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Calculation makes concepts fruitful! 
- Juan Muchi
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Approximate Integration of the Gravitational Field 
Equation

Plane Gravitational Wave



𝑅𝜇𝜈 −
1
2

𝑔𝜇𝜈𝑅 =
8𝜋𝐺
𝑐4

𝑇𝜇𝜈𝑔𝜇𝜈 = 𝜂𝜇𝜈 + h𝜇𝜈
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1. Propagation of Gravitational Waves 
1.1. Linearized Gravity Solution

Assuming: , where ,gab = ηab + hab | |hab | | < < 1

Γa
bc =

1
2

gad(∂cgbd + ∂bgdc − ∂dgbc)

=
1
2

(ηad − had)[∂c(ηbd + hbd) + ∂b(ηdc + hdc) − ∂d(ηbc + hbc)]

then we compute the Christoffel symbol in the order of :𝒪(h)

=
1
2

ηad(∂chbd + ∂bhdc − ∂dhbc) + 𝒪(h2)

≃
1
2 (∂cha

b + ∂bha
c − ∂ahbc)

Next, the Riemann tensor can be computed:

Ra
bcd = ∂cΓa

bd − ∂dΓa
bc + 𝒪(h2)

≃
1
2

∂c(∂dha
b + ∂bha

d − ∂ahbd) −
1
2

∂d(∂cha
b + ∂bha

c − ∂ahbc)

=
1
2 (∂c∂bha

d + ∂d∂ahbc − ∂c∂ahbd − ∂d∂bha
c)
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The Ricci tensor and the Ricci scalar are:

Rbd = Ra
bad =

1
2 [∂a∂bha

d + ∂d∂ahba − □hbd − ∂d∂bha
a]

R = gabRab = ∂c∂ahc
a − □h

The Einstein tensor:

Gab = Rab −
1
2

gabR

=
1
2 [∂c∂bhc

a + ∂a∂chbc − □hab − ∂a∂bh] −
1
2

ηab(∂c∂dhc
d − □h) + 𝒪(h2)

≃
1
2 (∂c∂bhc

a + ∂a∂chbc − □hab − ∂a∂bh − ηab∂c∂dhc
d + ηab □ h)
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□ = gab∂a∂b =
1
c2

∂2
t − ∇2

Ref) d’Alembertian operator



1.2. Trace-reversed Perturbation

We set: , then we get: , and the Einstein tensor becomes:h̄ab = hab −
1
2

ηabh hab = h̄ab +
1
2

ηabh

Consider a general infinitesimal transformation as , thenx′￼a = xa + ξa

Gab =
1
2 [∂c∂b (h̄c

a +
1
2

ηc
ah) + ∂a∂c (h̄bc +

1
2

ηbch) − □(h̄ab +
1
2

ηabh) + ∂a∂bh̄

−ηab∂c∂d (h̄cd +
1
2

ηcdh) + ηab □ h]
=

1
2 (∂c∂bh̄c

a + ∂a∂ch̄bc − □h̄ab − ηab∂c∂dh̄c
d)

1.3. Gauge Fixing

g′￼ab = η′￼ab + h′￼ab =
∂xc

∂x′￼a

∂xd

∂x′￼b
gcd =

∂xc

∂x′￼a

∂xd

∂x′￼b
(ηcd + hcd)
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This yields:

ηcd + hcd = (δa
c + ∂cξa)(δb

d + ∂dξd)(η′￼ab + h′￼ab)
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= ηcd + ∂cξd + ∂dξc + h′￼cd + 𝒪(ξ ⋅ h)

Then we have: h′￼ab = hab − 2∂(aξb)

Therefore, the trace-reversed metric is transformed as:

h̄′￼ab = h′￼ab −
1
2

ηabh′￼

= hab − 2∂(aξb) −
1
2

ηab(h − 2∂cξc)

= hab −
1
2

ηabh − 2∂(aξb) + ηab∂cξc

= h̄ab − 2∂(aξb) + ηab∂cξc

Taking derivatives in both sides yields:  : whenever we choose , 

we always put into a Lorentz gauge as .

∂ah̄′￼ab = ∂ah̄ab − □ξb ∂ah̄ab = □ ξb

∂ah̄ab = 0
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In this gauge fixing, the Einstein tensor can be expressed as a simple form:

Gab = −
1
2

□ h̄ab

1.4. Linearized Einstein Equation and Plane GWs

The vacuum Einstein equation ( ) in a Lorentz gauge isTab = 0

□ h̄ab = 0 (wave equation)

The equation has a plane wave solution of :

h̄ab( ⃗x, t) = ℜ𝔢∫ d3kAab( ⃗k)ei( ⃗k⋅ ⃗x−ωt)

Plugging the solution into the equation yields , meaning that  is a null vector propagating 

with the speed of light.

kaka = 0 ka

kaka = k0k0 − ⃗k ⋅ ⃗k = ω2/c2 − k2 = 0, ∴ vgw = w/k = cRef)
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The Lorentz gauge condition, 

∂ah̄ab = ∂aℜ𝔢∫ d3kAab( ⃗k)ei( ⃗k⋅ ⃗x−ωt)

= ℜ𝔢∫ d3kAab( ⃗k)∂aei( ⃗k⋅ ⃗x−ωt)

= ℜ𝔢∫ d3kAab( ⃗k)kaei( ⃗k⋅ ⃗x−ωt)

= 0

Aabka = 0

: implying that  is orthogonal to Aab ka

1.5. Transverse-Traceless (TT) gauge

*  for the symmetry of the metricAab = Aba

Consider a wave propagating in the -direction, then we have x3 ka = (k,0,0,k), ka = (k,0,0, − k)

The Lorentz gauge condition yields  : kAa0 − kAa3 = 0 Aa0 = Aa3

Therefore, the amplitude matrix becomes:
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A00 A01 A02 A00

A01 A11 A12 A01

A02 A12 A22 A02

A00 A01 A02 A00
Aa0 = Aa3

Only 6-independent components!

The symmetric tensor has 10 components! 
16-6 (symmetric) = 10

4-constraints!

∂ah̄ab = □ ξb
The Lorentz gauge has additional four degrees of freedom by choosing  :ξa

h̄′￼ab = h̄ab − ∂aξb − ∂bξa + ηab∂cξc

Recall the trace-reversed transformation:

A′￼ab = Aab − kaϵb − kbϵa + ηabkcϵc

where assuming: ξa = − ℜe[iϵaeikbxb]
A′￼00 = A00 − k0ϵ0 − k0ϵ0 + η00kcϵc = A00 − k(ϵ0 + ϵ3)
A′￼01 = A01 − k0ϵ1 − k1ϵ0 + η01kcϵc = A01 − kϵ1

A′￼11 = A11 − k1ϵ1 − k1ϵ1 + η11kcϵc = A11 − k(ϵ0 − ϵ3)
A′￼12 = A12 − k1ϵ2 − k2ϵ1 + η12kcϵc = A12

A′￼22 = A22 − k2ϵ2 − k2ϵ2 + η22kcϵc = A22 − k(ϵ0 − ϵ3)

A′￼02 = A02 − k0ϵ2 − k2ϵ0 + η02kcϵc = A02 − kϵ2

ϵ3 = (2A00 − A11 − A22)/4k

ϵ0 = (2A00 + A11 + A22)/4k
ϵ1 = A01/k
ϵ2 = A02/k



This is nothing but :  (3) and  (1), which is called transverse-traceless gauge (TT-gauge)ha0 = 0 ha
a = 0

So remaining degrees of freedom is only two! Then the matrix is:

0 0 0 0
0 A11 A12 0
0 A12 −A11 0
0 0 0 0

= A11ϵab
+ + A12ϵab

× ≡ A+ϵab
+ + A×ϵab

×

 where  and ϵab
+ =

0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

ϵab
× =

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

Summary: GWs 

1. Propagating with speed of light 

2. Two independent polarizations

Two independent polarizations!
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1.6. Geodesic equation of a moving particle

Let us consider two particles with a separation vector  in the presence of GWs in order to see the effect 

of GWs.

sμ

The metric is  and the proper time  is given by .(ds)2 = gμνdxμdxν τ (dτ)2 = −
1
c2

(ds)2

For a fixed two points A and B, the proper time is 

 τAB = ∫
B

A
−(ds)2 = ∫

B

A
−gμνdxμdxν ≡ ∫

B

A
dσℒ [ dxμ

dσ
, xμ] .

Then the Euler-Lagrange equation determines the geodesic trajectory of a moving particle as 

 

where the Lagrangian is 

d
dσ ( ∂ℒ

∂(dxα /dσ) ) −
∂ℒ
∂xα

= 0,

ℒ = (−gαβ
dxα

dσ
dxβ

dσ )
1/2

.
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Precisely,

⇒
∂ℒ
∂xλ

= −
1

2ℒ
∂λgαβ

dxα

dσ
dxβ

dσ
= −

1
2ℒ

∂λgαβ ( dτ
dσ )

2

=ℒ2

dxα

dτ
dxβ

dτ

= −
ℒ
2

∂λgαβ
dxα

dτ
dxβ

dτ
and

⇒
∂ℒ

∂(dxγ /dσ)
= −

2ℒ
gαβ ( dxβ

dσ
δα

γ +
dxα

dσ
δβ

γ ) = −
1

2ℒ [gγβ
dxβ

dσ
+ gαγ

dxα

dσ ] = −
1
ℒ

gαγ
dxα

dσ

In addition, 

⇒ −
d
dσ ( ∂ℒ

∂(dxγ /dσ) ) =
d
dσ ( 1

ℒ
gαγ

dxα

dσ ) =
dτ
dσ⏟
=ℒ

d
dτ ( 1

ℒ
gαγℒ

dxα

dτ ) = ℒ
d
dτ (gαγ

dxα

dτ )

= ℒ [gαγ
d2xα

dτ2
+ ∂βgαγ

dxβ

dτ
dxα

dτ ]= ℒ [gαγ
d2xα

dτ2
+

1
2

(∂βgαγ + ∂αgβγ)
dxβ

dτ
dxα

dτ ]
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Together with all these, the Euler-Lagrange equation is

0 = −
d
dσ ( ∂ℒ

∂(dxγ /dσ) ) +
∂ℒ
∂xγ

= ℒ [gαγ
d2xα

dτ2
+

1
2

(∂βgαγ + ∂αgβγ − ∂γgαβ)
dxβ

dτ
dxα

dτ ]
=0

Then,

gαγ
d2xα

dτ2
+

1
2

(∂βgαγ + ∂αgβγ − ∂γgαβ)
dxβ

dτ
dxα

dτ
= 0gγσ × ∥

⇒
d2xσ

dτ2
+

1
2

gγσ(∂βgαγ + ∂αgβγ − ∂γgαβ)

=Γσ
αβ

dxβ

dτ
dxα

dτ
= 0

Therefore, the geodesic equation is 
d2xσ

dτ2
+ Γσ

αβ
dxβ

dτ
dxα

dτ
= 0

Geodesic Equation - Differential Geometry And Structure Of Spacetime T-Shirt 
Physics T-Shirt / designed and sold by ScienceCorner 

$22

https://www.teepublic.com/user/sciencecorner
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1.7. Geodesic deviation

Consider the small deviation from the geodesic motion as , then the geodesic equation becomes:xμ → xμ + ξμ

d2

dτ2
(xμ + ξμ) + Γμ

νρ(x + ξ)
d
dτ

(xν + ξν)
d
dτ

(xρ + ξρ)

=
d2xμ

dτ2
+

d2ξμ

dτ2
+ [Γμ

νρ(x) + ξσ∂σΓμ
νρ(x)] ( dxν

dτ
+

dξν

dτ ) ( dxρ

dτ
+

dξρ

dτ )
=

d2xμ

dτ2
+ Γμ

νρ
dxν

dτ
dxρ

dτ
=0

+
d2ξμ

dτ2
+ Γμ

νρ
dξν

dτ
dxρ

dτ
+ Γμ

νρ
dxν

dτ
dξρ

dτ
+ ξσ∂σΓμ

νρ
dxν

dτ
dxρ

dτ

=
d2ξμ

dτ2
+ 2Γμ

νρ
dxν

dτ
dξρ

dτ
+ ξσ∂σΓμ

νρ
dxν

dτ
dxρ

dτ
Now defining the covariant derivative as:

Dξμ

Dτ
=

dξμ

dτ
+ Γμ

νρξν dxρ

dτ
≡ Vμ

(*)



20

We can compute:

D2ξμ

Dτ2
=

DVμ

Dτ
=

dVμ

dτ
+ Γμ

νρVν dxρ

dτ

=
d
dτ ( dξμ

dτ
+ Γμ

νρξν dxρ

dτ ) + Γμ
νρ ( dξν

dτ
+ Γν

αβξα dxβ

dτ ) dxρ

dτ

=
d2ξμ

dτ2
+

d
dτ (Γμ

νρξν dxρ

dτ ) + Γμ
νρ

dξν

dτ
dxρ

dτ
+ Γμ

νρΓν
αβξα dxβ

dτ
dxρ

dτ

=
d2ξμ

dτ2
+

dΓμ
νρ

dτ
ξν dxρ

dτ
+ Γμ

νρ
dξν

dτ
dxρ

dτ
+ Γμ

νρξν d2xρ

dτ2
+Γμ

νρ
dξν

dτ
dxρ

dτ
+ Γμ

νρΓν
αβξα dxβ

dτ
dxρ

dτ

=
d2ξμ

dτ2
+∂αΓμ

νρξν dxα

dτ
dxρ

dτ
+ Γμ

νρ
dξν

dτ
dxρ

dτ
− Γμ

νρξνΓρ
αβ

dxα

dτ
dxβ

dτ
+Γμ

νρ
dξν

dτ
dxρ

dτ
+ Γμ

νρΓν
αβξα dxβ

dτ
dxρ

dτ

=
d2ξμ

dτ2
+ 2Γμ

νρ
dξν

dτ
dxρ

dτ
+ ∂αΓμ

νρξν dxα

dτ
dxρ

dτ
− Γμ

νρΓρ
αβξν dxα

dτ
dxβ

dτ
+ Γμ

νρΓν
αβξα dxβ

dτ
dxρ

dτ

Plugging this into (*)
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Continued from p.18:

=
D2ξμ

Dτ2
+ ξσ∂σΓμ

νρ
dxν

dτ
dxρ

dτ
− ∂αΓμ

νρξν dxα

dτ
dxρ

dτ
+ Γμ

νρΓρ
αβξν dxα

dτ
dxβ

dτ
− Γμ

νρΓν
αβξα dxβ

dτ
dxρ

dτ

=
D2ξμ

Dτ2
+ ξσ [∂σΓμ

νρ − ∂νΓμσρ + Γμ
σλΓ

λ
νρ − Γμ

λρΓλ
σν]

=Rμ
ρσν

dxν

dτ
dxρ

dτ

=
D2ξμ

Dτ2
+ ξσRμ

ρσν
dxν

dτ
dxρ

dτ
= 0.

Finally, we get the geodesic deviation equation:

D2ξμ

Dτ2
+ ξσRμ

ρσν
dxν

dτ
dxρ

dτ
= 0
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1.8. Gravitational Wave Polarization

Now we set the velocity  and the separation vector  between two points (a=1,2):va =
dxa

dτ
= (1,0,0,0) sa

∂2sa

∂t2
= Ra

00dsd

And assuming the slowly moving particles yields: , then we have:
D2sa

Dτ2
≃

∂2sa

∂t2

In the TT-gauge, the Riemann tensor:

Ra
00d =

1
2 (∂0∂0ha TT

d + ∂d∂ahTT
00 − ∂0∂ahTT

0d − ∂d∂0ha TT
0 )

=
1
2

∂2
0h

a TT
d

∂2sa

∂t2
=

1
2

sd ∂2

∂t2
ha TT

d

Therefore, we have:



23

1.8.1. Plus Polarization: A× = 0

∂2

∂t2
s1 =

1
2

s1 ∂2

∂t2 (A+eikσxσ)
∂2

∂t2
s2 = −

1
2

s2 ∂2

∂t2 (A+eikσxσ)

assuming , where s1(t) = s1(0) + δs1(t) | |s1(0) | | > > | |δs1(t) | |

∂2

∂t2
δs1(t) ≃

1
2

s1(0)
∂2

∂t2 (A+eikσxσ) s1(t) = s1(0)(1 +
1
2

A+eikσxσ)
∂2

∂t2
δs2(t) ≃ −

1
2

s2(0)
∂2

∂t2 (A+eikσxσ) s2(t) = s2(0)(1 −
1
2

A+eikσxσ)
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1.8.2. Cross Polarization: A+ = 0

In the similar way,

s1(t) = s1(0) +
1
2

s2(0)A×eikσxσ

s2(t) = s2(0) +
1
2

s1(0)A×eikσxσ

1.8.3. R-Polarization

Circularly polarized mode defined by

hR ≡
1

2
(A+ + iA×), hL ≡

1

2
(A+ − iA×) .
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2. Generation of Gravitational Waves 
2.1. Einstein Equation with Gravitational Wave Sources

Consider the linearized Einstein equation with matter source as: □ h̄ab = −
16πG

c4
Tab

, which has a solution of

h̄ab(xc) = −
16πG

c4 ∫ d4yG(xc − yc)Tab(yc)

Green’s function satisfying:  

□x G(xc − yc) = δ(4)(xc − yc)

We define the retarded Green’s function for considering the causality as:

G(xc − yc) = −
1

4π | ⃗x − ⃗y |
δ ( 1

c
| ⃗x − ⃗y | − (x0 − y0)) Θ(x0 − y0)

where the Heaviside function is and the retarded time defined as:

tr ≡ t −
1
c

| ⃗x − ⃗y | = x0 −
1
c

| ⃗x − ⃗y |
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Assumptions: 

1) The GW source is isolated and composed of non-relativistic matter 

2) The GW source is fairly far-way from the detector (Earth)

Then we have a Fourier transformed GW solution as:

˜̄hab =
1

2π ∫ dteiωth̄ab(t, ⃗x)

=
4G

c4 2π ∫ dt∫ d3yeiωt 1
| ⃗x − ⃗y |

Tab (t −
1
c

| ⃗x − ⃗y | , ⃗y)
=

4G

c4 2π ∫ dtr ∫ d3yeiωtreiω | ⃗x − ⃗y |
c

1
| ⃗x − ⃗y |

Tab(tr, ⃗y)

=
4G
c4 ∫ d3y

eiω | ⃗x − ⃗y |
c

| ⃗x − ⃗y |
1

2π ∫ dtreiωtrTab(tr, ⃗y)

=T̃ab(ω, ⃗y)

=
4G
c4 ∫ d3yT̃ab(ω, ⃗y)

eiω | ⃗x − ⃗y |
c

| ⃗x − ⃗y |

Recall: Fourier Transformation:

ϕ̃(ω, ⃗x) =
1

2π ∫ dteiωtϕ(t, ⃗x)

ϕ(t, ⃗x) =
1

2π ∫ dωe−iωtϕ̃(ω, ⃗x)

∼
eiωr/c

r
by above assumptions



27

We, therefore, have:

˜̄hab(ω, ⃗x) =
4G
c4

eiω r
c

r ∫ d3yT̃ab(ω, ⃗y)

Applying the Lorentz gauge, then one finds:

∂ah̄ab(t, ⃗x) = 0 = ∂a [ 1

2π ∫ d3ye−iωt ˜̄hab(ω, ⃗y)] =
1

2π ∫ d3y∂a [e−iωt ˜̄hab(ω, ⃗y)]
Then we get: ∂t(e−iωt ˜̄h0b) + ∂i(e−iωt ˜̄hib) = 0

Equivalently, ˜̄h0b =
1
iω

∂i
˜̄hib the recursive relation: ˜̄h00 ← ˜̄hi0 ← ˜̄hij

This means that we only have to know about the spatial component of , then from the recursive relation, we 

can get all informations of the metric. So, we only focus on the spatial component of the source, 

hij

Tij
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2.2. Quadrupole Formula of GWs

Consider:

∫ d3yT̃ij(ω, ⃗y) = ∫ ∂k(yiT̃kj)d3y

vanishes:surface term

− ∫ yi(∂kT̃ij)d3y

= iω∫ yiT̃0jd3y

∂μTμν(t, ⃗x) = 0 =
1

2π ∫ dω∂μ (eiωtT̃μν(ω, ⃗y))
∂iT̃iν = − iωT̃0ν

Energy-momentum conservation:

=
iω
2 ∫ (yiT̃0j + yjT̃0i) d3y

=
iω
2 ∫ d3y ∂k(yiyjT̃0k)

=0 (surface term)

− yiyj∂kT̃0k

−iωyiyjT̃00

= −
ω2

2
ℐ̃ij(ω)

Quadrupole momentum tensor:

ℐ̃FT
ij (ω) = ∫ yiyjT̃00(ω, ⃗y)d3y

ℐij(t) ≡ ∫ yiyjT00(t, ⃗y)d3y
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We, therefore, have:

˜̄hij(ω, ⃗x) =
4G
c4

eiωr/c

r ∫ d3yT̃ij(ω, ⃗y) = −
2G
c4

ω2 eiωr/c

r
ℐ̃ij(ω)

The strain tensor in the time-domain can be obtained by the inverse Fourier Transform as:

h̄ij(t, ⃗x) =
1

2π ∫ dωe−iωt ˜̄hij(ω, ⃗x)

= −
2G
c4r

1

2π ∫ dωe−iωteiωr/cω2ℐ̃ij(ω)

=
2G
c4r

1

2π ∫ dω
d2

dt2
e−iωteiωr/cℐ̃ij(ω)

=
2G
c4r

d2

dt2

1

2π ∫ dω e−iω(t−r/c)

≡e−iωtr

ℐ̃ij(ω)

=
2G
c4r

d2

dt2
ℐij(tr)

h̄ij(t, ⃗x) =
2G
c4r

d2

dt2
ℐij(tr)

The quadrupole formula  
of the GW strain tensor
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2.3. Energy Loss from Gravitational Radiation 
2.3.1. Weak Field Approximation
We assume the weak field approximation of the metric as , keeping  and work in the 

TT-gauge frame. Then the Christoffel symbols are:

gμν = ημν + hμν 𝒪(h2)

Γα
μν =

1
2

ηαβ(∂νhμβ + ∂μhβν − ∂βhμν) −
1
2

hαβ(∂νhμβ + ∂μhβν − ∂βhμν)
The Ricci tensor is:

Rμν = ∂αΓα
μν − ∂νΓα

μα + Γβ
μνΓα

βα − Γβ
μαΓα

βν =
1
2

ηαβ∂α(∂νhμβ + ∂μhβν − ∂βhμν) −
1
2

∂αhαβ(∂νhμβ + ∂μhβν − ∂βhμν)

−
1
2

hαβ∂α(∂νhμβ + ∂μhβν − ∂βhμν) −
1
2

ηαβ∂ν(∂αhμβ + ∂μhβα − ∂βhμα)

+
1
2

∂νhαβ(∂αhμβ + ∂μhβα − ∂βhμα) +
1
2

hαβ∂ν(∂αhμβ + ∂μhβα − ∂βhμα)

+
1
4 [ηβσ(∂νhμσ + ∂μhσν − ∂σhμν) − hβσ(∂νhμσ + ∂μhσν − ∂σhμν)]

× [ηαβ(∂αhβρ + ∂βhρα − ∂ρhβα) − hαβ(∂αhβρ + ∂βhρα − ∂ρhβα)]
−

1
4 [ηβσ(∂αhμσ + ∂μhσα − ∂σhμα) − hρσ(∂αhμσ + ∂μhσα − ∂σhμα)]

× [ηαρ(∂νhρβ + ∂βhρν − ∂ρhβν) − hαρ(∂νhρβ + ∂βhρν − ∂ρhβν)]
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Consider the vacuum Einstein equation, , to the 2nd order perturbation, then Rμν = 0

0 = Rμν = R(η)
μν +R(h)

μν + R(h2)
μν

So we have:

R(h)
μν = − R(h2)

μν ≡
8πG
c4

tμν

This term can be interpreted as the first-order perturbation term of h in flat space being affected by the 

second-order perturbation term. In other words, by interpreting the second-order perturbation term of  

h as energy, we can describe the energy term where the influence of the first-order perturbation term of h 

is stored.
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Now we consider:

R(2)
μν = −

1
2

hαβ∂α(∂νhμβ+∂μhβν − ∂βhμν) +
1
2

∂νhαβ(∂αhμβ + ∂μhβα − ∂βhμα) +
1
2

hαβ∂ν(∂αhμβ+∂μhβα − ∂βhμα)

+
1
4

ηβσηαρ(∂νhμσ + ∂μhσν − ∂σhμν)(∂αhβρ + ∂βhρα − ∂ρhβα)

=0, resp.: hα
α=0, or ∂αhαβ=0

−
1
4

ηβσηαρ(∂αhμσ + ∂μhσα − ∂σhμα)(∂νhρβ + ∂βhρν − ∂ρhβν)

= −
1
2

hαβ∂α∂μhβν +
1
2

hαβ∂α∂βhμν +
1
2

hαβ∂ν∂μhαβ −
1
2

hαβ∂ν∂βhμα +
1
2

∂νhαβ∂αhμβ +
1
2

∂νhαβ∂μhβα −
1
2

∂νhαβ∂βhμα

−
1
4

ηβσηαρ (∂αhμσ∂νhρβ + ∂αhμσ∂βhρν − ∂αhμσ∂ρhβν + ∂μhσα∂νhρβ + ∂μhσα∂βhρν − ∂μhσα∂ρhβν − ∂σhμα∂νhρβ − ∂σhμα∂βhμν + ∂σhμα∂ρhβν)
= − hαβ∂α∂(μhν)β +

1
2

hαβ∂α∂βhμν +
1
2

hαβ∂μ∂νhαβ +
1
2

∂νhαβ∂αhμβ +
1
2

∂νhαβ∂μhβα −
1
2

∂νhαβ∂βhμα

−
1
4

∂ρh β
μ ∂νhρβ+∂ρhμσ∂σhα

ν − ∂ρh β
μ ∂ρhβν + ∂μhβ

α∂νhα
β+∂μhβ

α∂βhα
ν−

=∂μhβ
α∂βhα

ν

∂μhβ
α∂αhβν − ∂βhμα∂νhα

β

=∂ρh β
μ ∂νhβρ

− ∂βhμα∂βhα
ν

=∂ρh β
μ ∂ρhρν

+ ∂βhμα∂αhβν

=∂ρhμσ∂σhρν
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= − hαβ∂α∂(μhν)β +
1
2

hαβ∂α∂βhμν +
1
2

hαβ∂μ∂νhαβ+
1
2

∂νhαβ∂αhμβ

+
1
2

∂νhαβ∂μhβα −
1
2

∂νhαβ∂βhμα

=∂νhαβ∂αhμβ

−
1
2

∂ρhμσ∂σhρν +
1
2

∂ρh β
μ ∂ρhβν−

1
4

∂μhβ
α∂νhα

β

= − hαβ∂α∂(μhν)β +
1
2

hαβ∂α∂βhμν +
1
2

hαβ∂μ∂νhαβ +
1
4

∂μhαβ∂νhαβ −
1
2

∂αhμβ∂βhαν +
1
2

ηβλ∂αhμλ∂αhβν

2.3.2. Averaged Bracket
We wish to interpret  as an energy-momentum tensor but there are some limitation unfortunately 
since it is not a tensor in the full theory and not invariant under gauge transformations (no 
diffeomorphism symmetry). Thus one way of circumventing this difficulty is to average the energy-
momentum tensor over wavelengths. Since it has no diffeomorphism, it is difficult to choose an 
appropriate Riemann normal coordinates to measure an energy-momentum tensor that is purely local. 
However, we might choose enough physical curvature in a small region to have an gauge-invariant 
measurement by averaging over serveral wavelengths. In this sense, we introduce an averaged bracket 
such that

tμν

< A > ≡ ∫all
dxμA and < ∂μA > = ∫all

dxμ∂μA = 0
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Now we finally obtain:

< R(2)
μν > = −

1
4

< ∂μhαβ∂νhαβ > −
1
2

< ηβλhμλ □ hβν

=0

>

= −
1
4

< ∂μhαβ∂νhαβ >

Therefore, the averaged energy-momentum tensor:

𝔱μν ≡ < tμν > = −
c4

8πG
< R(h2)

μν > =
c4

32πG
< ∂μhαβ

TT∂νhTT
αβ >
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2.4. Energy Loss from Gravitational Waves

From the energy-momentum conservation, , then we have for a certain volume V: 

, 

which gives .

∂μ𝔱μν = 0

∫V
dx3(∂0𝔱00 + ∂i𝔱i0) = 0

∂0𝔱00 = − ∂i𝔱i0

Then the gravitational wave energy inside the volume V is given by 

EV = ∫V
dx3𝔱00

Now the power (the energy change by time) can be defined by 

, 

where  

P = −
dEV

dt
= − ∫V

dx3∂0𝔱00 = ∫V
dx3∂i𝔱i0 = ∫S

dAni𝔱i0 = ∫S
dAnr𝔱r0 = ∫S

r2dΩnr𝔱r0

nμ = (0,1,0,0)
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Defining the spatial projection tensor as:  with properties of 

 

 

 

then we can construct the TT-version of arbitrary spatial symmetric tensor as 

𝒫ij = δij − ninj

𝒫i
i = δi

i − nini = 3 − 1 = 2,

𝒫ij𝒫ij = 2,

ni𝒫ij = ni(δij − ninj) = nj − nj = 0

XTT
ij = (𝒫k

i 𝒫
l
j −

1
2

𝒫ij𝒫kl) Xkl

Now we consider the TT-version of the strain tensor:

hTT
ij = h̄TT

ij = (𝒫k
i 𝒫

l
j −

1
2

𝒫ij𝒫kl) h̄kl

=
2G
c4r

d2

dt2 (𝒫k
i 𝒫

l
j −

1
2

𝒫ij𝒫kl) ℐkl(tr)

≡ℐTT
kl

=
2G
c4r

d2

dt2
ℐTT

ij (t − r/c)
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Defining the reduced quadrupole moment as 

 

then we have

𝔍ij ≡ ℐij −
1
3

δijδklℐkl

𝔍TT
ij = (𝒫k

i 𝒫
l
j −

1
2

𝒫ij𝒫kl) 𝒥kl

= (𝒫k
i 𝒫

l
j −

1
2

𝒫ij𝒫kl) ℐkl −
1
3 (𝒫k

i 𝒫
l
j −

1
2

𝒫ij𝒫kl) δklδmnℐmn

= ℐTT
ij − (𝒫k

i 𝒫jk −
1
2

𝒫ij𝒫k
k)

=𝒫k
i (δjk−njnk)−𝒫ij=0

1
3

δmnℐmn

= ℐTT
ij

Finally, we get: 
hTT

ij =
2G
c4r

d2

dt2
𝔍TT

ij (t − r/c)

Properties: 

 𝔍i
i = δij (ℐij −

1
3

δijδklℐkl) = 0

𝒫ij𝒥ij = (δij − ninj)𝒥ij = δij𝒥ij

⏟
=0

− ninj𝒥ij = − ninj𝒥ij
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2.4.1. Computing Power

We compute:

P = ∫ 𝔱0μnμr2dΩ = ∫ 𝔱0rr2dΩ

𝔱0r =
c4

32πG
< (∂0hTT

αβ )(∂rh
αβ
TT) >

where

= −
G

8πr2c5
< ···𝔍TT

αβ
···𝔍αβ

TT >

∂0hTT
αβ =

2G
c4r

d3

dt3
𝔍TT

αβ(t − r/c)

∂rhTT
αβ =

2G
c4r

d2

dt2
∂r𝔍TT

αβ(t − r/c) −
2G
c4r2

d2

dt2
𝔍TT

αβ(t − r/c)

vanish as r→∞
= −

2G
c4r

d3

dt3
𝔍TT

αβ(t − r/c)

Then the power is

P = −
G

8πc5 ∫ < ···𝔍TT
ij

···𝔍ij
TT > dΩ
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Converting back to  from  using the projection tensor:𝔍ij 𝔍TT
ij

𝔍TT
ij = (𝒫k

i 𝒫
l
j −

1
2

𝒫ij𝒫kl) 𝔍kl = [(δk
i − nink)(δl

j − njnl) −
1
2

(δij − ninj)(δkl − nknl)] 𝔍kl

= [δk
i δl

j − ninkδl
j − njnlδk

i + ninknjnl −
1
2

(δijδkl − ninjδkl − nknlδij + ninjnknl)] 𝔍kl

= 𝔍ij − nink𝔍kj − njnl𝔍il −
1
2

δij 𝔍k
k⏟

=0

+
1
2

ninj 𝔍k
k⏟

=0

+ ninjnknl𝔍kl +
1
2

nknlδij𝔍kl −
1
2

nknlninj𝔍kl

= 𝔍ij − nink𝔍kj − njnl𝔍il + ninjnknl𝔍kl +
1
2 (δij − ninj) nknl𝔍kl

= 𝔍ij − nink𝔍kj − njnl𝔍il + ninjnknl𝔍kl +
1
2

nknl𝒫ij𝔍kl
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So now we can compute:

···𝔍TT
ij

···𝔍ij
TT = [···𝔍ij − nink···𝔍kj − njnl···𝔍il + ninjnknl···𝔍kl +

1
2

nknl𝒫ij
···𝔍kl] [···𝔍ij − nina

···𝔍aj − njna
···𝔍ia + ninjnanb

···𝔍ab +
1
2

nanb𝒫ij···𝔍ab]
= ···𝔍ij

···𝔍ij − nink···𝔍ij···𝔍kj − njnl···𝔍ij···𝔍il + ninjnknl···𝔍ij···𝔍kl +
1
2

nknl Pij
···𝔍ij

⏟
=−ninj

···𝔍ij

···𝔍kl

−nina
···𝔍ij

···𝔍ja+ nini

⏟
=1

nank···𝔍ja···𝔍kj + ninjnlna
···𝔍ja···𝔍il− nini

⏟
=1

njnanknl···𝔍ja···𝔍kl

−
1
2

nknlna
···𝔍ja···𝔍kl ni𝒫ij

⏟
=0

−njna
···𝔍ij

···𝔍ia + ninknjna
···𝔍kj

···𝔍ia+ njnj⏟
=1

nlna
···𝔍kl

···𝔍ia

− njnj⏟
=1

ninanknl···𝔍ia···𝔍kl −
1
2

nknlna nj𝒫ij
⏟

=0

···𝔍ia···𝔍kl + ninjnanb···𝔍ij
···𝔍ab− nini⏟

=1

nknjnanb
···𝔍ab···𝔍kj− njnj⏟

=1

nlninanb
···𝔍ab···𝔍il+nininjnj

=1

nanbnknl···𝔍kl
···𝔍ab

+
1
2

nanbnknlni nj𝒫ij
⏟

=0

···𝔍kl
···𝔍ab +

1
2

nanb 𝒫ij···𝔍ij

=−ninj
···𝔍ij

···𝔍ab −
1
2

nanbnk ni𝒫ij

⏟
=0

···𝔍kj
···𝔍ab

−
1
2

nlnanb nj𝒫ij

⏟
=0

···𝔍il
···𝔍ab +

1
2

nknlnanbni nj𝒫ij

⏟
=0

···𝔍kl
···𝔍ab +

1
4

nanbnknl𝒫ij𝒫ij

=2

···𝔍kl
···𝔍ab
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= ···𝔍ij
···𝔍ij − nink···𝔍ij···𝔍kj − njnl···𝔍ij···𝔍il + ninjnknl···𝔍ij···𝔍kl −

1
2

nknlninj
···𝔍ij···𝔍kl

−nina
···𝔍ij

···𝔍ja + nank···𝔍ja···𝔍kj + ninjnlna
···𝔍ja···𝔍il − njnanknl···𝔍ja···𝔍kl

−njna
···𝔍ij

···𝔍ia + ninknjna
···𝔍kj

···𝔍ia + nlna
···𝔍kl

···𝔍ia − ninanknl···𝔍ia···𝔍kl + ninjnanb···𝔍ij
···𝔍ab

−nknjnanb
···𝔍ab···𝔍kj − nlninanb

···𝔍ab···𝔍il + nanbnknl···𝔍kl
···𝔍ab −

1
2

nanbninj
···𝔍ij···𝔍ab +

1
2

nanbnknl···𝔍kl
···𝔍ab

= ···𝔍ij
···𝔍ij − (4 − 2)nink···𝔍ij···𝔍kj + [ 11

2
− 5] ninjnknl···𝔍kl

···𝔍ij

= ···𝔍ij
··𝔍ij − 2nink···𝔍kj

···𝔍ij +
1
2

ninjnknl···𝔍kl
···𝔍ij

∴ ···𝔍TT
ij

···𝔍ij
TT = ···𝔍ij

··𝔍ij − 2nink···𝔍kj
···𝔍ij +

1
2

ninjnknl···𝔍kl
···𝔍ij
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Now we compute the power:

P = −
G

8πc5 ∫ < ···𝔍TT
ij

···𝔍ij
TT > dΩ

= −
G

8πc5 [ < ···𝔍ij
···𝔍ij > ∫ dΩ − 2 < ···𝔍k

j
···𝔍ij > ∫ ninkdΩ +

1
2

< ···𝔍kl···𝔍ij > ∫ ninjnknldΩ]

∫ dΩ = 4π

∫ ninjdΩ =
4π
3

δij

∫ ninjnknldΩ =
4π
15

(δijδkl + δikδjl + δilδjk)

= −
G

8πc5
4π < ···𝔍ij

···𝔍ij > −
8π
3

< ···𝔍k
j
···𝔍ij > δik +

4π
30

< ···𝔍kl···𝔍ij > ( δijδkl
⏟

𝔍=0

+ δikδjl + δilδjk)

= −
G

8πc5
4π < ···𝔍ij

···𝔍ij > [1 −
2
3

+
1
15 ]

= 2
5

= −
G

5c5
< ···𝔍ij

···𝔍ij >

∴ P = −
G

5c5
< ···𝔍ij

···𝔍ij >
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3. Example: Gravitational Waves from the Binary Inspiral Source 
3.1. Setup

R

x

y

z

v

v

LIGO

The total mass:  

The reduced mass:  

The mass distribution: 

 

where  and 

M = m1 + m2

μ =
m1m2

M

ρ( ⃗x) = m1δ(x − R1 cos Ωt)δ(y − R1 sin Ωt) + m2δ(x + R2 cos Ωt)δ(y + R2 sin Ωt)δ(z)

R1 =
m2

M
R R2 =

m1

M
R

The quadrupole moment: 

ℐij = ∫ ρ(x)xixjd3x

The orbital energy is computed as: 

 

where  since we have  by Kepler’s law and 

E =
1
2

μv2 −
Mμ
R

= −
GMμ
2R

v =
GMμ

R
GM = Ω2R3 = 4π2 R3

T2
v =

2πR
T
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ℐxx = ∫ {m1δ(x − R1 cos Ωt)δ(y − R1 sin Ωt)δ(z) + m2δ(x + R2 cos Ωt)δ(y + R2 sin Ωt)δ(z)} x2d3x

= (m1R2
1 + m2R2

2)cos2 Ωt

= [m1 ( m2

M )
2

+ m2 ( m1

M )
2

] R2 cos2 Ωt = μR2 cos2 Ωt =
1
2

μR2(1 + cos 2Ωt)

ℐyy = ∫ {m1δ(x − R1 cos Ωt)δ(y − R1 sin Ωt)δ(z) + m2δ(x + R2 cos Ωt)δ(y + R2 sin Ωt)δ(z)} y2d3x

= (m1R2
1 + m2R2

2)sin2 Ωt

= [m1 ( m2

M )
2

+ m2 ( m1

M )
2

] R2 sin2 Ωt = μR2 sin2 Ωt =
1
2

μR2(1 − cos 2Ωt)

ℐxy = ∫ {m1δ(x − R1 cos Ωt)δ(y − R1 sin Ωt)δ(z) + m2δ(x + R2 cos Ωt)δ(y + R2 sin Ωt)δ(z)} xyd3x

= (m1R2
1 + m2R2

2)cos Ωt sin Ωt

= [m1 ( m2

M )
2

+ m2 ( m1

M )
2

] R2 cos Ωt sin Ωt = μR2 cos Ωt sin Ωt =
1
2

μR2 sin 2Ωt = ℐyx

··ℐxx = − 2μΩ2R2 cos 2Ωt

··ℐyy = 2μΩ2R2 cos 2Ωt

··ℐxy = − 2μΩ2R2 sin 2Ωt = ··ℐyx
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3.2. Detector’s Frame

Coordinate transformation in terms of observer in  from  using tensor transformation: 

 

then we have 

 

(r, ι, ϕ) (x, y, z)

A′￼ij =
∂x′￼i

∂xk

∂x′￼j

∂xl
Akl, ̂e′￼i =

∂x′￼i

∂xj
̂ej

̂eι = cos ι cos ϕ ̂ex + cos ι sin ϕ ̂ey − sin ι ̂ez

̂eϕ = − sin ϕ ̂ex + cos ϕ ̂ey

The transformed quadrupole moment in the detector’s frame:

··ℐιι =
∂x′￼ι

∂xk

∂x′￼ι

∂xl
··ℐkl =

∂x′￼ι

∂xx

∂x′￼ι

∂xx
··ℐxx + 2

∂x′￼ι

∂xx

∂x′￼ι

∂xy
··ℐxy +

∂x′￼ι

∂xy

∂x′￼ι

∂xy
··ℐyy

= cos2 ι cos2 ϕ ··ℐxx + 2 cos2 ι cos ϕ sin ϕ ··ℐxy + cos2 ι sin2 ϕ ··ℐyy

= − 2μΩ2R2 cos 2Ωt cos2 ι(cos2 ϕ − sin2 ϕ) − 2μΩ2R2 sin 2Ωt cos2 ι sin 2ϕ
= − 2μΩ2R2 cos 2Ωt cos2 ι cos 2ϕ − 2μΩ2R2 sin 2Ωt cos2 ι sin 2ϕ
= − 2μΩ2R2 cos2 ι(cos 2Ωt cos 2ϕ + sin 2Ωt sin 2ϕ)
= − 2μΩ2R2 cos2 ι cos 2(Ωt − ϕ)
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··ℐϕϕ =
∂x′￼ϕ

∂xk

∂x′￼ϕ

∂xl
··ℐkl =

∂x′￼ϕ

∂xx

∂x′￼ϕ

∂xx
··ℐxx + 2

∂x′￼ϕ

∂xx

∂x′￼ϕ

∂xy
··ℐxy +

∂x′￼ϕ

∂xy

∂x′￼ϕ

∂xy
··ℐyy

= sin2 ϕ ··ℐxx − 2 sin ϕ cos ϕ ··ℐxy + cos2 ϕ ··ℐyy

= − 2μΩ2R2 cos 2Ωt(sin2 ϕ − cos2 ϕ) + 2μΩ2R2 sin 2Ωt sin 2ϕ
= 2μΩ2R2 cos 2Ωt cos 2ϕ + 2μΩ2R2 sin 2Ωt sin 2ϕ
= 2μΩ2R2(cos 2Ωt cos 2ϕ + sin 2Ωt sin 2ϕ)
= 2μΩ2R2 cos 2(Ωt − ϕ)

··ℐιϕ =
∂x′￼ι

∂xk

∂x′￼ϕ

∂xl
··ℐkl =

∂x′￼ι

∂xx

∂x′￼ϕ

∂xx
··ℐxx + ( ∂x′￼ι

∂xx

∂x′￼ϕ

∂xy
+

∂x′￼ι

∂xy

∂x′￼ϕ

∂xx ) ··ℐxy +
∂x′￼ι

∂xy

∂x′￼ϕ

∂xy
··ℐyy

= − cos ι cos ϕ sin ϕ ··ℐxx + cos ι(cos2 ϕ − sin2 ϕ) ··ℐxy + cos ι cos ϕ sin ϕ ··ℐyy

= 2μΩ2R2 cos 2Ωt cos ι sin 2ϕ − 2μΩ2R2 sin 2Ωt cos ι cos 2ϕ
= − 2μΩ2R2 cos ι sin 2(Ωt − ϕ)

Now we compute the reduced quadrupole moment by imposing traceless condition:
··ℑTT

ij = ··ℐij −
1
2

δij
··ℐk

k
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··ℑTT
ιι = − ··ℑTT

ϕϕ = ··ℐιι −
1
2 ( ··ℐιι + ··ℐϕϕ) =

1
2 ( ··ℐιι − ··ℐϕϕ) = − μΩ2R2(1 + cos2 ι)cos 2(Ωt − ϕ)

··ℑTT
ιϕ = ··ℑTT

ϕι = − 2μΩ2R2 cos ι sin 2(Ωt − ϕ)

So we finally get the gravitational wave strain tensor: hTT
ij =

2G
c4r

d2

dt2
𝔍TT

ij (t − r/c)

h+(t) ≡ hTT
ιι =

2G
c4r

··ℑTT
ιι = −

2GμΩ2R2

c4r
(1 + cos2 ι)cos 2(Ωt − ϕ)

h×(t) ≡ hTT
ιϕ =

2G
c4r

··ℑTT
ιϕ = −

4GμΩ2R2

c4r
cos ι sin 2(Ωt − ϕ)

By using the Kepler’s law  and defining the gravitational wave frequency as GM = Ω2R3 fgw ≡ Ω/π = 2fr

h+(t) = −
2G
c4r

μ(GMπfgw)2/3(1 + cos2 ι)cos 2(πfgwt − ϕ)

h×(t) = −
4G
c4r

μ(GMπfgw)2/3cos ι sin 2(πfgwt − ϕ)

inclination angle orbital phase
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When the inclination angle vanishes, the GWs strain becomes maximal:

h0 = h2
+ + h2

× ι=0 =
4G
c4r

μ(GMπfgw)2/3 ∼ 1.23 × 10−22 ( Mpc
r ) ( μ

M⊙ ) ( M
M⊙ )

2/3

(
fgw

Hz )
2/3

Defining the chirp mass as: 

Mc = μ3/5M2/5 =
(m1m2)3/5

M1/5

h+(t) = −
2G
c4r

M5/3
c (Gπfgw)2/3(1 + cos2 ι)cos 2(πfgwt − ϕ)

h×(t) = −
4G
c4r

M5/3
c (Gπfgw)2/3cos ι sin 2(πfgwt − ϕ)

yields:

For GW150914: , , , and ,m1/M⊙ = 36 m2/M⊙ = 30 r = 410Mpc fgw = 150Hz

h0 ∼ 2.263 × 10−21
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3.3. Energy Loss by Gravitational Waves

Recall the TT-reduced quadrupole moment:

𝔍TT
ij ≡ ℐij −

1
3

δijδklℐkl

and the results in page 43: ℐxx =
1
2

μR2(1 + cos 2Ωt) ℐyy =
1
2

μR2(1 − cos 2Ωt) ℐxy =
1
2

μR2 sin 2Ωt = ℐyx

we have TT-gauged reduced quadrupole moment in the source frame:

ℑTT
xx = ℐxx −

1
3 (ℐxx + ℐyy + ℐzz)

=
1
2

μR2(1 + cos 2Ωt) −
1
3 ( 1

2
μR2(1 + cos 2Ωt) +

1
2

μR2(1 − cos 2Ωt)) = μR2 (cos2 Ωt −
1
3 )

ℑTT
yy = ℐyy −

1
3 (ℐxx + ℐyy + ℐzz)

=
1
2

μR2(1 − cos 2Ωt) −
1
3 ( 1

2
μR2(1 + cos 2Ωt) +

1
2

μR2(1 − cos 2Ωt)) = μR2 (sin2 Ωt −
1
3 )
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ℑTT
zz = ℐzz −

1
3 (ℐxx + ℐyy + ℐzz)

= −
1
3 ( 1

2
μR2(1 + cos 2Ωt) +

1
2

μR2(1 − cos 2Ωt)) = −
1
3

μR2

ℑTT
xy = ℑTT

yx = ℐxy =
1
2

μR2 sin 2Ωt

Next, we compute the triple derivatives :

···ℑTT
xx = 4μR2Ω3 sin 2Ωt = − ···ℑTT

yy

···ℑTT
xy = − 4μR2Ω3 cos 2Ωt = ···ℑTT

yx

···ℑTT
zz = 0

Then we get:

···ℑTT 2
ij = ···ℑTT 2

xx + ···ℑTT 2
yy + ···ℑTT 2

zz + 2···ℑTT 2
xy = 2 (···ℑTT 2

xx + ···ℑTT 2
xy ) = 32μ2R4Ω6(sin2 2Ωt + cos2 2Ωt)

= 32μ2R4Ω6
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Finally, the power, describing the energy change in time:

P = ·E = −
G

5c5
< ···𝔍ij

···𝔍ij > = −
32Gμ2R4Ω6

5c5
= −

32Gμ2R4

5c5 ( GM
R3 )

3

= −
32μ2G4M3

5c5R5

The inspiral rate for circular orbit:

dR
dt

=
dR
dE

dE
dt

= − ( 2R2

GMμ ) 32G4μ2M3

5c5R5
= −

64G3μM2

5c5R3

which can be integrated as

1
4

R4 = ∫
R

0
R3dR = −

64G3μM2

5c5 ∫
t

tc

dt =
64G3μM2

5c5
(tc − t)

yielding

R(t) = ( 256G3μM2

5c5 )
1
4

(tc − t)1
4

E = −
GMμ
2R
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Inspiral time, tins ≡ tc − t

tinsp =
5

256π8/3 ( GM
c3 )

−2/3

( Gμ
c3 )

−1

f −8/3
gw = 6.42 × 103 sec ( M

M⨀ )
−2/3

( μ
M⨀ )

−1

(
fgw

Hz )
3.4. Gravitational Waveform

By Kepler’s law, GM = Ω2R3

Ω(t) =
GM

R(t)
= ( 256G5/3

5c5
M5/3

c )
−3/8

(tc − t)−3/8

h+ ≡ − hTT
xx = hTT

yy =
4Gμ

D
Ω2(t)R2(t)cos 2Ω(t)t

h× ≡ − hTT
xy = − hTT

yx =
4Gμ

D
Ω2(t)R2(t)

≡A(t)

sin 2 Ω(t)
⏟
≡Ψ(t)

t

then GWs strain:
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