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https://github.com/sxs-collaboration/WelcomeToSXS
https://www.black-holes.org/
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‣ What is numerical relativity? 

‣ Numerical relativity with matter


- What equations do we solve?


- What kinds of physics are involved? 

‣ What are issues & challenges?

Contents



Numerical relativity (NR)
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Solving Einstein’s equations on computers 

‣ modeling GW sources

‣ astrophysical phenomena with strong gravity & dynamic spacetime

Pretorius 2005

Campanelli+ 2006

Baker+ 2006

Breakthroughs in 2005 (annus mirabilis)

Einstein’s GR (1915)

ADM / 3+1 formulation (circa 1960)

LIGO’s first detection of GW (2015)

Kilonova event (2017)

Image credit : SXS collaboration (black-holes.org)

Pretorius 2005 Campanelli+ 2006

http://black-holes.org
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Video credit : SXS collaboration (https://www.youtube.com/watch?v=c-2XIuNFgD0)

Binary black hole merger

Video credit : SXS collaboration (https://www.youtube.com/watch?v=c-2XIuNFgD0)

Binary black hole merger

https://www.youtube.com/watch?v=c-2XIuNFgD0
https://www.youtube.com/watch?v=c-2XIuNFgD0
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Video credit : Max Planck Institute for Gravitational Physics 
(https://www.youtube.com/watch?v=7jMw_EpLuSs)

Binary neutron star merger

Video credit : Max Planck Institute for Gravitational Physics 
(https://www.youtube.com/watch?v=7jMw_EpLuSs)

Binary neutron star merger

https://www.youtube.com/watch?v=7jMw_EpLuSs
https://www.youtube.com/watch?v=7jMw_EpLuSs


7Foucart+ 2203.08139

Modern NR codes



Numerical relativity with matter
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+ hydrodynamics  (GRHD) 
+ magnetic fields  (GRMHD) 
+ radiation            (GRRMHD)

Gμν = 8πTμν

∇μ Tμν = 0• Spacetime tells matter how to move :

• Matter tells spacetime how to curve :
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Applications

‣ non-vacuum compact binaries (NS-BH & NS-NS)

Foucart+2013
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Applications

‣ relativistic stars

Ciolfi+2011
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Applications

‣ accretion disk

Video credit : Illinois Physics 
(https://www.youtube.com/watch?v=pjJlA4AjHiQ)

Video credit : Illinois Physics 
(https://www.youtube.com/watch?v=pjJlA4AjHiQ)

https://www.youtube.com/watch?v=pjJlA4AjHiQ
https://www.youtube.com/watch?v=pjJlA4AjHiQ
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Applications

‣ jets

Video credit : Ore Gottlieb 
(https://www.oregottlieb.com/videos.html)

https://www.oregottlieb.com/videos.html


Evolution of matter
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begin with Newtonian hydrodynamics :

Physical quantities describing the fluid at 


‣ mass density


‣ velocity


‣ energy density (~temperature)

(x, t)
ρ

v
ϵ

*pressure from P = P(ρ, ϵ) :  equations of state (EOS)

e.g. Classical ideal gas
P =

2
3

ϵ ( = nkBT )

e.g. Electron degeneracy
P =

(3π2)2/3ℏ2

5m8/3
e

ρ5/3



Evolution of matter

Which physical laws do we have?


‣ mass conservation


‣                (~momentum conservation)


‣ energy conservation

∂ρ
∂t

+ ∇ ⋅ (ρv) = 0

∂v
∂t

+ (v ⋅ ∇)v = −
∇P
ρ

∂ϵ
∂t

+ (v ⋅ ∇)ϵ = −
P(∇ ⋅ v)

ρ

F = ma

Basic equations in Newtonian hydrodynamics

∂
∂t

+ v ⋅ ∇note) convective derivative

makes equations nonlinear

14
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∂tU + ∇ ⋅ F = S

Conservative form of PDEs

this is a good form !

evolved variables 
(conserved variables)

flux source ‣ Advantageous when solving numerically 
(Lax & Wendroff 1960, Hou & LeFloch 1994)

Can we write Newtonian hydro equations into this form?

U =

ρ
ρvj

ρϵ + 1
2 ρv2

, Fi =

ρvi

ρvivj + Pδij

(ρϵ + 1
2 ρv2 + P)vi

, S = [
0
0
0 ]

Yes

Evolution of matter

∂ρc

∂t
+ ∇ ⋅ J = 0e.g. charge continuity

‣ Important for correct shock speeds

conserved variables   vs  primitive variables U {ρ, vi, ϵ}
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Tμν = ρhuμuν + Pgμν

GR hydrodynamics

∇μTμν = 0

stress-energy tensor (ideal fluid)

‣ conservation of energy and 
momentum

∇μ(ρuμ) = 0‣ conservation of mass

Evolution of matter

∂tU + ∇ ⋅ F = S
cast to the conservative form

Physical quantities describing the fluid at           :(x, t)

}

U =
D̃
S̃j

τ̃
= γ

ρW
ρhW2vj

ρhW2 − P − ρW
, Fi = α

D̃ṽi

S̃jṽi + γPδi
j

τ̃ṽi + γPvi
,

• Valencia formulation  (Marti+1991; Banyuls+1997)

S = α γ
0

TμνgνσΓσ
μj

Tμ0∂μα − αTμνΓ0
μν

ṽi = vi − βi /αW = αu0

= (1 − γijviv j)−1/2 used by current NR codes



17

U = γ

ρW
ρhW2vj

ρhW2 − P − ρW

Fi = α

D̃ṽi

S̃jṽi + γPδi
j

τ̃ ṽi + γPvi

S = α γ
0

TμνgνσΓσ
μj

Tμ0∂μα − αTμνΓ0
μν

Newtonian hydro GR hydro

* flat space :  α = 1, βi = 0, γ = 1, Γσ
μν = 0

* non-relativistic :  vj ≪ 1, ρ ≫ ϵ, P

See analogies:

U =

ρ
ρvj

ρϵ + 1
2 ρv2

Fi =

ρvi

ρviv j + Pδij

(ρϵ + 1
2 ρv2 + P)vi

S = [
0
0
0 ]

variables

• mass (1) 
• momentum (3) 
• energy (1)

relativistic effects

~ variables x velocity



More physics !
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• Uncertainties in               inside neutron stars

Properties of dense matter

Özel & Freire 2016

P(ρ, T )



More physics !
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• BH-NS / NS-NS merger as a probe of nuclear physics

• Constrain EOSs from merger detections

Bernuzzi+2015Foucart+2016

Properties of dense matter



More physics !
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Magnetic field

• GRMHD :  

• introduces (even) higher nonlinearity


✓ capturing instabilities & turbulence

Tμν = Tμν
matter + Tμν

EM

Neutrino effects

• cooling and heating of matter


• evolution of matter composition 
(e.g. nucleosynthesis) 

✓ expensive to compute full equations

Sądowski & Narayan 2016

Woosley & Janka 2005



Challenges
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• Gibbs phenomena may lead to unphysical states

Shocks & Discontinuities

Toro 2009 Toro 2009

e.g. shockwave, stellar surface



Challenges
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Primitive variables

Conserved (evolved) variables

no closed-form 
expression exists for 

inversion

ρ, vi, ϵ, Bi

C2P recovery

‣ numerical algorithms needed to recover P from C


‣ How to efficiently and accurately solve it?

U = γ

ρW
(ρh + b2)W2vj − αb0bj

(ρh + b2)W2 − (P + b2/2) − ρW − (αb0)2

Bk

!

profile of a GRMHD run in SpECTRE



Take-aways
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‣ Hydrodynamics is hard 
matter makes everything complex…

‣ Rich in physics & astrophysical applications 
more difficulties, more fun

‣ One of the most challenging yet interesting multiphysics problem 
stay tuned :)


