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Why things fall?




v’ Aristotle (~B.C. 4th):
_ D12 M Ao ZMOoZ 20| N A

| A vs HetA

L3995 o

. "IE 00| 2A" H|H(BC3th~16M|7|):
Almagest

Jupiter
Satum



https://commons.wikimedia.org/w/index.php?curid=75881

o IWEL|FA(1543): “AF7o| HHY| 25"

mM ~
FGravity =G ey —T)

- mi = Fgyp + F]upiter + Frarth + Fsaturn + -+

(ZX: Scott Berkun (2010))
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O MXt2&: ~1.38" per century
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- Action-at-distance €= =9 {83t
Aod |l2| B|2HE

Dark Energy
Accelerated Expansion
Afterglow Light
Pattern Dark Ages Development of
380,000 yrs. Galaxies, Planets, etc.

1st Stars
about 400 million yrs.

Big Bang Expansion

13.7 billion years

(Credit: ESA-C.Carreau)






. Paris — Lyon (1885(?))

BOX 4.2 Railway Trains in Spacetime
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v A3t CtEH| (Spacetime manifold) M : A1zo| 4xtel o144

M = {Event | x* = (x°, x1,x?%, x3) € R*}

P e e

M A M (Worldline): x#(1)

At (Event): P = x* = (x9 x1, x2, x3)

e = —




T T T T ~ https://www.maths.ox.ac.uk/node/36782

- Topological structure:

= = R4
- Differentiable structure:
R /"\

https://www.goodhumor.com/us/en

- Metric structure:
= Absolute (Newtonian), Special

relativistic (Minkowskian), or Curved

(EX: NASA)


https://www.maths.ox.ac.uk/node/36782
https://chandra.harvard.edu/blog/node/558
https://www.goodhumor.com/us/en/products/cones/vanilla-king-cone.html

v" Absolute (Newtonian) spacetime: Newton (1687 in Principia)

M
:’ - Metric structure: 1o & A7 AHE|
xH + dxt For infinitesimally neighboring two events P = x* = (t, x,y, z)
/ and Q=x*+dx*=(t+dt,x+dx,y+dy,z+dz)
xH |

IR ’ dt? & dl? = dx?+dy?+dz?: ¥

- Event in a Cartesian coordinate
system:

xt = (xY x1,x2%,x3) = (t,x,y,2)
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t t'
(
dl (x+dx,y +dy,z+ dz)
— NP
(x,y,2)
t+dt i t'=2
dt l *
E t=1
t | R ’
=0 X1 X
? t=-1 t tl
1‘/‘
x,/g > x
(x,y,z) xr=1 x =2 x=3
- dt=dt' & dI? = dx?+dy? +dz? = dx'* + dy'* + dz'* = dI'* SEPARATELY ;o
=» Absolute space and time! w
> x'x
- Flat metric both in space and time: 201X UX| X F, /e, "5 & (Curvature)” \

=» Flat Euclidean space and time



- 2 AlSe 8=

x—vt,y =vy,272 =2z

t, x'

25749l 2 A: Galilean B2t ¢

- Galilean £& 9| &t

- 272t 2tA Ao B2o 9

- SAIE

- Qb

- Three-velocity

ZbAHR L <L < 1"

e
o



Vy ~ Vg ? » [VA=VB+V J

Va, VB

*— Ex) XIHO|M & Of 7T £E&?
= 7|Xo|M B O E SE + 7|Xi| S&
= 150 km/h + 300 km/h

'y

= 450 km/h
Ra v R|s >

REARIN —> 72} B v Why is it so?

(Inertial observer) (Inertial observer) v" What are the assumptions or conditions
yo_ 4 for “time” and “space” behind?
o oo MX_AX+VAE AX o AX

A=AV ATa T At At A
Y'=Y At = At'l

v V¥0 o] VA + VB 2 23 JH7I CtE F S04 Lt S8 4= A =7t



v' Special relativistic spacetime:

M - Metric structure;

e e -

, ds? = —d(at)? + dx?+dy?+dz*
1

- e AAZTAT (I\/Iinkowski) spacetime

ol
- Flat metric: [0{™ UX| ZZF, ie, "= (Curvature)” = 0
s - By definition, ds? is independent of observers
ds? = n,, dx dx" - Feature: Invariant light speed, relative simultaneity, time
= 100 (dx®)?+1mg,dx"dxt + --- dilation, length contraction, maximum speed, Lorentz
Minkowski metric: transformation, relativistic velocity addition, etc.
10 0 0 ~10 00 o, v
(o 100\ [0 1 0 0 - Lorentz trans.: t' = NG (t ——x/a)
Nap 00 1 0} 0 0 2 0 , 1 / '
00 0 1 0 0 0 r2%sin?6 X=W(x—vt),y=ylz=z

Cartesian Polar - Recovering the Newtonian ST: a = o
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—d(at)? + dx? + dy? + dz? = ds'? =? = —d(at)? + dx'?> + dy'? + dz'?

. "EHBN AZ: (52 =0 - —(d(at))’ +dx? = 0 = —(d(at"))? + dx’?

mp o=,
Y7 ar T oar

d d L
co= 2= - g=cy : BE XX i3} S

dtr dtrs

=2#H 3 a=c=3x10°km/s

Lo l-_ Luminiferous Ether Mirall M,  se———

= =< Lamina de”
Z=RE9: (At,Ax, 0,0)
Font de Divisor
L= /. !/ / llum blanca de raigs P I
ZHEX}E 9" (AL, Ax',0,0) ,
Mirall M,
Moviment Te

Patré




- SA| AR

o T AMH: Pp=(t,x1) & Py = (L, %)

dt =t,—t; =0 - "SA|0f St ALA"

¢ P]_ = (tll,xll) & P2 = (tlz,xlz)
dt'=t', —t'1 =07

Note:
e Note: ds? = —dt? + dx? = dx? = —dt'? + dx'? C P we @) = wt(1m 1)
= Not necessarily dt’ = 0 (t; = t;) even if dt = 0. X@ wew = 0n =t
> dt'? =dt? —dx? + dx'* = dx'? — dx?* # 0 in general! S wt = pw?

> x Zt=vx#0!

=> t; # t, for other observers!



Ax

y r ( <=V )
T /% @ A, X As? = —(cAt)? + Ax?+Ay? +Az?
INs N Y
As'? = —(cAt')? + Ax"?+Ay'? +Az'"?
= AtA: glo| gh=n} £ &t As? = As'? » —(cAt)? + Ax? = —(cAt')? + 02
(cAt)?[1 - (%)2] = (cAt)?[1 - (%)2] = (cAt')?
- DA EY YR Ax' = 0 = Ay'=A7’
- AGCHE YK Ax £ 0=Ay=A 1
e e m | At= At’
J1—=(V/c)?

(X YOZ A7t XIPORRE 9| AT 2|7t 2HAS HY 4 AUS)



- 40| £=: o =X|(Deadline: 7/26 9:00)
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1 Axr
At = (At + =)
J1-(v/c)? c c
A
&— V. Vi 1
hovE Ax = (Ax" + v At')
J1-(v/c)?
Ay =Ay' =0
"
P Az =Az"=0
- v % .
o~ At , —> N R
=52 A B=2 B
— (Ax"+v Awr)
| Ax! .
_ Ax . 1—(—1)/6)2 . Ax’+v Atr _ A_9tc,+v _ vg+v NOte.
vA_At_ 1 (at’+ M) A+ ”Ax’_1+ vAx' /At T 14 VVB

VotV ii) Vy=cforVg=c(orV =c)

A —
1+V Vg/c? It never exceed the speed of light!

[ (-v/02 € ¢ ©° c e ) Vy<cforVgV<c
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Light-con and causality:

- & A (Null-like separation): pq;

ds? =

— =
Ex) ds? = —(cdt)? +dx? =0 - dx = +cdt
()
> v = % = +c : all events connected to p by a

P *4s
trajectory of light
=>» determins ‘light-con’
- ANZHY 2t (Time-like separation): pq;
ds? <0
2
As* = —(cAt)* + Ax? ds? = —(cdt)* +dx?* < 0 - (%) <c?=|v|l<c

— —(CAt)Z ll — Ax? ] . o .
= o2l - ™ 7t (Space-like separation): pgs
- _ 211 _ (VN2
= —(cat)? |1 - (7] 1250

2
(Z—’:) > c?2 = |v| > ¢ : "Et7|2(Tachyon)”
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(Newtonian ST): _ /]

#}

e

. ERMTIEN ABZ| AIRE
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(Special relativity):




1 F Al ZH(Proper time): defined for a time-like curve
- "Time intervals” depend on observers!

- Time measured by the co-moving observer along that trajectory

"=t SEA" At = At' = /1—(%)2&
(Infinitesimal

frame or locally _ \/Cz _ (A_x)z At
inertial frame) At ¢

= \/ —(cAt)? + Ax?] %

Cc

> 1= [dr= %f\/ﬂdsz = %f\/—na'gdx“dxﬁ

X ﬂz N p
= (€, x(), y), 2(0) = —7apx (AP (1) dA

where x%*(4) =dx%*/dA .

X7 ZHHE S (Invariant for any observer)
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- FAAE e BE0| Wt AMZSE et s vy # 1 #F 13 #

dt =/ —ds? = \/(c dt)? — dx?

— 0 for the path of a light

LI

LII

L -

SZEAHE L< L' < L"

Note: w=2| A|[SUOM F AHAL| A|ZE ZHE =2 T>T >T"=0

=0 72



- 17 20| (Proper length): =25 z2(space-like curveoll tish el

- RE A3

o
x%(A)
SA| 31
=4 StCHof ofor A=
AL ’
=1t S54 Al = Ax' = /=02 + Ax'2= / As?

» L= fdl = j\/-lidszz j\/naﬁdx“dxﬁ/d/lz d
= =B (Y 4 () + () 0




Spacetime
Newton (1687) Einstein (Special relativity, 1905)

v' 4-dimensional continuum consisted of events
v Uniform, without boundary, infinite ---
v Not affected by the presence of matter

» Space and time are separated

» Causality: » Spacetime continuum

» Causality: Light—-cone, observer—-dependent

il
A S CEE
) 2 °
& A
v %
St
S

> Metric structure: » Metric structure:
(AD? = (Ax)? + (Ay)? + (Az)?,
(At)?

Al = A", At = At

(As)? = —(cAt)? + (Ax)? + (Ay)2 + (Az)?
As = As’ (Al # AlI' , At # At)




v AL @ 2]: All physical theories should be consistent with this

special relativistic background spacetime.

2> 'SC|EA2 EE SEA0M 2o JEHO[O{OF &

rot

Note: Z 2@ HSO| AR x=x"+Vt & t =1t

— 't 9D |
m dt’z — F . 9 NO. > d?xt Fi o /= = d?(x"'+vest)  d?x't  d?x't
ez - dt2 ~dt?2 dt'z’
B=—FJ=6§Fi=F! > =F. Y
- . - . . ] ) ax’] ] dtlz .
ext _ Elyvedy)] ot 9% p 9% oy OX

dat2 dt2 dt2 T ox'H ot’ Ox'J



o
- For a time-like trajectory, the four-velocity is defined as
follows;
. dr =V—ds? = \/—na[;dx“dxﬁ
a _ dx@ dat dx', .
u=—=(—,—) . a4-vector
dt dt’ dt Or. (dr)? z_naﬁdxadxﬁ

-

- Three-velocity: V EZ—’:

B} A S e i _axt_dtdxl
Note: u” = dt  V1-vZ — £ T dr drt dt 4
> u =¥V
x% = (t xi) = x“(r) - Four-acceleration: a%® = du?
’ | T dr
\\ —> f _ ~ . a — a — m m‘_/) — -
Four-momentum: p% = mu (\/1—1/2’\/1—1/2) (E,p)
- Note: (2ZEHE) u-v = nepu®vf = —uv° + §;;ulv/
o @, B _ dx® dxP _ ngpdx®dxF _ —(an)? _ o
W U=Neph W =Nap 5 "0 =7 @z (@o? 1 =u-u=-1,
- 0= =2y .2 - q.u =0 (Orthogonal), p-p=—E%+p? =-m? - E? = (mc?)? + 7

dat



o o O
- R
d2xk
mat* = m ~= =f* (u=0,1273)
. Y
- Note;
dsz“ /
_ — ma't = ¥
m dt? ma f

- f=(f°%f) = (yF -V,yF) where

Sy
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/

dt dx dy dz)
a — a
w =2 ’ ((ert' i ’ddT ,dCéTd dt d
. 1 ;
o ° » V (Vi — d_xl) dt m( 4 =z
dt

dr’ dt dt’drE’Edt)

Four-velocity =(m ! =, ! ZmV)z(my,myﬁ)
(" FoTe
2E0HX:KE= 0> —mV? (FE 9
~ 1 _ 1 \? | 3 (v\*
M=m (V)Z =m[1—(V/c)?)] Y2=m [1 + (— E) (-) (?) + 5(2) + ]
1_ —_
=22, 1 pa 3 2\t
- mct =me” +oml +gme (C) +
) |5 = ic? = | e SR BIMZIHAG - o Feol ofuiT By
1-(9)° | - M2 &k Ho £E5 YA R3CH

- p*=(Ep')=(EP: E*=m?+p-p

[ T > - dx% d B mzna dxadxﬁ 2 —d 2
Note: p - p = 14spp# = —(p°)2 + nyyp'p! = —E2 + P+ f = 1gp (m ) (m ) = =7 =




v" Electromagnetism:

v.B=0 2B vxE=o0 » Oy Fog + 00 Fgy + 03F,q = 0

ot
_r _108E _
V.E—GO, V xB czat-,u,o.l 6QFQB=[10J5
: 0 —E,/¢ —-E,/c —E./c
with Y
E.Je 0 -B. B, | ., a =( )
/e B, o _p | =" J Cp,J
| E./c -B, B.. 0

- A tensor equation in Minkowski ST

= Guarantees the principle of relativity
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v" Newtonian limit;

- What is the relationship between the special relativistic ST and the Newtonian ST? ;M
- “Invariant light speed”(c = ¢') < "Existence of the maximum speed or the upper bound” P
- Lorentz metric: ds? =0 - —(cdt)? + dx? =0 = —(cdt')? + dx'? N Z
- Even if vjgp: # ¢ (.9, massive photon), the special relativistic ST would be same. There would
be some physical reality having v = ¢ instead of the light.
- Newtonian limit: ¢ > «
) Lorentz transformation =» Galilean transformation ii) Absolute time
(P S O As?= —(cAt)? + (AD)? = —(cAt)? = As'?z= —(cAt')?
‘ J1-v2/c? (¢ cc) .
o = 1 (x =2 ct) = At = At". Consequently, we also obtain Al = Al
B J1-v2/c? c
y =y, z' =z i) Causal structure

1

']

1
t g %t=—x forc, > ¢ €=
! C2
:x—vt > e ——————
y

»

X




v Question and Answer:



BACK-UP SLIDES
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¢ e
= s =
/% v At
TAF At = 21L'/c 52 29l At = 2L/c
H| A, [T _ 2/Lr2+(vAt/2)?
v _tg_gl S —|E C—\/Cz +U2 = At= JoZ 102

(c'? + v?)(At)?= 4(L'? + (vAt/2)?)

- Clz(At)zz 41> » At = ZCI:, = At'




9 IIA|7I_I. Xlgn

SH:c=c > At > At

T

<r

HI
=x

At

J1—(V/c)?

At =

=

!

+ (VAt/2)?

2
At = 2\/L

2.7 > "HIH A7 ot |




1
At = At" =T At
J1—=(V/c)?
1 o
[ =
J1—(V/c)?
R e
: = v i T . V/c

c = 300,000 km/s

Virx ~0.08 km/s ~ 0.0000003 ¢

VH|§7| ~0.28 km/s ~ 0.0000009 c

Vgpg ~8.14km/s ~ 0.00003 c

FKTX == 1 + 39)(10_ 4

At = F%%At"» 15.8 At’

V__ ~0.998¢c

[
T7 =



AN

oL T O.

2.1969811(22)x10-° s
~2.2US
~O|&AHE:
~2.21s x 0.998c
o ~0.66km (?7?)

V__ ~0.998c r__~158 At =T_ _At'~15.8 At

(=
TT%

0
ro
40
rfo

5



CAtl

A 4

A

I 2 @ VAL,
At
R

L'=(cAt)/2 = At'=2L'/c

cAty =vAt; + L = At; =L /(c-V)
1

cAtz=L - vAtz = Atz=L/(c+ v) At = At/
J1—(V/c)?
At = Atz + Aty 2L 1 B 1 2L
=L/(c-v) + L/(c+ V) 71—(v/c)2_m c
2L 1

c 1-(v/c)?

\ 4
A

L=.,1-w/e)?L




. Lo Ul 77 il 16

= T TT =0 70
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2 =X: Hartle
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Murphy

Space (x, Y, 2)
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Simultaneous events and spacetime coordinates

A B
7 R 7N 7\ R N

7/ 7/

\\f'\ —
779
=/

v AHd p 2F SA|0 YO ArA
27 (Simultaneous events with
the event p?)

- QObserver A: q

- Observer B: q'




