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Gravity



Relativistic Approach

To quantify how relativistic the object is, we can consider two dimensionless quantities as follows:
GM %
5 —_

Rc? C

Relativistic Objects

e Black hole: R = 2GM/c? (Schwarzschild BH), R = GM/c? (Extreme Kerr BH) -> £ = 0.5 ~ 1.
* Neutron Star: M ~ 1.4M_, R ~ 10km -> ¢ ~ 0.2.
P~ lms-> /0~ 0.2

e Jet: 5> 0.99.

Newtonian Objects
* White Dwarf: M ~ Mg, R ~ Ry -> & ~ 0.0003, S ~ 0.0003.

* Sun:M ~ IMgy, R~ 1.4x10%m > &~ 107° < 1.




General Relativity

Space-time tells matter how to move, matter tells space-time how to curve.

~

by John Wheeler
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General Relativity

N
Space-time tells matter how to move, matter tells space-time how to curve.
by John Wheele

,
/ ' ] |
| 1.4M, neutron star

Geodesic Motion l

d?x° . dx? dx©

dr2 Lbe Jr dr 0 ' 1.67 x 10°7 neutrons l

{== ' 1 second for geodesic motion l

[ )

Age of Universe
' 5.302 x 10% years l p>=
1.38 x 10° years

N —







General Relativity

a )
Space-time tells matter how to move, matter tells space-time how to curve.

by John Wheeler

z _J

Va Tab

Tab =,00h1/taub+Pgab, Ja poua

0V J=0

S~

P

rest mass fluid density

P : gas pressure

h:

4 - four-velocity of the fluid

specific enthalpy

Conservation of Energy/Momentum

Conservation of Mass




What is a Star?

Pressure Hydrostatic Equilibrium Gravity
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Pressure



Thermal vs Degenerate Pressure

Thermal Pressure Degenerate Pressure

characterized by kinetic motion characterized by quantum states



Fermi energy state

In statistical physics, the distribution function of and ideal gas in equilibrium

Wi 1
Fermi - Dirac statistics \Bose - Einstein statistics

J(E) =

Completely degenerate fermionie., 7 — 0O

u is called the Fermi energy.

J(E) =

J(E)
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Equation of State by Electron Degeneracy

4.5 - 1-
Tm, c L/ 1
P = he3 xF(1+x§)2(§x§—1)+ln xp+ (1+x7)7
8rmic® [ 5 5
= Xp——Xp+—x.+ | for xp<1 . non-relativistic limit
153 [F 147" 247F :
2amicd | 3 _ | e
— 3];3 x;& — xlg + Eln (QXF) T ... for x,> 1 > ultra-relativistic limit
Recall that p, = m, cx ~ nel/3 ~ pl,

Above asymptotic limit of the pressure gives polytropic equation of state i.e., P = Kp' = Kp!*/N

" = — : non-relativistic

" = — : relativistic

W]~ W[
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Equation of State beyond Neutron Drip

Up to neutron drip density:
Relativistic electron degeneracy

pressure (P ~ p*?)

33
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|

|

~ neutron drip

T 1

I | | | | l I |

I B I

Illill

12 13
lg p [g cm™3]

14

Neutron degeneracy
pressure

Douchin & Haensel (2001)
a.k.a. SLy EoS



Neutron Star Equation of State

EoS Composition and model Reference
BPAL12 npeu, effective nucleon energy functional Bombaci et al.
1995 [82]
BGNIHI npX AZeu, effective baryon energy functional =~ Balberg et al. [47]
BBBI1 n pe, Brueckner theory, Argonne NN plus
Urbana NNN potentials Baldo et al. [52]
FPS npe, effective nucleon energy functional Pandharipande and
Ravenhall [323]
BGN2HI1 npX AZeu, etfective baryon energy functional =~ Balberg et al. [47]
BBB2 n pe, Brueckner theory, Paris NN plus Urbana
NNN potentials Baldo et al. [52]
SLy npeu, effective nucleon energy functional Douchin and
Haensel [136]
BGNI1 n peu, effective baryon energy functional Balberg et al. [47]
APR npep, variational theory, Nijymegen NN plus
Urbana NNN potentials Akmal et al. [26]
BGN2 n peu, effective nucleon energy functional Balberg et al. [47]

Equation of states based on the non-relativistic modeling.



Neutron Star Equation of State
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Stellar Structure



Equilibrium Structure of Star

Fluid equation (Euler equation).

dp

1. Continuity Equation: - FV - (py) =0
t
2. Momentum Equation: pa— +pv-Vv+ VP =—pVO
t
. de P_ _
3. Energy Equation: pa— +v-Ve+—V-v=0
4 p

For spherical star (non-rotating, non-magnetized), LHS of 1. Continuity and 3. Energy equation is O. The remaining

equation is 2. Momentum equation and can be rewritten in spherical coordinates as

rr

dP GM ) 1 d [ r*dP
- _ r where M. =4n nNredr # —_— = — 472G




Lane-Emden Equation

Ld (rdp 47G Polytropi tion of state: P = Kp! = KpltN
= —4rx olytropic equation of state: P = —
r’dr \ p dr P YHOPIE €8 P P

This equation can further be reduced to dimensionless form by writing

(N+ 1) Kpy~!
dnGG

1/2
p=p0" r=af a= [ ] , where p . is the central density.

1 4 <52ﬁ> — _ QN Lane-Emden Equation
§>dé \" dE

do(0) B
dr

Boundary condition: (0) = 1, 0.

Analytical solutions are available for particular N values (N=0, 1 and 5)

sin &

1
For N=0 Q(€) = 1 — —E&2  For N=1 Q(&) =  For N=5, (&) =
or (&) 65 or (&) : or (&) \/1 TR



P/Pc
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0.4

0.2

Solution of Lane-Emden Equation

L ZZ
i1 i
O1—= 0

1. Conventionally, the equation of state is
e hard (stiff) when 1 is large or N is small.
e soft when ] is small or N is large.

2. Density gradient with respect to £ is

e small for hard EoS.
e |large for soft EoS.

3. Recall that the EoS of relativistic degenerate gas
(N=3) is softer than that of non-relativistic gas
(N=1.5).

e Relativistic degenerate gas can form more compact
star than non-relativistic counterpart.

4. N=5 solution can extend to infinity while the total
mass of the solution is finite.
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Mass - Radius Relation
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A star dominated by degenerate pressure becomes smaller
as the mass of the star increases. This is the opposite of
common sense that we generally know. (N<3).

~




Stability of Compact Star

Turning point method: A star is unstable with respect to any mode of radial oscillation when

oM (p.. oM (R
('0 ) < 0. Or equivalently, (R) > 0
op, OR

Linear stability analysis: This method linearizes the hydrodynamic equations and finds out oscillation frequency
(w?). A star is unstable when

w? <0,

where all the perturbation can be written as §f(¢, r) = 6f(r)e'”".



Richard
Tolman

Equilibrium Structure in GR

TOV Equation

| +—
pc?
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SgIAEH =sEH S &S

Robert George
Oppenheimer Volkoff
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= 47r’p




Rest Mass Density (p,)

0.0014

0.0012

0.001 ¢

0.0008

0.0006 r

0.0004

0.0002 r

Solution of TOV Equation

Solution of TOV equation using polytropic equation of state with N=1, K=100.

o 1 2 3 4 5 6 7 8 9

Radius (r)

Mass (in Solar Mass)

1.6

1.4
1.2

1|
0.8 r
0.6
04 r
0.2

1 2 3 4 5 6 7 8 9
Radius (r)

10



Density (g/cm3)

Realistic EoS

1e+015 , ' | | |
1e+014 _ ------ :|_-7-.-1-()-1"?1 g/cm3 -------------------------------------- _
1ex01S ¥ inner crust -
1e+012 | :
: -------------------- r;e-u-tr-o-n-d-ri-p-d.e.n.si-tQ """""""""""""""""""
1e+011 | :
- outer crust
1e+010 | :
1e+009 | )
' APR 1.4 Mg,
1e+008 | ;
i APR 2.0 Mg,
1e+007 )
1e+006 ! 1 1 I \
9 9.5 10 10.5 11 11.5 12

R (km)

Image from Bauswein (2006)



Po (9/ Cm3)

Different EoS

1.4 solar mass neutron star with various EoSs

16
2.2 —
1x10 | APR1
1x10" | -; | SN SLy
| @ 16 \ WFF1
1x10'3 | | = 14
j | 5 12t
1x10'2 | | 3
| | 2 17
1x10"" | \ | 8 o8]
o | PAL6 _; 0.4 1
1x10 S|_y 02
o [WFF1 :
1X1O | | | | | O | | | | | | |
0 2 4 6 8 10 12 7 8 9 10 11 12 13 14



M-R Relation in Various EoSs

Maximum Mass of NS
observed up to now

8 10 12 14 16
Radius (km)



M-R Relation in Various EoSs

Recall that
. Vertical line follows N=1 polytope in Lane-
M (R) — 47RT=N W+ DK =V gf(g) Emden Solution
47TG > > /
“ 3
=
%
O
-
l<N<3
N<1 4/3 <1 <2
['>2

8 10 12 14 16
Radius (km)



Models of Rapidly Rotating NS

e Rotating star (2D structure) depends on r, z (or theta) coordinates.

e Integral representation of equilibrium equation (see previous lecture and homework, it is also known as Self-
Consistent Field Method).

e Hachisu (1986): Newtonian

H+® — |Q*RdR = C.

e Komatsu, Eriguchi & Hachisu (KEH, 1989), Cook, Shapiro & Teukolsky (CST 1992): GR
Metric: ds?* = — e?*dt* + e** (dr2 + rzdﬁz) + e?Pr?sin’ 6 (dgb — a)dt) 2,

- . 2 " 2 dQ
Integral equation: InH +v+1In (1 —v?) + |v
)] Q-w
1 1
: : k=100, N=1 | ' k=100, N=1 1 , , e
pomax=0.001 0.001 pOrnax=.|x10-4 1e-04 ™20 001
0.8 - 1 ® 0.0008 0.8 — 7 B 8e-05 08 2 -
0.0006 | 6e-05
0.0004 0.6 — = 4e-05
0.0002 56-05
0.2 -
0o L |

0 0.2 0.4 0.6 0.8 1
r'r




Limits in Rotation Speed

0.001 - In SCF method, rotation speed is to be controlled by
axis ratio (ratio between the radius at equator and that
at rotation axis).

0.0008
- One can obtain more rapidly rotating stars by

decreasing the axis ratio. No equilibrium body can be
0.0006 found when

Q> Q,
0.0004
where Q. is the Keplerian angular speed. It is also
known as mass shedding limit.
0.0002

- Maximum rotation limit of the model also gives a
constraint of EoS.




Dynamics



Two Approaches in Hydrodynamics
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Fulerian Observer

e

-

e Eulerian observer stays at rest in Newtonian hydrodynamics.

~

\_

e |n general relativity (3+1 formalism), Eulerian observer is an observer who moves normal to the hypersurface.

e Zero Angular Momentum Observer (ZAMO) is an example of the Eulerian observer in Kerr geometry or rotating
star.

_J

-

\—

~

- The 3-velocity of the fluid measured by the Eulerian observer can be expressed as a ratio between spatial
projection to normal projection of the 4-velocity.

a4 )
l‘ .
i }/ﬂuﬂ L ’Bl 3\t +dt)
Yy = = — 4+ —
— 1, ut au'! «a

iz



Hydrodynamics in General Relativity

( )

The general relativistic (magneto-)hydrodynamics equations consist of the local conservation laws of the the matter
current density and the stress energy tensor (Bianchi identity, energy & momentum conservation).

_ J

V=0 V=0

( )

~

Baryon number conservation or total mass conservation

Spatial projection gives momentum conservation equation

;/.”VMTf = ()

l
V,(pu*) =0 - | |
Normal projection gives energy conservation equation

n*V,T; =0




Flux Conservative Form of Governing Equation

Hydrodynamic equation in 3+1 formalism.
It is also known as Valencia formulation (Banyuls et al. 1997).




Numerical Solution Strategy: Finite Volume Method

(..

Finite volume method enforces the
local conservation of the fluid
conservative quantities in an control

~

control volume).

\

volume.
\_ _/
( . . . \
The conservative quantities on each
grid represent the volume averaged
quantities.
\_ .
([ )
Fluxes are evaluated on the face of
the mesh (interface between the

control volume

cell interfaces

domain
boundary

/

E:

grid vert
- ,
0 _ JAV \/}_/Ud3x
| Ay yd3x
\

TN NN N NN A

cell center/
solution




Conservative form of
the equation

Volume integration
over time and spatial
volume gives:

Final form of the
numerically adapted
equation

Solution Strategy

<WFZ>
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Numerical Simulation



PG (t) — pg*(0)] / pi*(0)

[P5 (1) — pg***(0)] / pg**(0)
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0.005

-0.005

-0.01

0.01

0.005
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-0.01

Stationary Star

Non-rotating star

| |
65 x 65

129 x 129
257 x 257

4 6 8 10
time(ms)
| |
65 x 65
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, L P P ) i . \ ' \
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R =1.94x10"7 —
| | |
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[0 (1) = P (0)] /> (0)
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Rotating star

| |
65 x 65

129 x 129
257 X 257 = —

— R =3.95x 106 —
| | I
0 4 6 8 10
time(ms)
| |
65 X 65
129 x 129
— 257 X 257 = ]
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| I |
0 4 6 8 10
time(ms)

Kim et al. (2012)



[P (0) = P <(0)] /0§ (0

0.01

0.005

-0.005

-0.01

Stationary Pulsation Mode Test

[ Radial oscillation modes of the spherical star ]
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[Fourier Transformationj

Kim et al. (2012)



Structure of the Relativistic Vortex

5 — 5

4 4

3 3

2 o |

Lorentz

1 Transformation 1 |

0 ——) . ()
_1 - _1 |
_2 — _2 |
_3 - _3 _
4 4
5 | | 5

-5 -4 -3 -5 -
[ . . . ) a . . )
Density profile of the RMHD vortex in the Density profile of the boosted
rest frame of the vortex RMHD vortex
e ——————————————————————————————————

Balsara & Kim (2016)



RMHD Vortex Movie

Time = 0.0

Density X—component magnetic field

-6 -4 -2 0 2 4 © -6 -4 -2 0 2 4 ©

Balsara & Kim (2016)



Accuracy Analysis

Hydrodynamic Vortex MHD Vortex
10" 2 10
107 | - 10 F -
10° F i E 10°F :
@)
-
10% F {1 T 0%k §
107 k- 2”3 order —+— - 105 k- 2”3 order —+— -
3, order —— - : 3, order —<— -
6 4" order —* 5 4" order —*
10 > ""'1 ' 10 > ' ’ """'_1
10 10 10 10
AX AX

[ L norm ~ (Ax)n, n is the order of accuracy ]

[ Our code is matched with the desighed order of accuracy. ]

Balsara & Kim (2016)



RMHD Vortex Interacting with a Shock

Post shock region

\

[ ] h
Stationary /2/

Shock

p1 < P2

) Pre-shock

> () [region

P, <P,
D1 > D2

W S~ O D N OO O

Balsara & Kim (2016)



RMHD Vortex Interacting with a Shock

Time = 0.0

Density Lorentz factor

Balsara & Kim (2016)



Relativistic Jet Propagation

Jet to ambient density ratio = 0.01 Time = 0.0
Log1op

Mach number: 6

10

Lorentz factor

10 6

4

2

0 10 20 30 40 50
~ Balsara & Kim (2016)



Recent Works
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Kim et al. in preparation



Accretion Disk around BH and Launching of Jets

time = 0.00

100

80

60

40 |

20

Kim et al. (2017)



Three dimensional simulation

DB: output.xmf DB: output.xmf
Time:7739.83 Time:/7739.83
Pseudocolor : Pseudocolor :
Var: Density Var: Density
.500.0 .1932.
— 10.57 —91.22
—0.2236 —4.307 -
100 - 100 -
— 0.004729 02034
lo.oomooo .0.009000
Max: 1932, Max: 1932,
Min: 0.009602 1 Min: 0.009602
oo . ¢ i o .
N ) J

-100 - -100 -

T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
-100 0 100 -100 0 100
| S

Preliminary result using KISTI Nurion with 28,000 cpus



Pulsation of Rapidly Rotating Neutron Star
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Kim et al. in preparation



Self-Gravitating Disk around NS

1071 107° 107° 1077 107° 107> 1071 107° 1078 1077/ 107° 107>

| ]
4EEE >
Self-gravitating

Self-gravitating

8 Non self-gravitating

0 2 4 6 8 10 12 14

Non self-gravitating

Kim et al. (2024)



Adaptive Mesh Refinement (AMR)

Credit: Chombo webpage



Refinement Level

1.2 |
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Shocktube with AMR
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Vortex interacting with shock
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Kelvin-Helmholtz Instability




Comparison: Advection

B AMR B Uniform grid

Square

Circle

0 1.5 3 4.5

Elapsed time (second)



Relativistic Ray-tracing with GPU acceleration
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