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Calculation makes concepts fruitfull

- Jan Muchi










Néherungsweise Integration der Feldgleichunge
der Gravitation.

Von A FKixsrrin.

Approximate Integration of the Gravitational Field |
Equation

B«'fi der Behandlung der meisten speziellen (micht prinzipiellen) Probleme
auf dem Gebiete der Gravitationstheorie kann man sieh damit M-;.;n[igen,
die g, , in erster Niherung zu berechnen. Dabei bedient man sich mig
Vorteil der imaginiiren Zeitvariable x, = if aus denselben Grinden wig
in der speziellen Relativititstheorie. Unter »erster Niherungs ist dahel
verstanden, dali die durch die Gleichung
v und v . niecht beliebigen, sondern nur linearen, orthogonalen Sube
stitutionen gegenither Tensorcharakter besitzen.
Plane Gravitational Wave
2, Ebene Gravitationswellen.

LT o ————

Aus den |.&'wic.'3‘|m|_.':s.*:| 16) und (g) folgt, daB sich Gravitationss
felder stets mit der Geschwindigkeit 1, . h. mit Lichtgeschwindigkeit.
fortpflanzen. [Kbene, nach der positiven x-Achse fortschreitende Gras
vitationswellen sind daher durch den Ansatz zu finden

Yoo = &, [T, +it2x) =a, flx—1I). (15

Dabei sind die « , Konstante: f ist eine Funktion des Arguments
r—1t. Ist der betrachtete Raum frei von Materie, d. h. verschwinden
die T_,, so sind die Gleichungen (6) durch diesen Ansatz erfillt. [Die
Gleichungen (4) liefern zwischen den « . die Beziehungen

&, 4+, = O
2, +ia, =0
& . +id.. 4
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1. Propagation of Gravitational Waves

1.1. Linearized Gravity Solution

Assuming: g, =1, + ", where | |1, || < < 1,
then we compute the Christoffel symbol in the order of O(h):

1
[ = 58 “U0.8pa + p&ac — 0a8pe)

|
— E(Had — had) [ac(’/]bd + hbd) + Ob(ﬂdc + hdc) o ad(nbc + hbc)]

1
— Eﬂad(achbd + 0bhdc — adhbc) + @(hz)

1 a a a
za(achb+()bhc—ahbc)

Next, the Riemann tensor can be computed:

Re =0TI% —o,% + O

ny

| 1

Eac(adhab + 0’y — 0%hy) — Ead(achab + Oph'. — 0%hy,)
1
2 (0.0,h% + 0,0°My,. — 0.0°hyy — 0,0,h°.)
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The Ricci tensor and the Ricci scalar are:

R,,=R = 5 lﬁaébh“d + 0,0, — [h,,; — 8d(3bhaa] 'Ref) d’Alembertian operator |

_ ab _ at,C — abaa =iaz_vz
R—g Rab—acaha— h g a”’b sz

The Einstein tensor:

1

1
0.0,h¢, + 0,0°hy,. — (Dhy;, — 0,0,h| — Er,ab(acadhcd — k) + O(h?)

= 5 <acabh Ca T aaachbc _ hab _ aaabh — nabacadh Cd T Nap h>




1.2. Trace-reversed Perturbation

Weset: h, = h , — E”abh’ then we get: h , = h_, + Eﬂabh’ and the Einstein tensor becomes:

1 _ 1 _ 1 _ | _
Gab — 5 [acab (hca + Eﬂcah> + aaac (hbc + Eﬂbch> - (hab + Eﬂabh> + aaabh

—1 0.0 iz"d+l cdp ) + h
Hap9c9g 2’7 Hab

1 _ _ _ —
p— 5 (acabhca + aaachbc - hab T nabaCadth)

1.3. Gauge Fixing
Consider a general infinitesimal transformation as x4 =x%+ &% then

B ox¢ ox? B ox¢ ox?
b ox'a gx'b Sed = oxe oxb

8ap =N, + 1, Neq T+ D)
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This yields:
cd + hcd — (5ac + acgal)(ébd T adgd)(ﬂc/zb + hc,lb)

= g+ 0Ly + b+ hly+ O h)

Then we have: Ny = Moy — 20,85
Therefore, the trace-reversed metric is transformed as:
hiy = iy — %”abh/ 1
= Ny — 20(45p) — Enab(h —20°¢,)
= h,, — %ﬂabh = 20(,8p) + Nap9°6,
= oy — 20(,Ep) + N0,

Taking derivatives in both sides yields: 0°h/, = 0°h,, — []&, : whenever we choose 0°h,;, =

we always put into a Lorentz gauge as aa}_lab — O
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In this gauge fixing, the Einstein tensor can be expressed as a simple form:

|
G,=——[1h
ab N ab

1.4. Linearized Einstein Equation and Plane GWs

The vacuum Einstein equation (Tab = () in a Lorentz gauge is

h, =0 (wave equation)

The equation has a plane wave solution of :

h, (X, 1) = Re [d%Aab(%)ei@f—wﬂ

Plugging the solution into the equation yields k“k, = 0, meaning that k“ is a null vector propagating

with the speed of light. e
Ref) k%, =k%,—k-k=w

-

——
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The Lorentz gauge condition,

0°h_, = 0“Re Jd%Aab(lZ)ei@f—wﬂ

_ 3 N\ Qd i(z-)_c’—a)t)

' a() , i(k-X—wt) : implying that A, is orthogonal to k“

-0 o * A, = A,, for the symmetry of the metric

1.5. Transverse-Traceless (TT) gauge
Consider a wave propagating in the x>-direction, then we have k¢ = (k,0,0.,k), k, = (k,0,0, — k)

The Lorentz gauge condition yields KAD — kAP =0 : AV = A9

Therefore, the amplitude matrix becomes:
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Only 6-independent components!

AD = A

4-constraints!

The symmetric tensor has 10 components!
16-6 (symmetric) = 10

The Lorentz gauge has additional four degrees of freedom by choosing £“ : 0°h,, =[1¢&,

Recall the trace-reversed transformation:
ﬁ/ab — ljtab — 0a§b — abéa + r]abacéc A/ab — Aab — kaeb — kbé‘a + r]abkcec

where assuming: £ = — Reliee i)

Alor = Agy — kgey — ki€g + 11g1Kk°€,. = Agy — ke €0 = (2Agg + Ay +A)/4k

Aoz = Ay — ko€z — kpep + 1ok e. = Agy — ke, » [ e, = Agi/k
A=Ay —key - ke ke = Ay — k(eg — €3) l €, = Agy/k

Ay = Ay — kj€y — ke +1pke. = Ay
A/22 = A22 — k2€2 — k2€2 + 7’]22kc€c — A22 — k(€0 — 63)
14



This is nothing but : i, = 0 (3) and h%, = 0 (1), which is called transverse-traceless gauge (TT-gauge)

So remaining degrees of freedom is only two! Then the matrix is:

0O O 0 0
0 All A12 0 . b . .
0 A2 _all § =Ale® + Al2eb = A €9 + A, e8P
0 O 0 0 0O 0 O O 0O 0 0 O
a O1 0 O a O 01 O
where € +b — 00 —1 0 and be = 01 0 0
O 0 O O O 0 0 O

Two independent polarizations!

Summary: GWs
1. Propagating with speed of light

2. Two independent polarizations
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1.6. Geodesic equation of a moving particle

Let us consider two particles with a separation vector s* in the presence of GWs in order to see the effect

1
of GWs. The metric is (ds)* = 8,,dx"dx" and the proper time 7 is given by (dr)? = > (ds)?.
For a fixed two points A and B, the proper time is

B B B Ak
TAB = J \/—(dS)2 = J \/—gﬂydx”dx” = J doL [d—,X’u] :
A A g

A

Then the Euler-Lagrange equation determines the geodesic trajectory of a moving particle as

d 0L 0F .
do \ d(dx?/do) oxe«

1/2
& _ dx® dx”
B Sap do do |

16

where the Lagrangian is




Precisely,

and

— —
d(dxr/do)

In addition,

0L | ) dx® dx” B | ) (df)z dx® dx”
ot 2L ASap do do 2% ASap do dr dr
- Z ) dx® dx” T
) ASap dr drt
0L

2L [ dx” dx* 1 dx? dx® 1 dx®
—5}? : 5}, — g}/ﬁ | gay — ga
gqap \ do do A do do LY do

d 0L d 1 dx? dr d 1 dx? d dx?
= 7| S8 — _gayg = Z— Eay
do \ d(dx?/do) do \ & do do dv \ & dr dr dr
%
dx” dx“] [ o
= <

S g2

1
| 5 (0580y + 9485,

.
poay dr dr

dx? dx®
dr drt
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Together with all these, the Euler-Lagrange equation is

d( 0F ) 0F
0= |

do \ 0(dx"/do) ox?
d%xH dx® dxP
1 dxP dx® =Tl o
B Sa dt? : 2 (Op8ar F Oupy ~ Or8ap) dr dr
—
=0
Then,
o i | 1 dx? dx® B
87 %I &ay dr? 2(aﬁgay+ Qa8fy ~ Or8ap) dr dr |
d’x° | 1 53 3 3 dx? dx® 0
= de | 28 ( ﬂga}’_l_ agﬂy - ygaﬂ) dr dr o
=1:gﬁ J
d2 o d p d a Geodesic Equation - Differential Geometry And Structure Of Spacetime T-Shirt
Therefore, the geodesic equation is * [° rar () Physice T-Shire/ designed and sold by ScienceComer

a2 P ar dr $22
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https://www.teepublic.com/user/sciencecorner

1.7. Geodesic deviation

Consider the small deviation from the geodesic motion as x* — x* + ¥, then the geodesic equation becomes:

2

d—(x” + &) + 17 (x + @i(xy + fy)i(xp + &)

dt? v dt dt

d’xt  d?EF 1 [ dx* d& dx’  d&P
= | + |17,(x0) + &°0, 17 | |

de2  de2 L7 )+ 8701, (X)- ( dr dr ) ( dc dr )

2 v 2 v v v
_ d“xH oY dx" dx” : d-&t oY d&v dx’ Y dx” d&’ t£00 T dx" dx”

dt? Pdr dr dt? P dr dr Pdr dr Pdr dr

-~

2 U U
_ d-c" L OTH dx” dg” - £99 T dx” dx” -~ Now defining the covariant derivative as:
dz? P dr dr " dr dr |
(*) Dr dr
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We can compute:

y d&¥ dx?
P dr dr

D?E*  DVH V¥ dx”
= = IV —
D12 Dt dr dr
7 p
:i<d(§ﬂ - ”dxp)+F‘,j dE ﬂfadx dx?
dr \ dr P dr P\ dr dt dt
2 v p
- dgr +_ X dep ny d&v dx’ oY gadx dx”
dr?2  dr P dr P dr dr p “ﬂ dr drt
2 U 2 U
_ d“&E* I éydxp oY, d&¥ dx” oY, dx? I d&¥ dx”
dr? dr P dr dr P2 dr? P dr dr
2 U o 1
_ d-&t : e dx” oY d&v dx’ F” vy dx” dx :
dr? dT P dr dr of dr dr
( *2*%-5——-——--- o & 7 p
_ d-&" . o I 51/0’ dx’ . Fp fyd dx
dr? P° dr dr dr dr

Plugging thisinto ()
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Continued from p.18:

_ D 529 T de dx? o, At X dxP [H v g dxl dx”
- D2 > dr dr T dr ode Y dr dr wrRabE dr dr
B D?EH | dx” dx’

FEO (0 T — 0 THop + TH T —TH I

Dt? o oh P ap O] dr dr
Y, J
D?EH dx" dx”
= FEOR),, =0
Dt? dr dr

Finally, we get the geodesic deviation equation:
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1.8. Gravitational Wave Polarization
a

Now we set the velocity v = = (1,0,0,0) and the separation vector s between two points (a=1,2):

dt
D?s%  9%s“
And assuming the slowly moving particles yields: ~ , then we have:
Dz? or?
0’5" L4
P K604

In the TT-gauge, the Riemann tensor:

1
R =7 (990 TT+()}9{T- aoa/gj a@,/

. A27,a 1T
= —o2he,

Therefore, we have:
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1.8.1. Plus Polarization: A, = (

assuming s1(t) = s1(0) + 8s'(f), where ||s'(0)|| > > ||5s'(?)]]

()2 | ()2 : aZ 1 1 1 62 'k O 1 1 ( 1 ik x°
Y 1a_-1Y ik_x° — 551 ~ —s1(0)— (A . etox s H)=sO) 1+—=—A,e"
dtzs —2S — (A+e ) » = s (1) 2S( )0t2( e ) » >4+
0° 1 0? 1 0> | 1 ..
2 2 2 2 ik_x° 204 — o2 O ik _x
—§ = — =5 —05°(t) ~ — —s“(0)— (A e »S(f)—S(O)(l Aea)
or2 2" or p W=7 ()ar2< ) 2 7
@ O @ @ @ @ .. e ® © o 4 '.
. o
@ L
Plus Polarization of Gravitational-Waves * . o *
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1.8.2. Cross Polarization: A, = ()

In the similar way,

1 .
'(0) = 51(0) + 5 5% 0 e e e
2 2 1 1 ik_x° ’ ’
s°(t) = 57(0) + —s (0)A,e™ o c
2 . *

OROIABNO

Cross Polarization of Gravitational-Waves

1.8.3. R-Polarization

Circularly polarized mode defined by {E}ﬂ Q}_, @ . Q . {E}
1 1 v,

hp = (AL +1AY), h = (AL —1Ay).

V2 V2

R-polarization
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2. Generation of Gravitational Waves

2.1. Einstein Equation with Gravitational Wave Sources

Consider the linearized Einstein equation with matter source as: hab = I,

, which has a solution of

_ 162G
hab(xc) — J

Green’s function satisfying:

CG(x€ = y9) = 6D (x¢ — y©)

We define the retarded Green’s function for considering the causality as:

1 1 - -
G(x‘ —y©) = — 5(—\x—y|—(xo—y0)>®(x0—y°)
dr|x — V| C
where the Heaviside function is and the retarded time defined as:
0 _ 9 = L =t——|X—y|l=x"——|x—
O(z" — ") {O (if 20 < 40) , C\ Y C| Y

25



Assumptions:

1) The GW source is isolated and composed of non-relativistic matter

~ 2) The GW source is fairly far-way from the detector (Earth)

Then we have a Fourzer transformed GW solutlon as:
Recall Fourter Transformatton

l H(w,X) = \%Z Jdteiwt¢(t, X)

~ 1 .
hab —_ Jdtela)thab(t, .;C))
\/ 21

s JdtJd3 L7 (t ll* V| *>
ye' S dap \ P AT VLY
c\/2m X — V| C

4G = |
[dt Jd3yezwt 2= - _)‘ ab( y)

64\52' | X —y

X — )

4G o | . .
- _4 J'd3y e—> — JdtrelwtrTab(trﬂ y) — 4—G
C X =Y \/2x ct

=T ,,(®.y) by above assumptions

20



We, therefore, have:

}:lab(a), )—C)) —

Applying the Lorentz gauge, then one finds:

J d3ye‘iwt;t“b(w,§)] ) J d’yo, _e_iwt}:’ab(a”y )_

0.h*t,X)=0=0,
\/ 271

Then we get: 0,(¢'h%) + 9,(e"hi®) = 0

Equivalently, . 1 - ~ ~ . =
1 7 K = —oh'® the recursive relation: i’ « h'¥ « hY

16

This means that we only have to know about the spatial component of hij’ then from the recursive relation, we

can get all informations of the metric. So, we only focus on the spatial component of the source, /;;
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2.2. Quadrupole Formula of GWs

Consider: *, Energy-momentum conservation:

Jd3yle(w,§) — |'ak(y' deaﬂ (eia)tTﬂl/(a),y))

10, o o N Quadrupole momentum tensor:
=5 Jd3y 0,(y' YT —vy'y/o, T
=b (surf;ce terr;l) ¥—ia)y7ijOOJ jzj(t) = Jy iijOO(ta y )d3y
w” - GFT i j 7000, =

28



We, therefore, have:

~ 4G eia)r/c - G eia)r/c ~
=\ 3 o\ 2
hiw,x) = VR [d yI(w,y) = v 0, - S ()
The strain tensor in the time-domain can be obtained by the inverse Fourier Transform as:
_ 1 =
h(t,X) = dee‘lwthi-(w,f)
] \@Z’ ]
2G 1 o N
— dee—lwtezwr/chJZJ(w)
cr \/ox
2G 1 d . .
— da)—e la)tela)r Cjij(a))
ctr \/orx dt? B
, ' The quadrupole formula
_ 2G d 1 J dw e~ 7 (@) | of the GW strain tensor
ctrdt* | \/og -V ,
=22 )
A1, X) = e
_ 2G d? (1) / ctrdrz Y
chrdi? V7 ’
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2.3. Energy Loss from Gravitational Radiation

2.3.1. Weak Field Approximation

We assume the weak field approximation of the metric as g, =

TT-gauge frame. Then the Christoffel symbols are:

N+ Ny, keeping O(h?) and work in the

uv?

1 1
re, = > ﬁ(ayhﬂﬁ +0,hy, — d4h,,) — Eh ﬁ(ayhﬂﬁ +0,hy, — 0gh,,)

The Ricci tensor is:

1 1
— a __ ¢4 p1ra 1P 170 _ 04
R, =01, —0ol,+ FMUFﬁ Fﬂarﬁy =—n*0 (0 h 5+ 0l — 05h,) — _%ayhﬂﬁ +0,hg, — 0gh,,,)

2

+—0,h*(0,h, 5+ 0,4, — Oph,

1%

2 _nﬁ"(ath + (3 h,

,—0.h

o' ‘uv

) — hP°(0. h +0,h,

V' 'Uo

,—0.h

o' ‘ua

y _nﬂff(aahw +0,h,

) — h"°(0,h,, + 0,1,

a' “uUoc

30

—ah )

2

I
——h0,(0,h, 5+ 0,hy, — O4h, )= P0,(0 1,5+ 0,hgy — 040,

1
)+ zh“ﬂa (Oghy 5+ 0,150 — Oghy, )

Yo'y

—dh

0,1y, + Ophye — 0 150) — W (0,hy, + Oph — 0, 10)

o ,ua)

19,y + gl — O hg,) = KO,y + Ihy, = O,hs,)




Consider the vacuum Einstein equation, R/w = (), to the 2nd order perturbation, then

— _ h h?
0=R, =R/+R)+R

So we have:

G
(h) — _ ph*) —
Rpw = R/w = Ly

This term can be interpreted as the first-order perturbation term of h in flat space being affected by the
second-order perturbation term. In other words, by interpreting the second-order perturbation term of

h as energy, we can describe the energy term where the influence of the first-order perturbation term of h

is stored.
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Now we consider:

1
RS = ——h*0,(0

I I
; JH0,hs, — 0h, )+2ahﬁ(aa hup + Ouhipe = Ophya) + = P0,(0,1, 40,5, — Oghy, )

1 1
_|_Z,7ﬁ0,7ap(ath +0,h,, — ()Gh/w)(d hg, + 0gh,q — 0 hﬁa) — Znﬁanaﬂ(aahw + 0,1, — 051,0) (0,15 + Oph,, — 0 hg)

=0, resp.: h, O or 0, h“ﬁ—{)
I I I I I I I
= ——h*0,0,hs, +—=h*0,04h,, +—h*0,0,h,; — —h*0,05h,, +—0,h*dh, 5+ —0,h*0 hs, — —0,h*0sh,,,
2 2 2 2 2 w2t 2

1
=119 (000,015 + 0ol = 0ol + 010 s+ 0,0, = O,y s, = OulO, = OulOh, + Ohd, s,

4 a’ “Uo a’ “Uo a “Uo-p u o uoa~p o U o “uarp
= —h*0_ 0, h lh“ﬁa 0.h lh“ﬁaah lah“ﬁah lah“ﬁ’ah lah“ﬂah
= - uyp T By T 51770,0 s+ 0,170, fa ~ A B,
2 2 2 2" 2"
| =0, I, adph’,
- ol f f a __r _ _ a a
+0°h,,0°h, = 0°h) 0 hg, + 9, "0, h+ 0", 404h% + 0Ph, 0% hy,

=0’ h;ﬂdyhﬂp =0’h ﬂa h :aphﬂaaahpu

u “pttpy
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= — h*0 0, h +1h“ﬁaah +1h“ﬂaah +lah“ﬂah
o (u"v)p o) P o) vtap o a’“pup

I I I Ly L.,
+—0,h""0,hy, — — 0,h*Po4h,,——0"h,,0°h,, + —0"h [0 s ——0,h" 0, h"
2" 2 2 2

41 H-oa’v®p

=ayh“ﬂaahﬂﬂ

= —h*9 0, h +1haﬁaah +1haﬂaah +1()h ah“ﬂ—la“h o’h, +l PAo%h .0 h
= W'p T 5 Pl T 5 ap T " Ou'tapOy > ¢ 2’7 urallpy

u’v

2.3.2. Averaged Bracket

We wish to interpret 7, as an energy-momentum tensor but there are some limitation unfortunately
since it is not a tensor in the full theory and not invariant under gauge transformations (no
diffeomorphism symmetry). Thus one way of circumventing this difficulty is to average the energy-
momentum tensor over wavelengths. Since it has no diffeomorphism, it is difficult to choose an
appropriate Riemann normal coordinates to measure an energy-momentum tensor that is purely local.
However, we might choose enough physical curvature in a small region to have an gauge-invariant

measurement by averaging over serveral wavelengths. In this sense, we introduce an averaged bracket

such that " ”'
<A>=| dx'A and <dA>=| dx*9,A=0

Jall Jall

33



Now we finally obtain:

1 1
<R[ >=- 7 < 0,h0 ;> -5 < nP*h,, O hy

L, >
0
__ 2 < 0,h*0 h_,>
o 4 H Vo
Therefore, the averaged energy-momentum tensor:
_ _ c* ") « _ c* afy 1, TT
t,=<t,>= e <R, >= 9mC < 0h0,h,; >

34



2.4. Energy Loss from Gravitational Waves

From the energy-momentum conservation, ﬁﬂt/’w = 0, then we have for a certain volume V:
J dx>(0t™ + 0.t") = 0,
V
which gives aotoo = — aitlo.

Then the gravitational wave energy inside the volume V is given by

E, = J dx 1™
V
Now the power (the energy change by time) can be defined by
dEV 3 00 373 410 0 0 2 0
P = = — | dx70pt™ = | dx’0t" = | dAnt" = | dAnt" = | r<dQnt"™,
dt % % ) ) S

where n* = (0,1,0,0)
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Defining the spatial projection tensor as: g’ij = 51-]- — nn; with properties of
]ﬁfzéii—nini=3— 1 =2,
l@l]@lj — 2,

then we can construct the TT-version of arbitrary spatial symmetric tensor as

XTT (@k@l - l@ @kl) Xkl
2

Now we consider the TT-version of the strain tensor:

1
hTT hTT (@k@l . 5@ Lqgkl) hkl

1 2G d?
k cnl kl _ TT
(9’1-9’]- _ E@U.@ ) F(t) = e Tt —rlc)

- 2G d°
 ctrdr?

_ oTT
=51
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Defining the reduced quadrupole moment as

S, = I, — 5,007
lsij — <] 3 ij kl

then we have

1
77 = (9»59{; — E@ij@fd) T

1 1 1
_ k onl kl k onl kl mn
— (@i@j - Py ) =3 (@i@j - Py ) 5, 6™ F

1 1
= ng — (‘@f‘q)jk — 59@-9’?) gémnfmn Properties:

|
~ I ij Skl _
= PX =)~ P =0 3i=0; (f I — 55] 0" S kl) =0

— 17 Py = G5 =nm)FT = 6,77 —nn V= — np, 7

-~

Finally, we get: 1T _ G d2

Y ctr di?

lgl]T(t —r/c)
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2.4.1. Computing Power

We compute:

P = J'toﬂn”rzdﬂ = JtOrrde

where .
d a 2G d°
to, = 5~ < (Ophl)(0,hF) > Oh!T = — STt — rlc)
2G d? 2G d?
T <ty c~TT _
— G STTSa,B > a”haﬂ 45 f2 rlsaﬁ(t I’/C) A2 2 (t I"/C)
Sﬂrzcs ! 2G d3 ‘ vanish ;s r— 00
= 3°TT(z— r/c)
C'r

Then the power is

G [ e
P = J< 817]731] > 4O
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Converting back to Sij from SgT using the projection tensor:

1 1
FIT = (9{@; — 5%@”) S = [(5{< — nn*)(8! — nn') - (85— nn) (8" — nknl)] S

1
_ | sks! ksl I sk k) ol ki Kl _ ko kI | e
= lél.éj — nno; — min'o; +nntnn’ — —(0;0° — N0 — N0, + RnnTNY) | Sy

J 2 J
= | X — nn*,. — nn!s —l c"k+lnn K+ nnnfn's +lnkn15°' —lnknlnn"'~
= [ S — i Sk — T4 S 5 i Yy ) i O il Y7 5 ikl ) il ki
—() —()

c ks [ k. les k. les
O~ Sy — il Sy NI S ) (51']' — ”inj) n"n S

1
N o ke [ k., les k..l ~
= NSk — RS T LI RSy T+ 5” PS8k
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So now we can compute:
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Now we compute the power.
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3. Example: Gravitational Waves from the Binary Inspiral Source

3.1. Setup
The total mass: M = m; + m,
nm.m
\ v The reduced mass: u = ]1‘4 =
b / . | The mass distribution:
. o
W\ 0 p(x) = m6(x — R, cos Q)6(y — R, sin Qf) + m,8(x + R, cos QHS(y + R, sin Q1)(z)
, m m
e where R| = —2R and R, = —1R
X M M
The orbital energy is computed as:
1 M GM
E = —,uv2 g a
r 2 R 2R
GMM 213 2R3 27TR
where vV = R since we have GM = Q°R° = 4r E by Kepler’s law and v = T

The quadrupole moment:

_ 3
S i = J p(X)x;x,d"x
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I = {ml(i(x — R, cos Q1)o(y — R, sin Q£)d(z) + m,0(x + R, cos Qf)o(y + R, sin Qt)é(z)} x’d>x

(m1R12 + mszz)cos2 Q1

2 2
m m 1 .
m (—2) + m, (—1> R? cos? Qt = ,uR2 cos’ Qr = E,uRz(l + cos 2€Q2¢) » F.oo=— 2MQ2R2 cos 2Q¢

Iy = | {mé(x — R cos QS(y — R, sin Q1)5(z) + m,8(x + R, cos QNS(y + R, sin Q0)8(z) | y*d°x

(m;R? + myR3)sin” Q1
m2 ml oo

2 2
. 1
m (ﬁ) + m, (ﬁ) R2 SlIl2 Qr = ,uR2 sin2 Qr = EIMRZ(I — COS 2Qt) » jyy = 2/492R2 cos 22t

jxy = {mlé(x — R, cos Q)o(y — R sin Q1)d(z) + m,0(x + R, cos Qr)o(y + R, sin Qt)é(z)} xyd>x

= (m1R12 + mszz)cos Qf sin €21
My my

2
. 1
= | my <ﬁ) + n, (ﬁ) R2 cos €2 sin Qf = //le cos Qrsin Qr = EﬂRz Sin 20t = jyx

- ., = - uQR*sin2Qt =7,
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3.2. Detector’s Frame

Coordinate transformation in terms of observer in (7, 1, ¢) from (x,y, 7) using tensor transformation:

then we have

VN

€, = COS1COS ()€, + cosisin e, — sin e,

€, = — sin g€, + cos e,

The transformed quadrupole moment in the detector’s frame:

ox; ox, .. ox; ox, .. ox; ox] .. ox; ox, ..
T ok axd T T g g : Zaxx 0xY Ty oxY dxy
= c08%1¢0S” P + 2 cos”1cos psin S, + cos*isin® p.7 |
= — 2uQ*R* cos 2Qt cos” i(cos” ¢p — sin” ¢p) — 2uQ*R* sin 2Q cos* 1 sin 2¢p
— zﬂQZRZ cos 201 cos? 1 cos 20 — Zﬂﬂsz sin 2Q¢ cos? 1 sin 2¢
= — 2uQ*R? cos? 1(cos 2Qt cos 2¢ + sin 2Qt sin 2¢)

= — 2uQ*R* cos* 1 cos 2(Qt — ¢)
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7= 0xy 0X j,d _ 0xy 0X,, jxx o 0xy 0X jxy : 0x,, dx(;)j
oxk ox! 0x* Ox* 0x* OxY 0xY 0xY

= sin? gbjxx — 2 s1n ¢ cOoS gbjxy + cos’ p.F Wy

= — 2uQ?R? cos 2Q1(sin’ ¢ — cos® @) + 2uQ?*R? sin 2Q¢ sin 2¢

= 2uQ*R? cos 2Qt cos 2¢) + 2uQ?*R? sin 2Q¢ sin 2¢

= 2uQ°R?*(cos 2Qt cos 2¢ + sin 2Qt sin 2¢)

= 2uQ’R? cos 2(Qt — @)

_ oy, 0xy .. - Ox! 0X; o4 ( Ox! 0X | Ox! axg'b) 9o Ox, 0Xy P
oxk ox! Ox* 0x* ox* oxY  OxY Ox* Yoooxy oxy Y

= — COS1COS ¢ sIn g/)jxx + cos 1(cos® ¢ — sin? gb)jxy + oS 1cos ¢ sin p.F Wy

= 2uQ’R? cos 2Qt cos 1 5in 2¢p — 2uQ*R* sin 2Q¢ cos 1 cos 2¢
= — 2uQ’R? cos 1sin 2(Qt — @)

Yy

1

Now we compute the reduced quadrupole moment by imposing traceless condition:

o0 o0 1 o0
1T _ k
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S = =8 =T (Tut T4g) =5 (Fu= T 4y) = — R + cos? cos 201 - )

So we finally get the gravitational wave strain tensor:

2G .. 2GuQ°R* N
h, () = h!! = TSZTzT — a - (1 + cos?1)cos 2(Qt — @)
ctr cir
2G .. 4GuQ’R?
h(t) = hg — TSIT(ﬁT — //t4 cos 1 sin 2(Qt — ¢)
ctr cir

By using the Kepler’s law GM = Q’R? and defining the gravitational wave frequency as f,,, = Q/7 = 2f,

ho(f) = Zf uw(GMxf,, )" (1 + cos” 1)cos 2(xf,,t — )
cC'r

4G 2/3 :
h, (f) = y //t(GMJZ'fgW) COS 7 SIn 2(7r]fgwt — Q)
C'r T T

inclination angle orbital phase
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When the inclination angle vanishes, the GWs strain becomes maximal:

4G Mpc u M
_ 2 | 2 _ 2/3 -22
ho—\/h++h>< ‘l:o— C4r//t(GM7rfgW) ~1.23%x 10 ( : )( @)( -

Defining the chirp mass as:

3/5
M = 35025 — (m,m;)
c = H M1/5
yields: .
h, () = R Mf/ 3(G7rfgw)2/ (1 + cos?1)cos 2(ztfo t — @)
4G s 2/3 -
h (1) = M?">(Grf,, )7 cosisin2(xf, t — Q)
47 C gw gw

For GW150914: m/Mg = 36, my/My = 30, r = 410Mpc, and f,,, = 150Hz,
hy ~ 2.263 x 10721
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3.3. Energy Loss by Gravitational Waves

Recall the TT-reduced quadrupole moment:

1
3 =7 galj(skljkl

: 1 1 1
and the results in page 43: T = S R2(1 +cos2Qr) .7, = —H RY(1 —cos2Q) .7, = > uR>sin2Qt = .7,

we have TT-gauged reduced quadrupole moment in the source frame:

S =S

XX XX

1
_§<jxx+jyy+jzz)

2 2 3

ST — g, - (Tt T, +.5
Sy =y 3 XX yy 22

| 1 /1, | . N N 1
ZE'MR (1 +cos2£2t)—§ —uR“(1 + cos 2Q2t) + —uR~(1 — cos 202t) | = uR~* | cos” Q2 — —

| S 1 /1 | S o ., 1
=§'MR (1—0032£2t)—§ EﬂR (1+0082Qt)+5,uR (1 —cos2Qt) | = uR“ | sin Qt—g
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SIT = .7 —l<f LT 4. )
3 XX yy 72

<z <z
1 /1, | |
= —— | —uR“(1 + cos2Q¢) + —uR“(1 — cos2Q) | = — —uR
3 \2 | 2 3
ST =Gl = 7 = —puR?sin2Qt

XY VX XY 2

Next, we compute the triple derivatives :

S = 4uR*Q’sin 2Qr = — 1T

&TT _ 203 TT
S,y = — 4uR“CQ7 cos 2Q1 = nyx

&TT
S, = 0

Then we get:

S r=SI*+Q]I 2+ QM2 +25] 2 =2 (;sc“g 2+ LT 2) = 32u°R*Q5(sin? 2Qt + cos? 2Qr)

= 32u’R*Q°

50



Finally, the power, describing the energy change in time:

. G . ... 32Gu2R*QO NGUR* (GM\° — 32uG*M3
P=F = <31’j31]>: — — —
5¢3 5¢3 5¢3 R3 5¢oR>

The inspiral rate for circular orbit:

dR dR dE 2R? \ 32G*u*M? 64G>uM? GMu

— = = — — — [ =

dt dE dt GMu 5¢5R> 5¢5R3 2R
which can be integrated as

1 K 64G3uM? (" 64G>uM?

—R* = [ R3dR = & J dt = & (t. — 1) !

4 0 5¢3 y 5¢3 3
yielding .

1

256G3uM> \ |
R(t) = (2. — 1)1 |

5¢3
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Inspiral time, t;, = 1. — 1

5  (GM\ "
oo = T (1)

3.4. Gravitational Waveform

By Kepler’s law, GM = Q’R>

Q1) =
then GWs strain:
h, = — hTT
h, = — hTT =

X_

Gu ~1
o3

\/ R(?)

hTT

v ~2/3
g_vi% = 6.42 X 10° sec ( ) (
Mo

VGM [ 256G -
— M5/3 (tc . t)_3/8

5¢ ‘

1T __
_hx —

D

O 2 (DR (Dcos 2011

D

G
EQ20R*(1)sin2 Q) ¢

~ =¥
=A(?) )
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|&d Selected for a Viewpoint in Physics

PRL 116, 061102 (2016) PHYSICAL REVIEW LETTERS

week ending
12 FEBRUARY 2016

S

Observation of Gravitational Waves from a Binary Black Hole Merger

B.P. Abbott et al.’

(LIGO Scientific Collaboration and Virgo Collaboration)
(Received 21 January 2016; published 11 February 2016)

On September 14, 2015 at 09:50:45 UTC the two detectors of the Laser Interferometer Gravitational-Wave
Observatory simultaneously observed a transient gravitational-wave signal. The signal sweeps upwards in
frequency from 35 to 250 Hz with a peak gravitational-wave strain of 1.0 x 10721, It matches the waveform
predicted by general relativity for the inspiral and merger of a pair of black holes and the ringdown of the
resulting single black hole. The signal was observed with a matched-filter signal-to-noise ratio of 24 and a
false alarm rate estimated to be less than 1 event per 203 000 years, equivalent to a significance greater

than 5.16. The source lies at a luminosity distance of 410*]$% Mpc corresponding to a redshift z = 0.097 003,

In the source frame, the initial black hole masses are 361 M, and 291 M, and the final black hole mass is

6213 M, with 3.0102 M c? radiated in gravitational waves. All uncertainties define 90% credible intervals.
These observations demonstrate the existence of binary stellar-mass black hole systems. This is the first direct
detection of gravitational waves and the first observation of a binary black hole merger.

DOL: 10.1103/PhysRevLett.116.061102
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