=7" 5§ KY 55

= A(—KrY + K

= /(K" — K~"7) @



—2N(K; KV —K*?)

r[\kﬁ+fx — K KV -

— /N R+ K? — K K7 425

P[\kfi’-l-ﬂ — K KY)

i\ =23

e

:( 1II

2K, — K~ )V 7]

{% - V,K)— '7'6-{11

{% TI&I]—F}PTIKH_I

\, -

AR —K*+ K ;KY)

A

—/UNCy — 2 e

7 — 3

L0 = K3

J

- K3

Hy vol.flat = — / (NC() — 2{.[3ic/,5)\/:/d/3;1?
2t

Co=R+K*— K;;K
Ci = VK - V,;K’,

-



RMALISM (BOUNDARY TERM)

e[t
)T

/ d™ 167G [ (5\/_ R+ \/—_( ORIW qw/ _|_\/—RW/O(J;U/]

will be w,nlshed by a surface integral
n
= / d"x

1 -
<__9ij + R;W) ngj / d"x \
/ d"x\/—

( Guv V2 -V i vlj )69 ;_u/

2
Glu/ 5gl“/ / d"x \/_

16G

2 N %
167 G (],LU/V _V;LVJ/)OQ;

—boundary term

16G

¢ when the variation boundary term is canceled by an additional term,

_ / A" 1/ =g ———G 0" (12.19)

16G

L




RMALISM (GIBBONS-HAWKING

S = [ '

: : ;
S = Sy + Sey = d"r/—g i 2K
PG = O OG- / * 167TG /M VITera ok

¢ To have a finite action even in the flat case

' | 1
R =t /A 71 2(K— K¢
+ /a\/[ ( \/7167TG o2 0)

R Sleg _ SH _I_Sée}llllulzed _ / d"r
M




A4 A LE s M (GRAVITATIONAL HAMILTONIAN

INCLUDING GH TERM)

IGCT l(_\n
HCT HH vol. + H( ,surf.

1 L g
= — By~ (NCy — 25'C,
167G /z:t( PV INCo =206
1 / 9
T d20\/5 - 2[ri (K37 — K3 — N(r — ko) s,]
167TG S=%:NS '
solution
H = qu 101
g Co=0=C, solution
1 ‘ . .
Heolution = 120 2[r(K';# — KB3') — N(rx —
solution 167G /C;f—zfm*’;( \/; [ ( , ) (K KO)‘%]

where K;; : extrinsic curvature on 2,

Kk : extrinsic curvature scalar on >; NS




ADM FORMALISM

. :
Mapy = — — d*0/o -2(k — K
ADM T ./St—EmS Vo 2 0)
| 1 P .
Mapm = 167G S, oo d*0\/a (vij; — vj;.0)re (in Cartesian)




St — Oab
A

1 7’ N
(1) ds? = — f(r)de® + m(jlr2 +r2df* + 1% sin? 0de?, f(r) =1
D 7‘
= — i
1
(2) r; = = /ol = (F712,0,0),

) (712,00

.
1 . 2
: d=0/o - 2(k — ko)
qf r—00

1 4G]\[
St, 7—>f>g(] H\/_ ( +

167G,
R e M)

RMALISM (ADM MASS)

2G M , 1 . 9
3) M, = — 1“0v/o - 2(k — K
; (3) Mapm e /&,r—m( Vo - 2(k — ko)
(4) e — V@“ri — 8L7L _|_ Fi},] — (()Lil _|_ Z %7) — (x’)rrr _l_ Z ;’i’iar’ 7‘77
~ 2%i —~ 2%
¢ =f
\/7‘|— (/777 Y66, 4 /(.")(-‘),T’)\/?
N 7(99 Y
,rr Yoo ,()() — 2 725111 H)
f,i (r 2 §in2 F)) :
T SlIl
i‘
2 .
3)) - 7_ f -
VI Zemi-c 2 GM 2 2GM f
e 7(L—r +OU4O:;— - 007

@



ADM FORMALISM TO ADM MASS

2GM 20GM\ !
ds2(1 ¢ )dtZJr(l G ) dr® + r*df? + r* sin? 6 do*

r r

€



WITH ADM FORMALISM

The Four Laws of Black Hole Mechanics

J. M. Bardeen*
Department of Physics, Yale University, New Haven, Connecticut, USA

B. Carter and S. W. Hawking

Institute of Astronomy, University of Cambridge, England
Received January 24, 1973

Abstract. Expressions are derived for the mass of a stationary axisymmetric solution
of the Einstein equations containing a black hole surrounded by matter and for the
difference in mass between two neighboring such solutions. Two of the quantities which
appear in these expressions, namely the area A of the event horizon and the “‘surface
gravity”x of the black hole, have a close analogy with entropy and temperature respectively.
This analogy suggests the formulation of four laws of black hole mechanics which corre-
spond to and in some ways transcend the four laws of thermodynamics.

To evaluate 6 M, we express the mass formula derived in the previous
section in the form

M=[QT}+ L R&) K5, + 200y + 4. (28)
5 8n 4n
The variation of the term involving the scalar curvature, R, gives
_ 81? i {(Rcd - %- G R) 4+ 2hgc;,,]:d} K°ds,. (29)
But °
205, ¢ K* = 2(K R4 — KBl59), (30)

using h4..K*+ h,K*, .+ h, K ;=0. One can therefore transform the
last term in (29) into the 2-surface integral

L | (Kehled — Kplshdx,, . (31)
47 55
The integral over dS,, gives —dM and, by Eq. (27), the integral over dB
gives _ox A—26QuJy.
4n
The variation of the energy-momentum tensor term in (28) is
26 [ TPK*dZ, = —2 [ Q8{T}K*dZ,} +26 | pK*dZ,

+2 [ ud{(e+p) (—uug.) ' u,KPdZ,} . (32)

€



TW0 BIG QUESTIONS BEFORE 3+1 FORMALISM

. How Do We Define L
Physical Quantities in GR> v

u dynamics

___ timeslice

. Can We Predict the Future in GR o, predicting
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CAN WE PREDICT THE FUTURE IN GR
FROM THE PRESENT?

time fut
A .
G _ L ey ts2yo 291 L2y
dax 2 2
time sl fig) =
12 xz -"JH —
‘ f(l)—f(z) — f(x)= Ae" + Be™ I € +e




El. EQ.: 2N° ORDER PDE

EinsteinCD[-pu, -v] // ToRicci // RiemannToChristoffel // NoScalar // ChristoffelToGradMetric[#, g] & // Expand //

ToCanonical

1 = = 1 1 = 1 1 e
o 8% 8Y° 9.8,, 0sB, ;s - : 8¢ 550,.8,, + = 8¢ 550.8,,|* 5 8¢ 940.8,, - = 8% BY° 948,508, +

1 2 e 1 - e cq e 1 a o 3 1 - e . ~

5 g 8" aBy d;ge.‘, E 5 g o By OrBap 058515, + 5 g% 8~ 0y8.5 928, 5 g &~ €. (-’5‘-"58-:1'1 :

G uv\9uv

1 - 1 w® cq e 3 2 we L% o

= g*° g¥° g, 0:0,8,4 + = g** g1° g2/, 68552028, - g B¢ 8 g°*? B,, 0:18,, 0:28; +

1 Y cq e 1 a r cq o 5 1 v& . 2

g g%F g'° 8°%% B, 08, 0nBs; - /B 8° 82 B, 0,8,5008;;, ¢ : 8¢ 87 9:8,;0.8,,

1 s 1 3 < 1 -3 1 R v 1 n

5 8% BY° 058, 0,85+ 7 8% BY0/0,8,, 0,855+ 8% BY° 048,50.8,,- 5 B B 0:85,0,8,,- ; 8% 0,08,

3 3
1 8o o J‘Orr lﬂr lOrr 103rr
; ZOZ(.(I(. i)(.()uyg,. = 5_(/0 Ogduyl),, +- §!J laﬂ();’.glp + 5(] 2()“()“.(]‘_),, + Eg Og()“gg,,
a=(0 5=0

[

1 " | s  — | pp—
+ ;.(/l“ald;cgﬂl-' + ;g”d;o,,gl., + 3!11'010“.‘1211 + 5.(/”010;‘5/3./ + 5920320;1!101/ + ;y'lazouylu

| o | e | | P
+ 5!}2“()2()”512,. + Eg“g()g()“gg,_. + Eg%()g('),,g(,,, + §g3103(),‘g1,, + 551“(‘)3(),,(3,, + Egm(’)g(),,gg,,

e order PDE of Jpuv




INITIAL VALUE PROBLEM
/ WELL-POSEDNESS

= Initial value formulation:

= appropriate initial data > subsequent uniquely determined dynamical
evolution

= Appropriate initial data:

= small changes in initial data > small change in solution
> predictable physics law

= Any changes in initial data can not change solutions outside causal future.

> “Initial value formulation” is well-posed. @



INITIAL VALUE PROBLEM

/ WELL-POSEDNESS

g H ( €T, f:-"f}.—_'n . vgf}u )v j v 1/ f} 3 = F 3 ( X f} v vﬂ'f} 0 )

THEOREM 10.1.3. Let (¢o)1, . . - » (¢o). be any solution of the quasilinear hyper-
bolic system (10.1.21) on a manifold M and let (g0)* = g*(x; (do);; Ve (dv))-
Suppose (M, (go)s) is globally hyperbolic (or, alternatively, consider a globally
hyperbolic region of this spacetime). Let % be a smooth spacelike Cauchy
surface for (M, (80)w)- Then, the initial value formulation of equation (10.1.21)
is well posed on 3 in the following sense: For initial data on . sufficiently close
to the initial data for (¢o), . . . » (o)n, there exists an open neighborhood O
of 3, such that equation (10.1.21) has a solution, ¢\, . . . , s, in O and (O,
g (x; &5 Vb)) is globally hyperbolic. The solution is unique in O and propa-
gates causally in the sense that if the initial data for ¢i, . . . , ¢n agree with
that of &1, ..., ¢, on a subset, S, of 3, then the solutions agree on
O N D*(S). Finally, the solutions depend continuously on the initial data in the
sense described above for the Klein-Gordon field. @

[Wald (1984) p.251]



M

INITIAL VALUE PROBLE
/ WELL-POSEDNESS

THEOREM 10.2.2. Let 2 be a three-dimensional C® manifold, let h,, be a smooth
Riemannian metric on X, and let K,, be a smooth symmetric tensor field on Z.
Suppose hy, and K, satisfy the constraint equations (10.2.28) and (10.2.30).
Then there exists a unique C” spacetime, (M, gu), called the maximal Cauchy
development of (2, ha, Ka), satisfying the following four properties: (i} (M, g.;)
is a solution of Einstein’s equation. (ii) (M, g) is globally hyperbolic with
Cauchy surface Z. (iii) The induced metric and extrinsic curvature of X are,
respectively, hy, and K. (iv) Every other spacetime satisfying (i)-(iii) can be
mapped isometrically into a subset of (M, g.). Furthermore, (M, ga) satisfies
the desired domain of dependence property in the following sense. Suppose (Z,
has, Kop) and (', ha, Koy) are initial data sets with maximal developments
(M, g) and (M', g2). Suppose there is a diffeomorphism between S C Z and
S’ C 2" which carries (hu, Ka) on S into (hly,Kyy) on S'. Then D(S) in the
spacetime (M, ga) is isometric to D(S") in the spacetime (M’, gl,). Finally, the
solution g., on M depends continuously on the initial data (h.,,Kz) on Z. (A
precise definition of the topologies on initial data and solutions which makes
this map continuous is given in Hawking and Ellis 1973.) ' @

[Wald (1984) p.264]



CAUSAL STRUCTURE

[D+ j|H+ I+J+|j including null path)

+
J N SN e
Dt HY IT ==
submanifold
Y D*(S) : future /past domain of dependence (determined region)
i H=(S) : future /past Cauchy horizon (determined region limit)
fm\ (8 : chronological future /past (massive-influenced region)
J5(S) : causal future /past (everything-influenced region)



3. GLOBALLY HYPERBOLIC SPACETIME

= Cauchy surface
Y in M of one-time intersections with each causal curve

(E|{1.==.{1 ::tEEZdVI)

= Globally hyperbolic spacetime

(M. g) which has X, ucny

topology

— (M., g)|m=xxr




5s QUESTIONS




Q.S B

EFORE 3+1 FORMALISM

Why All Measurements Need a Frame »

— No Observer, No Physics

Why We Need a Spacetime Slice?

— To Observe Anything, Need to Define “Now” and “Here”
How Do We Slice Spacetime»

— Foliation, Lapse, and Shift, (Gauge Fixing)

Given a Spacetime Slice, Can We Specify Any Metric?

— No, It Might Be Unphysical: (No Match With E-p Distribution.)
— Physical Meaning of the Constraints

Once We fix a Slice’s Geometry of the Spacetime,

How Does it Change Over Time»

— Through the Evolution eq.

L




WHY ALL MEASUREMENTS
NEED A FRAME »

>

time




1. Four-velocity
U
Tk
2. Four-momentum
3. Observed energy

WHY ALL MEASUREN

i i Rt
SN 1y
ko v oY

f— - ¥ [ # Pph i —_—
/B = TA/BLGUAB] =

A/B

dat
ﬁFT_‘-.L

P =moU" = moy(c,v) = (E/e,p)

(E.p".0,0)

v(1,v.0,0)

=y(E£ —vp”)

E'

— My,
E measured — P v L FE = — p;“- u#

D A FRAME -

= —mgu'u, = my

p'* = A*p”,

! 0

! ;
{,'.Iu — _-'"'!L'“ ;:'5‘1

o' = (1.0.0,0)

a0 0 a0
= A op + A | P
= " — yop’

= YE —vp")




WHY ALL MEASUREMENTS
NEED A FRAME -

4. Energy-Momentum Tensor

(1) In the absence of pressure (i.e., for a single particle),
the energy-momentum tensor reduces to:

T}! L/

p— JTHTTV
particle — Pmg Ul

(2) perfect fluid, which includes isotropic pressure but no viscosity or heat conduction.
el Sppp— ) Yy
1" ‘perfect fHuid — '{_}m_”[_,-f [ -+ PP#

where PM = ¢ 4+ UH"U" is the projection tensor

onto the spatial hypersurface orthogonal to U*.




WHY ALL MEASUREMENTS
NEED A FRAME -

4. Energy-Momentum Tensor

(3) The most general covariant decomposition of the energy-momentum tensor,

especially useful in numerical relativity and the ADM/BSSN formalism:

'T“V‘IE—I—I split = P nHn? T j,u?_z_v 4+ '._]-1/?_.!__,11 + SHY

4 , .
p="1"n,n, : energy density as measured by the observer n#
L ¢ = =Tn "5 : spatial momentum density projected orthogonal to n*
| S = TB~k .~ 5+ spatial stress tensor (purely projected)

where the projection tensor is given by +*" = ¢/ 4+ n'n".

which satisfies +*“n,, = 0. This projects tensors onto the 3D slice.




WHY ALL MEASUREMENTS
NEED A FRAME »

4. Energy-Momentum Tensor

The Lorentz factor between the particle 4-velocity U# and the observer n*' is:

. TH -
v =—-U"n,

Then, by contracting the energy-momentum tensor with »*, we obtain:

T
Ubn, = —~

S pmoY? = pm | total energy density observed by n'

Ly - _ THTTV - -
J{'} — TJ{ ?iﬁf?ii'/ — )(_)-”'{__“(.-"J{ (,-" ?iﬁf?ii'/

/ [THyp = - -
o Py _ TITTV, ., M p r 2 7
._]; = —T""n, ,.""‘t T _p-m.n["‘t U"n, ,.""t o > Pmo” vt Pm vf
0 Al 7 S — ot
~H TV
. A VA - . .
with v/ = ——— the 3-velocity relative to n'

Therefore, p includes Lorentz boosting of rest mass energy,

and j# gives the momentum density.

L




(EX) 3+1 Decomposition

r
(energy density pe =T
¢ (momentum density) p, = —1,5
\ (stress tensor) S =Ty

[Gourgoulhon, 2021]




Q.S B

EFORE 3+1 FORMALISM

Why All Measurements Need a Frame »

— No Observer, No Physics

Why We Need a Spacetime Slice-

— To Observe Anything, Need to Define “Now” and “Here”
How Do We Slice Spacetime»

— Foliation, Lapse, and Shift, (Gauge Fixing)

Given a Spacetime Slice, Can We Specify Any Metric?

— No, It Might Be Unphysical: (No Match With E-p Distribution.)
— Physical Meaning of the Constraints

Once We fix a Slice’s Geometry of the Spacetime,

How Does it Change Over Time-

— Through the Evolution eq.

L




WHY WE NEED A SPACETIME SLICE»

= Manifold (topological — differential(smooth) — Riemannian)




WHY WE NEED A SPACETIME SLICE»

= Manifold (topological — differential(smooth) — Riemannian)

= Immersion/embedding

, _ (derivative one-to-one)
(immersion)

(points no need to be one-to-one — self-interaction possible)

(immersion + topologically same (homeomorphic))

) (Locally N — M is homeomorphic, that is, locally immersion is embedding.)
(embedding)

L (Local neighbourhood of a point  on N

can not be mapped to a self-interacted image.) N /




WHY WE NEED A SPACETIME SLICE»

= Manifold (topological — differential(smooth) — Riemannian)

= Immersion/embedding

(derivative one-to-one)

(immersion) {

(points no need to be one-to-one — self-interaction possible)

(immersion + topologically same (homeomorphic))

{ . J (Locally N — M is homeomorphic, that is, locally immersion is embedding. )
(embedding) )

L (Local neighbourhood of a point 2 on N

can not be mapped to a self-interacted image.)
(] [ ] (] N /
= Codimension/submanifold

(immersion, M — N) — [ dim(N)—dim(M) : codimension |

(embedding, M — N) — [ M is a submanifold of N ]




WHY WE NEED A SPACETIME SLICE»

= Manifold (topological — differential(smooth) — Riemannian)

= Immersion/embedding

(derivative one-to-one)

(immersion)
(points no need to be one-to-one — self-interaction possible)

(immersion + topologically same (homeomorphic))

) (Locally N — M is homeomorphic, that is, locally immersion is embedding.)

(embedding)

L (Local neighbourhood of a point 2 on N

can not be mapped to a self-interacted image.)
(] [ ] (] N /
= Codimension/submanifold

(immersion, M — N) — [ dim(N)—dim(M) : codimension |

(embedding, M — N) — [ M is a submanifold of N ]

= hypersurface
YP < /

codimension-1 submanifold




WHY WE NEED A SPACETIME SLICE»

= Various hypersurfaces and foliation
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— Physical Meaning of the Constraints

Once We fix a Slice’s Geometry of the Spacetime,

How Does it Change Over Time-
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L




HOW DO WE SLICE SPACETIME-

= Non-degenerate scalar fields labels submanifolds. > foliation

"

(f*: exterior coordinates) « (foliation) «

(M — N)’s Codimension number’s ]

non-degenerated f*(x) labels submanifold.

\ (y*: coordinates on the submanifold M)

L [in a neighborhood of M, coordinates: z* = (f*,y*)]




HOW DO WE SLICE SPACETIME-

= Surface forming one-form > foliation
(Frobenius theorem)

D, = 1,5 for some submanifold S > p (Distribution D = ker w
ariscs as tangent spaces to a foliation of immersed submani-

folds.)

[ X.Y] eI'(D) for all X, Y € I'(D).

dwo(X,Y) =0 for all X,Y € kerw.

w A dw = 0.

For w = &, dx": §,V, &) =0

Vi E XYY =0 for all XY € kerw.

Viay: Vinyl € span(V(,).

For 1-forms n'®): Vm_rz.fﬁ')lﬂ" WY =0 for V,IW € kern(®).




HOW DO WE SLICE SPACETIME-

= Foliation (scalar field, normal vector, vectors)




HOW DO WE SLICE SPACETIME-

» Scalar field > Submanifold »_

= Gradient of Scalar field > normal vector (one-form basis)

di =Vt (Von Y, Vi)=10
= A curve intersecting the hypersurface > tangent basis vector

v(t)y by X0 t = O T '
= Tangent basis and one-form

"fli.'lf':l ],ﬁ E:..l : f ?i"- — f'” T“J" p— f'“f_)”f‘ — .r,]'.uj" — ]_ T
= A congruence of curves > coordinates > vector components

. " o on when 2% = (t,y*) _
£t = : = () ' - 0," =(1.0,0,0)
ot )« '

O when =% = (t,y") _ . o=
(a)® = ( : ) = (D )" =Y ), 5,2 ==L (0,1,0,0)
oy ;

it when =% = (t.y%) ]
Vat = (; ) = (dt), o S Lot =1(1.0.0.0) > Not unit vectors @
f_ _f'“ i} L s




P

: d
X, :C¥(M)—=R,  feX,[f]= ﬁf(w(k))‘
A=0

a:T,M—R, v— (a,v)

df ./ d
ﬁ:df(a>




T /DUAL VECTOR
CALAR FIEL

|

— | X ,x2: x3=
{

g




BASIS

d . . .
1— = 0, (tangent basis vector — vector: covariant baSlS)
dx

—_

V=V =1V, 0+ V, Oy

Vi = dx (one-form basis vector — dual-vector: contravariant basis)
W

(normal)
Op - de=—=1, 0,-dy=—=—=1
xr L 8,’1’; 9 y y ay ?
8y -dy=22=0, 8, do=—2r =0

V= (17 - Oy )dr + (‘7 - O0y)dy = Vode + V,dy = Vida!
V= (‘7 ~da)d, + (‘7 -dy)d, = V"0, + VY0, = V0,
(covariant /contravariant)-(component /basis) @



DO WE SLICE SPACETIME-

« Foliation of the spacetime Im| ... lapse

= Constant time hypersurface t
> normal vector: dt (not unit length) /
> unit normal vector: n
> normal vector with length
to next t=1 hypersurface: m
(mi=lapse N)

= Draw constant x=o0 curve
> tangent basis until next grid: dt
> difference of 0t from m
= shift vector: [

= Information of bases on the hypersurface / 2‘
> Yij




DO WE SLICE SPACETIME-?

L

= Foliation of the spacetime G#-f/ (9 H-f/) — o4 TH-V
= Constant time hypersurface i
> normal vector: dt (not unit length) ST} » ST

> unit normal vector: n , Y _
> normal vector with length G“’"” (g Hv ) A T!ff// G,U-f/ (gu-f/ ) — A T,u..f/

to next t=1 hypersurface: m
(mi=lapse N)

- -

= Draw constant x=o0 curve
> tangent basis until next grid: dt
> difference of 0t from m
= shift vector: [

= Information of bases on the hypersurface
> Vi
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L




VARIAE

(s |
GH-'V (Q;UJ’) — (A T,u.-fj é
= Metric tensor |

= Unknowns to solve in Einstein’s eq. such as x in {(X)=y.

o

p— ;_ — (1)
- Field variable, not x(t) but guv(t,x) F=ma — x(t)
i
= Related to gravitational field g in Newtonian gravity V. -E= ’r— — E(x)
= Describes the spacetime structure ©0 N A

= Fundamental quantity: 4x4 symmetric tensor, 10 dof’s %@ %@

>>What is its value? 10 is real dofs? Why not just 3+17? goo | g g0z 903\

\ v — gor | 911 912 gl‘gJ b

go2 | 912 G222 g23
gos | 913 G923 G33
v

\/'




METRIC TENSOR IN EINSTEIN

7l

G Y (9 ,(LL/) — A T,u..ff

= Metric tensor components from coordinate basis
= Information about the lengths and angles of the basis vectors

: Q
ot
547y
i

d ay Juv = a,u, -0, = 9(3;1,? 8.'/) = (g,u.’u’ dz" ® da” )(a,u.a 8.'/)
g"" =dat - da” = g(da’, d2") = (9“/’//3;11 ® 8,)(da”, da”)

— grid info.

{g:L‘:E — 8r : 8r - |8r|2 — 1engthz

Gy = O, - 0, = |0,||0,| cosd — angle info.

ds* = g(da, dx) = g(da"8,, dz"d,) = g,,dat'dz” — invariant length

z \_J




iPLE

METRIC TENSOR EXAN

= 2-D Polar coordinates

A ds* = g,.dr? + geedh?
= (8, - B,)dr® + (8p - Bp)d’

— dr? + r2ds?
gii = (grr 9;«9) _ (1 O)
M 9or 906 0 r?

ﬁ Alternative coordinate system of flat 2-D space

Orthogonal coordinates
Symmetric tensor > metric tensor property

Diagonal components indicates lengths of the basis

€




METRIC TENSOR EXAN

= 3-D flat space

/

N
ds® = da? + dy2 + dz?
I 0 0

gij — O 1 0
0 0 1
//"'

J

2-D sphere surface

f D
ds* = r*df” + r* sin” Od ¢’

7"2 0
( L. = .
& 0 7r2sin?d

o

APLES

3-D spherical coordinates

-

9ij =

N
ds* = dr? + r*d6? + r* sin® Adp?

(= dz? + dy? + d2?)

1 0 0
0 7r? 0
0 0 7r2sin?é




METRIC TENSO

RIEMARNNIAN, FLAT

A P I. E S (PSEUDO-

= 4-D flat Minkowski spacetime (Cartesian) 4-D flat Minkowski spacetime (Spherical)

4 ) 4 )
ds® = —dt? + da? + dy? + d2? ds® = —dt* + dr* 4+ r°d#? + r? sin? 6do°
—1 0 0 0 —1 0 0 0
10 100 . 0O 1 0 0
=19 01 0 =109 0 +2 0
0 0 0 1 0 0 0 r’sin?é
oty petex®
| il A
Y | \




(PSEUDO-

RIEMANNIAN, CURVED)

= 4-D curved spacetime

- N
2GM 1 , -
ds? = — (1 - )dlt2 + [ 2GM dr? 4+ r2d6? + r? sin” 0d¢*
.,,,
- (1 -~ ﬁ) 0 0 0 \ I \WAN
o = 0 1_@ 0 0 K .y -? \\ y
0 0 2 0 *~.
\ 0 0 0 7r?sin? 6’) A\ X O
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L




PHYSICAL DOFS OF METRIC

StlG
G,(LL/(,_(},(LL/) — T 1 T,(w

C

= Considering the gauge tixing, we have 6 physical dot’s 1n the metric.

/ Goo Gor Go2 Gos \ oo Hor Yoz Ho3
Gor Gu G2 Gis g 911 iz Gz

Goz G2 G Gos g20 g1 g2 G23
\ G03 G13 G23 033 Q30 931 932 433

10— 6 10— 6 Guvs G, 9pp describe the same physics.

I N S o -
t :._)(O(trﬁryru)t q _)LI(T*I*U*-')*
We can reduce 4 g, components by fixing the gauge.



ITION memric

3+1 DECOMPOS

DECOMPOSITION)

Gpv = af“‘ i 8’”" gﬁ”” - (dIJu) ‘ (dIV) Juv = 9zt Geaz Yoy GJuz
o ) )

t=m+ 3

L) N=a (lapse function) -8, 9 0,

Ne = 32 = (0, 3) (shift vector)

m® = Nn® = (1,—3) (evolution vector)

ds® = Gudztdz”
= —(NQ — 3, )df2 + 203 dtda’ + éi-g-“;(l‘zf”'(l.r-f
= —N2dt? + v;; (da’ 4 Bidt) (da? + p/dt) —N2+ G5 - G

Ny o oy -
v

.l; pu—

daz’ da Ji'_ i‘

Note that dz' is not on ¥; when ; # 0, but dz? is on .




3+1 DECOMPOSITION (PROJECTION TENSOR)

ds?® = Guvdatda”
= —(N? — 3,8)dt? + 26;dtdz" + 5 drdax?
= —N2dt? + 4 2 (da’ + 8idt) (dz? + B/ dt)

- -
"

da’ dad

Note that dz' is not on ¥ when 7 £ 0, but da' is on ;.

, _ 5 5 S
Gaussian normal coordinates : ds® = odz® + ~;;dy' dy’

L ds? = g (dat) @ (da”)

= —dt? + y;dy'dy?! & — (N?—p;8")dt? +26;dtdz’ + v;;dz' da?
L N =1,

N=1

¢ di = —N71n —n = —n,(dz")
=SSR -+ 7, dz dx”
=SSR S d o d =

=0 o

= P,, (projection tensor)

3

=

> Projection tensor = metric on hypersurface

| lance = 1 P)
| e LM,[JQC L (-]
/Ty
—
dinm

L




3+1 DECOMPOSITION (PROJECTION TENSOR (2))

= Definition:

-FT{.I,H — .”IH-” — f}_.l’.i'lf,.l’j';f

N/
= Projected vectors are tangent to the hypersurface
_ovH g2 lm| ... lapse = 1 2
R /A /4
{PIE.'IJ’L;I“ }”;; — HIEWTV;I.!J”N . {,}_”I“ ””Lr.h”:f Cﬁn m
=0 +
= Act like the metric Tor tangent vectors mlli’t
S— D~ >.SC
- F1f FUTT L I a--lrf"'-” d:lj 0 639 :
_PI“N-L!'“TI ! — UIE”;III! II - {Tff'}’,__f_i.;f-l’iiﬂrr
. . A
. = g, VW
ldemF LI S W II!lr| I 1
\4
oA _ Py
PP, =...=P

L




3+1 DECOMPOSITION (INVERSE METRIC)

_ — |m| ... lapse
G = By - By, g™ = (dat) - (da”) (] g’ ) l

( t=m+ 3
I N=a (lapse function) g‘“” = 3i
N — o a alkEE e . I~ .y 3_1-"
N*= 3% =(0,0) } (shift vector) N2 )
| m® = Nn® = (1,—03) (evolution vector) \

1 1 1 1
00 _ _ 7 , _ _
g =(dt)- - (dt) = (——Nn.‘> (__N n.y> = UNQ =3

_ 1 1 1 -
g = (dt) - (dz*) O"ja (——;}1“) (dzt)g = ——=nt = (—1.3)
N e & N2
=",
g7 = (dz') - (da’) = " (da"),(d2?), = (on"n” + P*)(dx'), (da’),
S~
:5.j1 :5.'lr/

'+ B8 i —) —qg=N./~
= ¢
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L




N

N A SPACETIME SLICE, C/
SPECIFY ANY METRIC>

No. It Might Be Unphysical: (No Match With E-p Distribution.)
— Physical Meaning of the Constraints

VG, =87GT,,
(1) WG, =87GT,, — R+ K?2— K,;K7 = 16rGE
(2) WGp = 871GT,; — D:K — D;K’, = —87Gp;
(3) ! ]:'(_':rf;,---;: = 8nGl — 0K = a(i;; — i’ff,—;fﬁ‘fﬁ- + KK ;)
+ (RO K + 0. 08Ky + 0,05 K ;)
— D;D;a — 8tGa|S;; — %"_,-_I-{H — F)]
K, = 5L, Py — Oyyi; = —2aK;; + D;B; + D, j;




CONSTRAINTS AND EVOLUTION
EQ.

8Tl
G 122 (,_(} j1% ) — (—4 T‘u.- v

(1) Gp = 0 (vacuum Einstein eq. — 10g,,,, dof.)
(2) VoG =0 (Bianchi id. 4 eq.)
Ly G = (0G4 T°,,G77 +T7,,G)
=~ y z

A

no 2nd time derivative. . (3 uvt at most 2nd time derivative.

L Gog =0 — mno evolution eq. just constraint on initial data.
L g evolved by G;; = 0 from Gog = 0|y,

- . . ) e
satisfies constraints in M by V.G of —
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L




ONCE WE FIX A SPACETIME SLICE,
HOW DOES IT CHANGE OVER TIME-

Through the Evolution eq.

(4) o Qe
(.-TI“I.- _ I;‘:H'II{T'EF-'I"

(1) DG, = 87GTy — R+ K2 — K;; K = 16rGE
(2) WG, ; = 87GT,; — D;K — D;K’; = —87Gp,
(3) WG = 87GT5 — 0K = a( R — 2K, K", + KK;)
+ (8RO K;; + 0; 88Ky + 0;8%K ;)
— D;D;a — 8nGalS;; — %f,:_;{f.‘*r — E)|
K, = 5L, P, — Oy = —2aKi; + D;B; + D,




PHYSICAL DOFS OF METRIC

StlG
G,(LL/(,_(},(LL/) — T 1 T,(w

C

= Considering the gauge tixing, we have 6 physical dot’s 1n the metric.

/ Goo Gor Go2 Gos \ oo Hor Yoz Ho3
Gor Gu G2 Gis g 911 iz Gz

Goz G2 G Gos g20 g1 g2 G23
\ G03 G13 G23 033 Q30 931 932 433

10— 6 10— 6 Guvs G, 9pp describe the same physics.

I N S o -
t :._)(O(trﬁryru)t q _)LI(T*I*U*-')*
We can reduce 4 g, components by fixing the gauge.



EINSTEIN EQUATION
DECOMPOSITION




3+1 DE PE NDS ON COORDIt

NATE

= Problems in the direct use of g00, g01, ....
= Not gauge invariant quantities

= Decompose Einstein eq. in a coordinate independent way
= We can deal with a specific slice of the spacetime and evolve it.

= Initial value problem, numerical relativity, ADM formalism, ...

8t
G [V (,_(} ,u..f/) — —(. 1 Ty.. v
ot g
-4
(¢
GO}/ — ;TJIC 1oy dr

87
Gij = =1 1ij

L




3+1 DECOMPOSITION (EINSTEIN TENSOR)

= Vector decomposition:

VE = VYol = VF(—ntn, + PY) = —(V'n,)n# + PLV"

= Einstein tensor decomposition:

Xon = Xntn?
X-n.ff(: X-n.j) = X,LLI/??.-’LLPI;)
Xjo (= Xij) = Xy PP,
G-n.-n. — 8W(;Tnsn.
then we have ¢ G,,; = 87GT,;

(;?lj = 8‘,TGFTU

/ £
V!

A

LYV
7 V

v

[Gourgoulhon, 2021]
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ITI o N (ENERGY-MOMENTUM

3+1 DECOMPOS

TENSOR)

G;w (g;w) — TTpv

C

Eulerian observer (observer moving along a normal vector)

T'=Encon+n<op+peon+ S

—2.(&Nergy\ momentum V.n= ‘/;,;.71’“'
€™ \density/ density V
il b iy K
=1 @8 o 702 703 n /\
y
= g T T shear
— Y fL T20 2 stress VI P=P ;}V’-’
_ ({T.f.i"“ ”:f + P;”f:‘:{‘;:; 730 3 pressure .
'ﬂ momentum  momentum >
R P density flux
! I’ L1
:_”'E [ J{I“lr;—l_P'E 'IE!"'”
— —_F + S (energy density) pe = 1oy, .
(momentum density) p, = —1,4
(stress tensor) Sy = 15p 1
v




3+1 DECOMPOSITION TO HYPERSURFACE
QUANTITIES

(3 ~~ My _ By
Gpv —— Tij

G WR_ R .
Gu — { o (Kij, vijs N, B, Or)

ds® = dr? + r2d#? + 12 sin® 6do?

Lol =(r0,¢) — v; — 3V - OR
ds® = r?d6? + r? sin® Odo?

bt =(0.0) — Y — PV — PR

We need to understand
the quantities of the hypersurface.

€



FUNDAMENTAL FORM OF
HYPERSURFACE

15t fundamental form of the hypersurface:
Projection tensor > project all tensors on to the hyper surface

P |= Guv —onpny

2"d fundamental form of the hypersurface:
Change of projection tensor along the normal direction
> bended hypersurface

>> Extrinsic curvature

, L,
I‘ileér.f — Ef-fnpl.!u.f

|
— EPH Pf ‘:{-t.ri'ﬂf‘t-j

e




= Vector derivatives describe how a vector has changed relative to a reference vector.
= Covariant derivative V.: Vector change relative to a parallelly transported vector
= Lie derivative Lv : Vector change along the flow of another vector fie

vuvy — auvy + FZ)\VA ‘C’pr, — V”é’yw# + ((%V”)wy
Vuwy = 0wy — I wx LyUF = [V, UH* =V"9,U* —U"9,VH

L




DERIVATIVES IN DEFII
KMN

= Vector derivatives describe how a vector has changed relative to a reference vector.

= Covariant derivative V.: Vector change relative to a parallelly transported vector
= Lie derivative Lv : Vector change along the flow of another vector field

X
Y >
DV(0p)" =0 = DIV4(05)" #0 LxY =[X.Y]=0
DOg,vr£0 - By, vr =0 LxV =[X,V]#0

L




Derivatives in definition of Kuv

X
D050 =0 = OV 00" # 0 4
TUIRO o BVelr =0 (0,)" = [6. 0)"
Lag(0g)" = |09, g
ds® = dr? + r2d#? + 12 sin? (9dgb2 ﬁXY — [X‘ Y] — O = (83)”8,,(3(;))’& — (%)V&/(ae)”

i NI ¢: )2 v RN ) _

L o' = (7“7‘(9, o) %3. | ( V‘ g];)‘ [/XV — [X* V] % 0 - 55%_ 5‘13%

o V(D) = 0 + T8} = Tipy = — 20 =0

ds? = d#? + sin? 0d¢?
Lz =(6,0) — ~a Oy o @Op

a a a 9o¢,a
b V()" = 0p + Tiy0 =Ty = — 2 @




Definitions of Kpuv

/ r
Pt P, (I{H,_, = éﬁ,, me)

\

= Kap = —P“ UL (G — onpny,)
=0 P
! o L T T
= apn -"Eﬁ:a.fflu.;.» - 51?__@_:'[?--.'-5’}3::{0”“”—;.» )
1 ;
. T
. I g - ‘Cn JP,:W — Spt:;_P;_aﬁn."fn'rf

no=(

1 “47: sphere’s positive I
K,uz/ — i_ﬁn%uu - P p .
2 bowl’s positive K

1 .

" I.j‘
= 5 Pt:J.P i’ ﬁ:?”n‘ i3
& S
2V ang

1
= 5P P72V sna + 2 erms)

by the Frobenius theorem

— _Pi't |f

-2Vang (by the symmetric property of /)
= (_f};I — on™n,)( 5"1 — rr,, Wans

= Vun, —
(where V(n,n")= d,(n,n") =10
o’ o’

3 = ] 7 3 =
mi___u.-,-_;’\—x g —a nn Iu_V.:r”-J.—' + 1 ﬂt_tﬂ-f'”’}:?.ﬁr.fvn- i3

scalar =T
(Vyngjn” = (V,n"n, (by metric compatibility)

" (Vyn,) =0 ]

. where ' = n"V, n

. 1
I’L“_,_, — aﬁn lnlu.:.f _' vlu.”-u — Th, Ay,




EXAMPLE OF KN

(1) 3-dimensional manifold M

(2) foliation of M with ¥/ s

(3) coordinates: ' = (r,0,¢) (r along normal dir.. (0, ¢) on ¥,.)
(4) metric: ds* = g;;dr'dar? = dr? + r 2d6? + r? sin Hdol

v

=~yapdaz? da?

L - -7, Fgr =

(5) Christoffel symbol: T'y, = Yoo.r _ ="
—2¢p. =2

. 2
(6) curvature: M — P R=0, %, - @R = —

2
(7) normal vector: (dr); =V, r = 0;r =9 = (1,0,0) = r,

projection tensor: v;; = ¢i; — 7
(1
= §£r”f’99— ( "N + 2(Vort)v,0) (wrong)

3
8) extrinsic curvature: Kpp = — ' J; Yoo +M
( ) 00 \ \v-’\-v-’ \—\/—-’

o) 2

=7 _2()0 Yoo =0
_ e _ P — Tt R T ..
= Vore 0}79%— Vorg = V@OQ = rf)ﬂéi = F(%, =7
- . Yoo.,r .9
Koy = T4, = — COT — rsin® 6
o _291‘1‘
T 1 1 . 2 f
I& = Iﬁ 0 + ] ¢ = 9981&99 + g@)@)B@@ — ) -+ > . 24 T Slll2 9 = —
a e r2sin” 0 T




Properties of Puv, Kpv

(7~~~ Dy ., By
Juv — 7ij

G DR 3 .
G;uz — { nn - K (K’ija Yig N, 6Za 8t)

p.“f.l = Juv — ONyy TZ/JUJPMV — Oj TZVP/.,LV — O

) =0 i
P, ,VEWY = g, VFWY
, L, [
Iilm.f — Ef-xnplm.—f ’TZJU“KM, — Oj fnzVK,u)y — O
].Pd P.i . < K O - K%j
- E I :.IL’HHELJ’ X [,_u/] -




WRp 4G p

P Dy _ By
Guv — Yij

(K5 7vij,

INTRINSIC CURVATUL

M: g., V, C(g)] — [VP_._V;JVA R/\P#”I”
L v,u Gup = 0

Vv pr — v,u(gup + 'E’I-;,fn'p)
— v,ugup + (v,un';.f)np + ﬂ';.f(vpn'p)
= I(JM,,H!, + n,,ffpp +n,a,n, +nya,n
# 0
C VoXW:. =PoLPYy . Vo X5
V.V, XP =P P PV (P,” PY V., X

)]

Et: "‘.FJ.'_:L—’-_ ﬁp[r(ﬁ!)} — [ﬁf-t-‘. @IJ‘;T}‘ R)\ppylr —
LV

-
,Lt h,r-f’,rp = 0 [Gourgoulhon,@



Intrinsic curvature (2. Gauss eq. (1))

['v’ﬁ',,.w} PP P km.(P%P‘;vav*)

=—on® (‘Tﬁnj) ‘T,ji "‘—r_’rﬁ'Lﬁ (‘Fﬁr;-.'f‘jn;\‘F@1-"""‘—I—I"Fl.ﬂ.”ﬁ"ﬁ?m‘ﬁ;1""‘
(using V, P =V, (0% —on"ng) = —oV,(n"ng)
and P%n, =0
)
= PSP PP (—on’(Vang)PL\VsV* — 0(Van?) P’ np VsV +P%PLV,V;V?H)
! \“’

=—1"_“\?5 ny . Vg i:fi',\‘»'_"“:lZU

h”r’#
= —0 PP (Vang) P2 PO\n’VsVA + aP“ Pr. (Vo0 )P“j P’y (Vsny) VA
—,:—J 4
hpl.:.:u fn';'“ (Vano _‘jri"\h. Vor :fm“ (Vana) f?’\‘?} I ﬂ}h- ViR —= hry;-} I H}H VA=K, T
+ P, P8 P’ PP P V, VsV
\_\f-#\‘—‘\f-"‘
j;niy ‘”ﬁ\

= 0K, P'\n" VsV + GI{J‘;EI'&}_,AIF* + P9 P, PV, V; VA
- - - it - - it - - P
(where we defined V;;-V;;;‘u”" = P“‘ d P \_HT,;.I”}‘)




Intrinsic curvature (3. Gauss eq. (2))

- -

v!.f-!Yj’;‘.fi"ﬂﬁl — Vﬁvf}lrlﬂ o gj{h.r.fvn v + (::--'EI:'"J:F:!e--E:'-":'.f}".I’;}'H
- - ) ) » . - ra
(where VVpV?F = P‘LP P! \WVaVsV A)

VP =R VO

o pny

0 |
= 20 Ky P",n° VsV + o K K,\V + P9, PO PAVaVsV?)
— \.‘ o

=P P P’ V|, V5V =5P% P° P’ R

1
= 2(0K" K)o + §P‘I;.P5HP‘3 RN S\V°

oad

= R¢,,, =P PIPY PR s +0(K" K,, — K*,K,,)

= | Ruvpo = Rppss + 02K, K ), | (Gauss eq.)

(intrinsic)=(projected )4 (bending)

M Ja
Uﬂé‘



Intrinsic curvature (4. Gauss eq. (3))

Contracted Gauss’ equation :

P'P(Rypo = Rinps + 02K, K, )0)

— R,, = P‘UPRE;}E& —|—G'2I{P[PI{M]§)
N e’

-
)
[

, pB pY pd ~ DB pd f oy vy PP pd
prip po & _ ¥y P : vy YTy P & i
= Pf;.n_ PP & P o) R, Gy — R S T R, -'.'a'-ﬁr--:.*_'[..‘:?f '—ontn' )P, P a R, G0

s ﬁycr — Ri‘;a. = U'Rnﬁnﬁ + G'QIT{#[#_I{H]J




Intrinsic curvature (4. Gauss eq. (4))

Scalar (zauss relation :
va s L it -
P (RHG' = Ry — 0 R, 55 + 02K [PI& y]cr)

g

— R = PI’ICTP?!P{T(RQJ — U'Rncm,ﬁ) -+ ‘5'-2]{#[ I{-IJT

— R e 'G'-Rnn - URnn - C'-Qerﬁ; + GQI{P[PI{HT
=R—02R,,, + o(K* — K" K,,)

o

= | R=R—-02R,,, + U(I{Q - I{p.yI{“p)

g

= when 0 = -1, R=R+2R,,, — (K* — Ky B




Intrinsic curvature (5. Codazzi eq.)

VP — RPN =| R
2V aVon _RAﬁﬁn =R

npy

R PMO: Py &} P'O,Y . zv[avﬁ] n”

— P[ ;x Rj]ﬁ P'O,Y v o V,B .n_'Y

{

=K, T+onga”

- QP[F? JDU ! Pp"r (va‘ K ,;ii’ry to vo: ng a’ + O-W « a'fy)

) N —’

=Kap+o A a3

=2 P[f Pu]ﬁ P (VoK ,ﬁw + o0Kqpa’)

— QV[PLKUT + 20_%&,0

=2V, K f

Moty
Codazzi’'s equation : 26[#Ky? — R? i
Contrated Codazzi’s equation 26[#1(1/‘]“ = R,




Summarry

Scalar Gauss relation : |R = R — 02R . + o( K?

- Ilrlu VI‘L"“.H )

-~

‘ - -
RH(T — RI;(? - JR”.}_-}”E} + 52}-1!['“[\.”]”

eq.)
B

Contracted Gauss’ equation :

o

Ryvpe = Ravps + 02K,

K, ;| (Gauss

zﬁlxrﬁrf] Ve =RV

:“T!,[j'_)‘

p_ ph oA
2V Vo = Rfygpn

PR B o - |90 P _ PP
Codazzi’'s equation : ZV[#_BU] =R niiD
P

Contracted Codazzi’'s equation : 26’[ WA H]* "= R,5




Example of intrinsic curvature

For a sphere of radius r in the flat space, The contracted Gauss equation in the flat space:
=1

we obtained, A o K2 K R
— — 0204, + O — L v

ds? = dr? + r2d6? + r2sin® 0d¢? _ . y

R=K?-K,EK"|= K? - KpK" - Ky, K%

5_ 2 2
R=—, Kgg =, Koo_rsm 0, K = -
2

a

00— 0 00 e
K — g K 00 - K 0 — = ¢ P "Jg PP K b

= K* — (QQQ)Q(KQQ)Q — (9972 (K 4)°

2

2 1 1 ,

= | - ——47'2 —— 17 r? sin* 0
r r rtsin® 6
4 1 1

2 52 2

; 2
=3

Dimensional analysis of K and R @



SITION (EINSTEIN

3+1 DECOMPO
EQ. (1-11)
Gy =87GT,,

L G =8370GH - (1)

| .
— RHH o ;'UrrR — B'ETG-EF.'H

WR = (R, K) &
R — (R,K)
Now we learned:
( (extrinsic curvature) K, = %LT,I.PW = %P“;,P'Lﬁ”g”_f

— TI“J'II; - (T'r'ilﬂ-'(f.”

H

~

(Gauss eq.) wope = Dipe + 02K, K,

¢ (Contracted Gauss eq. R, = Roz — o R pns + UZI‘LPP[I“I{N]VT p
- 25 .- . - - cnergyv density e = T [Gourgoulhon, 2021]
(Gauss scalar eq.) H=R-—02R,, +o(K 2_ K, K0 ( 5. ) / nn
(Gauss-Codazzi eq.) 2‘?[;;11},1’ _ RP,--;;-;; ¢ (momentum density) p, = =15
| (Contracted Codazzi eq.) EV“JI{NT = R, \ (stress tensor) Sy = 'II;-;; @




3+1 DECOMPO
EQ. (1-2))

GI““ p— BITGJ!;HI
L G, =87GT,, - (1)

SITION (EINSTEIN

:% ( J'rf—Jr’{-l- f‘a-j— h-.‘ j K ) ) I
e S | T ~ =
= [, — 5 R g, =38nG 1,,

:.r.l'lg.-_l,s nt f-"u:f.'ll-.. nt—og——1

R+ K? - Ki;K' = 16nGE

4

{{HHHHH scalar eq.) R=1R- 2R + o K2 — K K

(energy density)  p. =1, @




3+1 Decomposition (Einstein eq. (2-1))

GII!”_; — 8'?[-6_;1;”5
|_> Gfi',ﬁ p— 8-?['(_::1{”;} T (2}

L -
— Rn,ﬁ — EUHF!R — ‘gﬂ@lnﬁ

Now we learned:
8 . a . . Ij .l
(extrinsic curvature) K, = %L”PW = %P"LP v L Gas
— VI“!?I; - O—j‘lilu(rlr;
(Gauss eq.) wpe = Ravps + 02K, K,
{ (Contracted Gauss eq.) R,, = Rpz — 0Rupns + JZI{“[#IE}]a )
- - .. P energy density ), =1 [Gourgoulhon. 2021]
(Gauss scalar eq.) R=R—02R,, +o(K?*— K, KP7) ( 6 v) Pe L
(Gauss-Codazz eq.) zv[“ﬂr;]” _ Rﬁ;;"f' ¢ (momentum density) p, = =1,z
| (Contracted Codazzi eq.) EV[#H“T = R,5 \ (stress tensor) Sy = Ij}'i? @




3+1 Decomposition (Einstein eq. (2-2))

G =381G1
L G =8nGT,-+(2)

2V, K,!
1 1
:}” Ri’?j__{ — § ‘u j— 8-}_(; -IET
N~
:g”;jnn‘p"-'j LENE P-j.l_:[J =—Pu

— 2V, K} =87Gp,

V,K — V,K* =8rGp,

¢’

(Contracted Codazzi eq.) 2V, #Hr_;f* = N, (Gourgouthon. 20211

(momentumn density)  pa = —1,5

| ®




3+1 Decomposition (Einstein eq. (3-1))

GI,!”_..* — S'WG.I;“‘,I
L G = 8nG g+ (3)

| :
= Rpp — Eyﬁf,} = 3Gl

Now we learned:
8 . a . . Ij .l
(extrinsic curvature) K, = %L”PW = %P"LP L Gas
=V, n, — ony
(Gauss eq.) wvpe = Ripps + Ao
¢ (Contracted Gauss eq.) Ro, = Roz — cRuonal+ JZI{“[ #I‘i}]n )
. = .. R energy density ), =1 [Gourgoulhon. 2021]
(Gauss scalar eq.) R =R — o2l |+ o(K? - K, K") ( 8} Y) Pe nn
(Gauss-Codazz eq.) 2‘6[“1{ J]“' — R ¢ (momentum density) p, = =1,z
1/ rpers
| (Contracted Codazzi eq.) EV[#H“T = R, \ (stress tensor) Spp = Iﬁii? Q




3+1 Decomposition (Einstein eq. (3-2))

G:-'u.-f — SWG.I;”-‘“

1 _
— Rﬁ;;}- — Egﬁ;ﬁR — S?TGTE‘@

G,}e v gﬂG.I:HI.f

| f . |
L> Glm.f - _._ﬂ,!u.fG 1:”1 — gﬂG(lgm - Tﬂgml :1)

2 2

1 1 1 - 1
L R;u.f — _._ﬂgu.fﬂ_ _._ﬂ,!er.—f(R — )= 8WG(1MI - ‘_gﬁ-lf-‘{ n-)

2 2 2

. J_ . [Gourgoulhon, 2021]

= | By = 876G (L = 590 1%)

©



3+1 Decomposition (Einstein eq. (3-3))

Glg”_..r — 8ﬁ-GI;”J
b Gap = 87G T+ (3)

s

Rgp = 8nG(1pp — 59p01°%)

- o T -
li'r RM’T — Rﬁﬁ' T gRHE?nFT' =+ 02K ﬁ[I“_h vl
—~ 1
[ S - - — —y-ﬁ.-ﬁ. _ - ) ~ .
RII!“-—.- - II--j.rll:r-J;.' —I_ 2_{1 [f'}jlll!'!]r"r —_— (\_E‘ILGI:LBI“I; ZR“II(;S -E‘):I
Now we learned: w
8 . a . . Ij .l
(extrinsic curvature) K, = %L”PW = %P"LP L Gas
=V, n, — ony
(Gauss eq.) vpe = Ripps + Ao
¢ (Contracted Gauss eq.) R,o = Rps — 0Ruomz + o2K" K,
] = - ’ ( (energy density) ), =1 [Gourgoulhon. 2021]
(Gauss scalar eq.) R=R—02R,, +o(K?*— K, KP7) e, TR Pe i
(Gauss-Codazz eq.) 2‘6[#1{”1’ — Rﬁ'”ﬁ_,}_ ¢ (momentum density) p, = =1,z
| (Contracted Codazzi eq.) EV[#H“T = R, \ (stress tensor) Spp = Iﬁii? Q




e _ 0 o o
3+1 Decomposition (Einstein eq. (3-4))

Rr-f.'rrr:rrr — NnHAP Int RO A
— PMP It RO L
— R.—fﬁpr:rm)'”’ﬂ.[vﬁ: vﬂ-]nﬂ
= P, P,"n"N 5V, n"* =P, P,"n"V, V;n"

S’ N

=K, —n,a" :K,S& —nga®

SINTE o ¥ SPNTE - SPNTE o ¥ SR - 4
= R_,H.Pg’ 'F?.-'“VJ-]’K#_ - j‘jf_,ftnt.j-_)r_,rJ '!’E.-JHV{(;;{H ) o R_m_Pg’ ”’ﬁvga-K,-'j‘ —|' P.i'.-‘ﬁ'Pﬂ'.l 'n.-“V“,(n,-ga. )
T

= T
__.!15. I“]_.' jtglﬁ

==K, "Vant=—K," (K} —pagu) L
/IE—"A‘"T? 3 , f'""ﬁ-\ T
— PHHP '/ \% iﬁt R‘.:n-PgLﬁ'#' & Pr—fnp ”I.!e Vsa
/ X y = X
— P,.P,’n PV uK 3" + Pya P, n.“‘?“'n.,.j a® + Pyo P 2wtV a®
\‘—\_‘J
:H..-:e

— _Iflg”_.fjfﬁ'“ - Pj_,fnpﬁ ‘!v I{ . —l_ Pj_..rnpﬁljv,j”-“ —l— Pj_.rﬁpﬁljﬂ-.jﬁ.ﬁ
[: —I{Ig”,fjfﬁl“ - Pj_..f._qpﬁl. ”.'I!ivlujfl;l —l_ vr:rff.jl..r —|_ {I-ﬁ(f-j_f]




3+1 Decomposition (Einstein eq. (3-5))

- (s a J' i 1 .
{ Rp:.u _ + 2K .:EKPE-]U - 8‘?TG[*5;1’} - ER&’P(*&’ _ E)] (‘3) }

— i J_ . - J_ - -"\-\. . D
(; [Rnﬂ'nff — I‘iﬁﬂf‘i :_.r - B(_I,—L*mfilm_; + A?\(Tvﬁ*vf-“)s‘)
A 1 [IP— |
Rﬂﬂ - RP‘"{_ I{Hf‘f I{{:f + Eﬁm I{h.r.—f o N vﬁ-vrﬁﬂ" + ZKGGKH]H
- . J “'_-\,_i"

:R’&a eru_y - E’Ctlu Rrﬂ-_ 1’

s

N | 1 i ~ o
=1, — 2K, K, + ﬁﬁmﬁ o — V“_VI_,N + KK,

(; f:, I Ly = =L (e —(3) Il;m — da' Iigur T jﬂdnfi;m + C),u.-"fjﬁffm.f + &)r.f-"fjﬁf{gu:w

Rgu—f 211;1{11”1 N (C)-!’ Ii,euf + jﬁdﬂ I’Hw + C)ﬂ..‘jﬂj{m: + dr_.r.‘fjﬁf{gm-) o N :.ga- "IN
=R, —2K,, K + :_(c‘);j{m, + 30Ky + 03 K o + 9,09 K ) — \? \i“\ + KK,
1
EﬁG[S;};;} — EP;;;;_}-(S E)]




3+1 Decomposition (Einstein eq. (3-6))

Glg”_..r — 8ﬁ-GI;”J
b Gap = 87G T+ (3)

Rgp = 8nG(1pp — 59p01°%)

1

—

.

- P R b
C R:.-fr’r — R?}'F}' - anE?nFr' + ’57211#

8 [IH_H‘ I_.f]r’:r

5 o g | o
L L o) 2K Ky = 87GShp — 5 Pap(S — E))]
_ T 1 e —
v © Bupne = Kpa K, — =LKy + 5=V Vo N

o o o e I~

((3}5 RPW = QK,U-EEK(:J + F(atKru.p + _‘} : C)QB,H-U + C)ru._.f_‘}- _Bq:z + C):z_,:'_‘}- Rru.ct) _
]' — — T N J- {

(G — h—rvuv;;ﬁ*' + RR;{.U — S?TG[S;{?} _ ipfﬂ}(s - E)]

¢ (Contracted Gauss eq.) Rys = Ry —oRnvno + JZI{“[#I'&}]H

r

- T T A __ [Gourgoulhon, 2021]
~ i L _ - 4 VT W 7 —
(Gauss scalar eq.) R=R—02R,, +0(K?— K, K') (energy density) pe =L
(Gauss-Codazzi eq.) gv[“j{r:]” _ Rﬁnlﬁ?}' ¢ (momentum density) p, = =1,z

\ (Contracted Codazzi eq.) Z‘F[“KUT* =R, \ (stress tensor) Spy = 'I};-f_:s @




3+1 Decomposition (Einstein eq. (4-1))

- M

G#”_, — 8.'TI.FGII1|“:_;

Glm.f = 381G :m.f

J-Il;u; — zﬁ?apluu

R+ K? - K ;K7 = 167GE
T:f.ﬁ. fﬂf‘ﬁ?; — &WGPI.-’
RW 2K a7,

(-‘ZJ,!' K i + | f&dﬂﬁ-;m + de Y av T drf fﬂj‘i,ﬂefl:’
|
— 3 bwlS

T
%T Tj.-f.-'.-\l' _l_ I‘!L I".'ng”..f — S'JI.C[
HPyw =2NK,y + v;.x._.-'gu + vu_.-"gp.

— )]

(Gauss-Codazzi eq.) 2‘@[“K P — RP _

TS SUalal Ty U — It UZdypy T OUIY Iy Iy ]
(Contracted Codazz eq.) ZV[“I{N] = R, i

npiy

(stress tensor) Sy

(momentum density) p, = —1,5

©



3+1 Decomposition (Einstein eq. (4-2))

1 1 1

Kij = 5Lnlij = sLmPij = 5L, -8 105
J 9 J IN J IN O—0B1y
1
= ﬁ(ﬁaﬁj — LgPj)

| , . 9P
C LoPii = (0)0uP;; +Pajé>(%+ Kma%: i
5o —bp

G Lplbij = Lpvij = 5’€M+ 1 Vi + iV 88
1. - =
= o (s — 15 ViB* — vk V;8")




3+1

Decomposition (Einstein eq. (4-3))

G = 87G T,

(1) Gpn = 87GTm — R+ K?— K;;K = 16rGE

(2) Gpa = 87G T, — VK — VK", = 87Gp,
(3) Gap = 87GThp — WK = N(—Rup 4+ 2K,a K¢, — KK,))
o (-‘fjﬁ&)ﬂ' -E—{J!a_.j..-f —I_ &)“.,fjﬁ_{{ﬁ 17 —|_ &),r...f,iﬁﬁf{ru_{“t')

+ %,ﬁ”i\’* +8TGN |Shp — %Rﬁ:ﬁ(S — L]

L_ I{;e-r.f — %ﬁ” P iy — d.!'P [y — Qh'rffﬂ.:.; + ? “,-"3;_; + ?;,;,-’3”.

>>> Intrinsic eq. with coordinates on the hypersurface

©



3+1 Decomposition (Einstein eq. (4-4))

G“H — 8‘?[- GI}{.}_I

1 81GTp — R+ K?— K ;K =16rGE
(2) Gz = 87GT,; — VK — V;K’. = 8nGp;
(3) 8TG1

Tip — O Kij= N(—R;; + 2K, K" — KK;)

+V.V;N +87GNIS;; — 1P;;(S — E)]

K, =31L,P,,  — 8P;=2NK;;+V8;+ V,5

2

>>> Intrinsic eq. with coordinates on the hypersurface

©



3+1 Decomposition (Einstein eq.)

WG, =87GT,,
8rG1,, — R+ K?— K;;K" = 16nGE
(2) WG,z = 87GT,; — D:K — D,;K’, = —87Gp;
8rGlm — O Kij = a(Ri; — 2K K* + KKj;)
+ (3RO K + i3 Ky + 0,38 K 1)
— D:D;ja — 87Ga[S;; — 57;(S — B)]
K, =5L,Py  — O = —2aK;; + D;3; + D; 3

s

':I\IT — Q, I{Fef.f — _I{.fer.f- pa,i' — Aui' f’ — 'D R — [”R R — R @



TO APPLY 3+1 EQ’S IN NR

s 2
B2l !

Nu”f [l

b i it S ? :
EXtRiiSic
¢ Relilatity

‘rf,i . ‘. . » :_, o .,...-..: | .7 I ’; [ | ‘-‘v‘ : 5 5 a

“&‘




INITIAL DATA CONSTRUCTION
(CONFORMAL TRANSVERSE TRACELESS DECOMPOSITION)

: : 1/3 - o o\ At _ A S

(1) conformal trf.: v;; = 45, = ¢"5;;  (3) AY = AY traceless — transverse/longitudinal:

7 = 1. 7;; includes only traceless dofs. A0 = A% AU (DAY —0 - DAY — DAY

( Iy B ) 14 p— 14-'1\:1\ + ;4L (D} 14-'1\-'1\ — ()q . . D} 14 = D},\ 14L )
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Initial data construction

(Thin-sandwich formalism)
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EVOLUTION: BSSN FORMALISM

[evolutions equations] [constraint equation]
} 1 . 1 i i , (4) v 1 -2 - gz 1
(1) Orp = —EOJ& | 63.,5..-3 + 30,0 (1) "G = E(R + K — K, K") =8xGp
- . (4 - - r
(N AK = D2 s n(A 0 4 PR drnlan 14 GDK (2) UGy =D, K~ D K", = —81Gj,

The modes that violates the momentum constraint propagate with speed zero in the ADM
equations.

These modes lead to instabilities when non-linear source terms are included.

In the BSSN system, the momentum violating modes propagate with non-zero speed and
propagate off the numerical grid, presumably stabilizing the simulation.

¢
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MORE ABOUT NR APPLICATIONS

-3 WIKIPEDIA

o The Free Encyclopedia

:= BSSN formalism

Article Talk

From Wikipedia, the free encyclopedia

The BSSN formalism (Baumgarte, Shapiro, Shibata, Nakamura formalism) is a formalism of
general relativity that was developed by Thomas W. Baumgarte, Stuart L. Shapiro, Masaru
Shibata and Takashi Nakamura between 1987 and 1999.L'] It is a modification of the ADM
formalism developed during the 1950s.

The ADM formalism is a Hamiltonian formalism that does not permit stable and long-term
numerical simulations. In the BSSN formalism, the ADM equations are modified by introeducing
auxiliary variables. The formalism has been tested for a long-term evolution of linear
gravitational waves and used for a variety of purposes such as simulating the non-linear

evolution of gravitational waves or the evolution and collision of black holes.?I?]

See also [edit)

e ADM formalism
e Canonical coordinates
¢ Canonical gravity

® Hamiltonian mechanics
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Evolution of Binary Black-Hole Spacetimes

Frans Pretorius"**

"Theoretical Astrophysics, California Institute of Technology, Pasadena, California 91125, USA

“Department of Physics, University of Alberta, Edmonton, AB T6G 2J1 Canada

(Received 6 July 2005; published 14 September 2005)

We describe early success in the evolution of binary black-hole spacetimes with a numerical code based
on a generalization of harmonic coordinates. Indications are that with sufficient resolution this scheme is
capable of evolving binary systems for enough time to extract information about the orbit, merger, and
gravitational waves emitted during the event. As an example we show results from the evolution of a
binary composed of two equal mass, nonspinning black holes, through a single plunge orbit, merger, and
ringdown. The resultant black hole is estimated to be a Kerr black hole with angular momentum parameter
a = (.70. At present, lack of resolution far from the binary prevents an accurate estimate of the energy
emitted, though a rough calculation suggests on the order of 5% of the initial rest mass of the system is
radiated as gravitational waves during the final orbit and ringdown.

DOI: 10.1103/PhysRevLett.95.121101

PACS numbers: 04.25.Dm, 04.30.Db, 04.70.Bw

RKS: SIMULATION OF BBH
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FIG. 1 (color online). A depiction of the orbit for the simula-
tion described in the text (see also Table I). The figure shows the
coordinate position of the center of one apparent horizon relative
to the other, in the orbital plane z = 0. The units have been
scaled to the mass M, of a single black hole, and curves are
shown from simulations with three different resolutions.
Overlaid on this figure are reference ellipses of eccentricity 0,
0.1, and 0.2, suggesting that if one were to attribute an initial
eccentricity to the orbit it could be in the range 0-0.2.
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PHYSICAL REVIEW D 74, 041501(R) (2006) v

Spinning-black-hole binaries: The orbital hang-up z ol

M. Campanelli, C. O. Lousto, and Y. Zlochower

Department of Physics and Astronomy, and Center for Gravitational Wave Astronomy, 2t
The University of Texas at Brownsville, Brownsville, Texas 78520, USA
(Received 4 April 2006; revised manuscript received 22 June 2006; published 16 August 2006)

We present the first fully-nonlinear numerical study of the dynamics of highly-spinning-black-hole -4 7 - s 5 4
binaries. We evolve binaries from quasicircular orbits (as inferred from post-Newtonian theory), and find WM
that the last stages of the orbital motion of black-hole binaries are profoundly affected by their individual
spins. In order to cleanly display its effects, we consider two equal-mass holes with individual spin 0015 — L E—
parameters S/m? = 0.757, both aligned and antialigned with the orbital angular momentum (and compare 01 F
with the spinless case), and with an initial orbital period of 125M. We find that the aligned case completes
three orbits and merges significantly after the antialigned case, which completes less than one orbit. The ~0.005
total energy radiated for the former case is = 7% while for the latter it is only = 2%. The final Kerr hole
remnants have rotation parameters a/M = 0.89 and a/M = 0.44 respectively, showing the unlikeliness of
creating a maximally rotating black hole out of the merger two highly spinning holes.
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-0.015
®

2,m=2)

Relr'y, (I

DOI: 10.1103/PhysRevD.74.041501 PACS numbers: 04.25.Dm, 04.25.Nx, 04.30.Db, 04.70.Bw
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Accurate Evolutions of Orbiting Black-Hole Binaries without Excision

M. Campanelli,1 C. 0. Lousto,' P. Marronetti,” and Y. Zlochower'

'Department of Physics and Astronomy, and Center for Gravitational Wave Astronomy, The University of Texas at Brownsville,
Brownsville, Texas 78520, USA
*Department of Physics, Florida Atlantic University, Boca Raton, Florida 33431, USA
(Received 9 November 2005; published 22 March 2006)

We present a new algorithm for evolving orbiting black-hole binaries that does not require excision or a
corotating shift. Our algorithm is based on a novel technique to handle the singular puncture conformal
factor. This system, based on the Baumgarte-Shapiro-Shibata-Nakamura formulation of Einstein’s
equations, when used with a “precollapsed” initial lapse, is nonsingular at the start of the evolution
and remains nonsingular and stable provided that a good choice is made for the gauge. As a test case, we
use this technique to fully evolve orbiting black-hole binaries from near the innermost stable circular orbit
regime. We show fourth-order convergence of waveforms and compute the radiated gravitational energy
and angular momentum from the plunge. These results are in good agreement with those predicted by the
Lazarus approach.

DOI: 10.1103/PhysRevLett.96.111101 PACS numbers: 04.25.Dm, 04.25.Nx, 04.30.Db, 04.70.Bw
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PHYSICAL REVIEW D 89, 081503(R) (2014) 20 by = 16.0M //’ 20}~ ber = 11.0M
Strong-field scattering of two black holes: Numerics versus analytics ' o \\\
Thibault Damour,' Federico Guercilena,™ Ian Hinder,” Seth Hopper,2 Alessandro Nagar,l and Luciano Rezzolla™” i 0 N
'Institut des Hautes Etudes Scientifiques, 91440 Bures-sur-Yvette, France B T
Max-Planck-Institut fiir Gravitationsphysik, Albert-Einstein-Institut, -10
. Am Miihlenberg 1, D-14476 Golm, Germany 0
“Institut fiir Theoretische Physik, Max-von-Laue-Str. 1, D-60438 Frankfurt am Main, Germany
(Received 28 February 2014; published 8 April 2014) =20 =10 0 10 20
We probe the gravitational interaction of two black holes in the strong-field regime by computing the
scattering angle y of hyperboliclike, close binary-black-hole encounters as a function of the impact 20 20
parameter. The fully general-relativistic result from numerical relativity is compared to two analytic ber = 10.0M bxr = 9.6M \
approximations: post-Newtonian theory and the effective-one-body formalism. As the impact parameter 10 10
decreases, so that black holes pass within a few times their Schwarzschild radii, we find that the post- = .- fgz o 3\
Newtonian prediction becomes quite inaccurate, while the effective-one-body one keeps showing a good = T e
agreement with numerical results. Because we have explored a regime which is very different from the one —tof -10 N
considered so far with binaries in quasicircular orbits, our results open a new avenue to improve analytic "
representations of the general-relativistic two-body Hamiltonian. 0 0 '\
=20 -10 0 10 20 20 -10 0 10 20

DOI: 10.1103/PhysRevD.89.081503 PACS numbers: 04.25.D-, 04.30.Db, 95.30.Sf x/M x/M
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PHYSICAL REVIEW D 96, 084009 (2017)

Gravitational radiation driven capture in
unequal mass black hole encounters

Yeong-Bok Bae,'*" Hyung Mok Lee,"*" Gungwon Kang,ﬂ"i and Jakob Hansen**
1Asl‘r{)n()my Program Department of Physics and Astronomy, Seoul National University,
I Gwanak-ro, Gwanak-gu, Seoul 08826, Korea
*Korea Astronomy and Space Science Institute, 776 Daedeokdae-ro, Yuseong-gu, Daejeon 34055, Korea
*Center Jor Theoretical Physics, Seoul National University,
I Gwanak-ro, Gwanak-gu, Seoul 08826, Korea

4Superc0mputing Center at KISTI, 245 Daehak-ro, Yuseong-gu, Daejeon 34141, Korea
(Received 6 January 2017; published 4 October 2017)

The gravitational radiation driven capture (GR capture) between unequal mass black holes without spins
has been investigated with numerical relativistic simulations. We adopt the parabolic approximation which
assumes that the gravitational wave radiation from a weakly hyperbolic orbit is the same as that from the
parabolic orbit having the same pericenter distance. Using the radiated energies from the parabolic orbit
simulations, we have obtained the critical impact parameter (b, for the GR capture for weakly hyperbolic
orbit as a function of initial energy. The most energetic encounters occur around the boundary between the
direct merging and the fly-by orbits, and can emit several percent of total initial energy at the peak. When
the total mass is fixed, energy and angular momentum radiated in the case of unequal mass black holes are
smaller than those of equal mass black holes having the same initial orbital angular momentum for the fly-
by orbits. We have compared our results with two different post-Newtonian (PN) approximations, the exact
parabolic orbit (EPO) and PN corrected orbit (PNCO). We find that the agreement between the EPO and the
numerical relativity breaks down for very close encounters (e.g., b.; < 100 M), and it becomes worse for
higher mass ratios. For instance, the critical impact parameters can differ by more than 50% from those
obtained in EPO if the relative velocity at infinity v, is larger than 0.1 for the mass ratio of m; /m, = 16.
The PNCO gives more consistent results than EPO, but it also underestimates the critical impact parameter
for the GR capture at by S40 M.

DOI: 10.1103/PhysRevD.96.084009
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PHYSICAL REVIEW LETTERS 132, 261401 (2024)

Ringdown Gravitational Waves from Close Scattering of Two Black Holes

Yeong-Bok Bae®,"*"* Young-Hwan Hyun®,>™" and Gungwon Kang®™'
'"Particle Theory and Cosmology Group, Center for Theoretical Physics of the Universe,
Institute for Basic Science (IBS), Daejeon 34126, Republic of Korea
*Korea Astronomy and Space Science Institute (KASI), Daejeon 34055, Republic of Korea
3Deparrmem of Physics, Chung-Ang University, Seoul 06974, Republic of Korea

® (Received 28 October 2023; revised 31 January 2024; accepted 14 May 2024; published 26 June 2024)

We have numerically investigated close scattering processes of two black holes (BHs). Our careful
analysis shows for the first time a nonmerging ringdown gravitational wave induced by dynamical tidal
deformations of individual BHs during their close encounter. The ringdown wave frequencies turn out to
agree well with the quasinormal ones of a single BH in perturbation theory, despite its distinctive physical
context from the merging case. Our study shows a new type of gravitational waveform and opens up a new
exploration of strong gravitational interactions using BH encounters.

DOI: 10.1103/PhysRevLett.132.261401
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