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Why 3+1?

m3+1=



Why 3+17? Let’s see the final form....

5|mple._




Why 3+17? Einstein eq.
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Why 3+1?

m3+1=3 along 1

https://svs.gsfc.nasa.gov/13086




Why 3+1?

m3+1=3 along 1

mD.E., I.C. and solution.... So what?
- 4D quantity # 3D quantity
- PDE (Cauchy problem)
- causal structure of sol.




1. 4D quantity # 3D quantity (1)
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1. 4D quantity # 3D quantity (2)




1. 4D quantity # 3D quantity (3)
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1. 4D quantity = 3D quantity (4)

gtt gtx gty gz
Inverse[ g; g g ixyz ] // MatrixForm // FullSimplify
gtz gxz gyz gzz
BXx gXy gxz
Inverse[ gyz gyy gyz ] // MatrixForm // FullSimplify
gxz gyz giz
xForm=

8“2 Byy 2gxygxz 8)'"8")'2 B2zigxx 38"2 gyygaz|

gt guz gyy l,gllg,xygalgyl-gllgxxgyzz gtz ¢;xy2 griglzgxxgyyge glx (gx2 gyy @xygyz) (gtz.gz) gt jgxyz gxx gyy | g.u‘gtyz { guz gxxgez | gly (gR2gxy gx2z gLz gxx @y2:2 glx gx2 gy2 gXy Ex2g2 gx

glzgxzgyy gtzgxygyz gly gxzgyz gtx Kylz glygxygez gixgyygez
gt gxz2 gyy 2 gttgxygxzgyz gtt gxxgylz gz gxyz g2 gltzgxx gyy @2/ gLx (Ex2gyy EXygy2) (gr2.g2 gugxyz g22/gtt gxx gyygez »glyz :gxzz Exx g2z gty ( gLz gxy gx2 gtz @xxgy2 2 glx gx2 gy2 @xygx2 g

gtagxy gxz. gty gxzz (RLZEXX Ry2 RUx gx2 Ry2 Rly @Xx @22 gUx gxygR22
gtt gu:2 Byy:2gtigxygxzgyz gtt gxxgy22 gz gxyz g2 glagxxgyy g2/ gUx (gx2gyy gxygyz) (grz.gz gltgxyz g22/gtlgxx gyyg2z, .;Y._y2 :guz2 Bxx g2z gty ( gtz gxygx2z gLz gxxgyz 2 gUx gx2 gy2z @Xygxz g

gly gxy gxz glx gxzgyy gtz ‘slyz gxx gyy gly gxxgyz glxgxygyz

gtt gx:z Byy'2gttgxygxzgyz gtt gxxgytz ‘gltgxyz B2 glegxxgyy g2/ gix (gx2g8yy Exygy2) (ghz.gz gllgxyl gzaigligxx gyygez rglyz :guz Bxx g2z | +gly (-glzgxy gx2 gLtz gxxgy2z 2 glx gx2 gy2z @Xygxz g.

\

xForm=
( gy2? gy gaz @xz gyz gy ga2 gxz gyy gxy gyz
gxz? gy gxxgy2? gz gyz (gxy gyz) gxxgyy g2z gxygyzgez  gxzd gyy gxzgyz (geyegyz)ogxy gyzgezogxx (gy2d gyygez) g’ gy gxz gyz (gxyegyz) ogxy gyz gezogxx (gy2? gy gaz)
gyz (gx2 g2z gxz? gxx g2z (gXX gX2) gy2Z
gxz? gyy-goxcgyz? gxz gyz (gxy gyz) gxxgyy g2z gxygyzgez gzl gyy gz gyz (geyogyz)ogxy gyzgezogxx (gy2? gyygez) g’ gy gxz gyz (gxyogyz) ogxy gyz gezogxx (gy2? ogyy gaz)
gxz gyy gyz? gxy g2 gxx gy2 gXx gyy gxy gy2

8"12 BYY BXZ gyZ (BXy By2Z) +gXy ByZ B221gXX Kylz gyygzz| 8"12 Byy gxx Kylz 'BXZ ByZ (BXY BYZ) 'BXX ByYy 822 gXy gyZ g2z 8"12 8yy-gxx 8!12 8X2 gyz (gxy gy2) +gXx gyy B22-gxy gyz g22




2. PDE (1) GR
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2. PDE (2) ODE case




2. PDE (3) Cauchy problem

Formal statement |[edit]

For a partial differential equation defined on R?*7 and a smooth manifold S C R"*7 of dimension n (S is called the
Cauchy surface), the Cauchy problem consists of finding the unknown functions u;, ..., uy of the differential
equation with respect to the independent variables ¢, z1, . .., x, that satisfies!?]

. k,,
pY =F 6, X1, s Ty ULy e ey UN e ey B PRERRE
’ Btko Dkt . . ok

fori,j=1,2,...,N; ko + ki +---+k, =k <nj; kg <n,

subject to the condition, for some value t = %,

8kui k
8tk :¢§)($1,-..,$n) fork=0,1,2,...,ni—1
where (ﬁz(.k) (1,...,y) are given functions defined on the surface S (collectively known as the Cauchy data of the

problem). The derivative of order zero means that the function itself is specified.

Cauchy—Kowalevski theorem |edit]

The Cauchy-Kowalevski theorem states that /f all the functions F; are analytic in some neighborhood of the point

(to, :1:[1), azg, cee (Z)g Kok i ? " .), and if all the functions qbg.k) are analytic in some neighborhood of the point

(a:?, xg, e a:?l) then the Cauchy problem has a unique analytic solution in some neighborhood of the point . )

0 0 20 0 [Wikipedia]
(t°, ], @y, ..., xn).




3. Initial value problem / well-posedness

m Initial value formulation:

- appropriate initial data > subsequent uniquely determined dynamical evolution

m Appropriate initial data:

- small changes in initial data > small change in solution
> predictable physics law

- Any changes in initial data can not change solutions outside causal future.

> “Initial value formulation” is well-posed.




3. Initial value problem / well-posedness

m Initial value forr

- appropriatq

m Appropriate init

Newtonian mechanics:

qui d(h dQn
dt? dt ’ Tt

. dg dq,,
initial data: ¢10. - . ¢no. o R 1 at t =t
dt /, dt /

:Fl<ql s Uns

amical evolution

- small changes in initial data > small change in solution

> predictable physics law

- Any changes in initial data can not change solutions outside causal future.

> “Initial value formulation” is well-posed.



3. Causal structure

(DTYHT 1T (including null path)

Nee /N e /S

v

submanifaold
D*(S) : future /past domain of dependence (determined region)

H*(S) : future /past Cauchy horizon (determined region limit)

[7(S) : chronological future/past (massi
JH(S) : causal future/past (everything-ii




3. Globally hyperbolic spacetime

m Cauchy surface

Y in M of one-time intersections with each causal curve

(Xldod of n=m)

m Globally hyperbolic spacetime

(M. g) which has X, ueny

ltgl)lllgu:.\,'

- (M, g) | vi=xxr




Initial value problem / well-posedness

[ g’“ U(lj-: (_."JI)(\ ) vg()(l )V'uv]/()_-} — F_-}(lj: (_.":I)Cl . vg()(l ) ]

THEOREM 10.1.3. Let (¢v), . - . , (¢o). be any solution of the quasilinear hyper-
bolic system (10.1.21) on a manifold M and let (g0)* = g*(x; (do);; Ve (dv))-
Suppose (M, (go)w) is globally hyperbolic (or, alternatively, consider a globally
hyperbolic region of this spacetime). Let % be a smooth spacelike Cauchy
surface for (M, (80)as)- Then, the initial value formulation of equation (10.1.21)
is well posed on 3, in the following sense: For initial data on 2. sufficiently close
to the initial data for (do)1, - . . » (o), there exists an open neighborhood O
of 3. such that equation (10.1.21) has a solution, ¢\, . . . , ¢, in O and (O,
ga (x; & V.d)) is globally hyperbolic. The solution is unique in O and propa-
gates causally in the sense that if the initial data for i, . . . , ¢ agree with
that of ¢, ..., ¢, on a subset, S, of 2, then the solutions agree on
O N D*(S). Finally, the solutions depend continuously on the initial data in the
sense described above for the Klein-Gordon field.

[Wald (1984) p.251]




Initial value formulation in GR

THEOREM 10.2.2. Let 2 be a three-dimensional C® manifold, let h,, be a smooth
Riemannian metric on X, and let K,, be a smooth symmetric tensor field on X.
Suppose hg, and K, satisfy the constraint equations (10.2.28) and (10.2.30).
Then there exists a unique C* spacetime, (M, g.), called the maximal Cauchy
development of (2, ha, Kab), satisfying the following four properties: (iy (M, g.,)
is a solution of Einstein’s equation. (ii) (M, g.») is globally hyperbolic with
Cauchy surface Z. (iii) The induced metric and extrinsic curvature of X are,
respectively, ha, and K. (iv) Every other spacetime satisfying (i)—(iii) can be
mapped isometrically into a subset of (M, g.). Furthermore, (M, g.) satisfies
the desired domain of dependence property in the following sense. Suppose (Z,
has, Kap) and (', ho, Ky) are initial data sets with maximal developments
(M, gu) and (M', g2). Suppose there is a diffeomorphism between S C X and
S' C 2 which carries (hy,Ka) on S into (hy,K) on S'. Then D(S) in the
spacetime (M, gz) is isometric to D(S") in the spacetime (M’, gl,). Finally, the
solution g on M depends continuously on the initial data (hy, Ku) on Z. (A
precise definition of the topologies on initial data and solutions which makes
this map continuous is given in Hawking and Ellis 1973.) |

[Wald (1984) p.264]




Why 3+1? Action as well.... (1)

| | ) : T 5 da
(point particle) S = / dr — —+17,
~ ~ (: .



Why 3+1? Action as well.... (2)

1 t2 ; . ‘ :
S = / / N(R - K*+ K K9\ /yd*z ¢ dt
].GT—CY t1 37
1 L1
- V,ViN) /A~ dz| dt zzc 13
1(sfn(;/tl U& 2(ViVIN) 7 r}( 167 Vo' dy




Why 3+1? Action as well.... (3)

L, _ g
H=-—— | &z,/7(NCy - 25C;
167G / @y (Vo )

| ' 27—
+ 1() (7 / (]‘ZH\.-""(T 2[1([ ! ) —]\ ) \( —H())]

where s is an extrinsic curvature of S;.

Mapn = —

| ' L
- d<0\/o -2(k — K )
167G -/.\',1:,.\' A ( 0,




Why 3+17? Action as well.... (4)

INFO (TwoPunctures): The two puncture masses are mp=0.48072940437916789 and mm=0
.48072940437915207

INFO (TwoPunctures): Puncture 1 ADM mass 1s 0.5

INFO (TwoPunctures): Puncture 2 ADM mass 1s 0.5
INFO (TwoPunctures): The HaEISDBE mass is 1.15612

|

o =y
1()“ (T Js, =3, s

‘ ‘2 ) . ‘ . .
My = — d“0\/o - 2(Kk — Kg)




Now, Let’s split Einstein eq.

Gy =8nGT),,




Our Goal

(DG, = LR+ K2 — K, K") = 87Gp

DG, =D, K — D,K", = —81Gj,

WGy = 87G Ty

b 0;Kij = o Rij + KK;j — 2K, K*) — D;Djo — a87G(Si; — 57i5(S — p))
+ "Dy K;j + K, D% + K, D3

|\ Orvij = —2aK;; + D8 + D; 3




3+1 decomposition of Einstein eq-. tensor

> 7

[y — € 5%

[ Manifold/Hypersurface
| Foliation

u Normal vector

DG, = HR+ K? - K, K") = 87Gp

WGy = DK — D,KY, = —81Gj,

WGy = 87GTys

L O, Kij = a(Rij + KK;j — 2K,1:/;K""j) —DiDjo — a8 G(Si; — %”/ij(S -9)
+ B DKy + K D% + Ky D; 3"

Ovij = —2aKi; + DiBj + D;5;

] 3+! metric
[ Gauss-normal coordinate
| Projection

] Extrinsic curvature

] Intrinsic curvature

] Projection of Riemann tensor (Gauss..)




Manifold and submanifold/hypersurface

m Manifold

m Immersion/embedding

. . (derivative one-to-one)
(immersion)

(points no need to be one-to-one — self-interaction possible)

(immersion + topologically same (homeomorphic))

. (Locally N — M is homeomorphic, that is, locally immersion is embedding.)
(embedding)
L (Local neighbourhood of a point x on N

can not be mapped to a self-interacted image. )

m Codimension/submanifold

(immersion, M — N) — [ dim(N)—dim (M) : codimension ]

(embedding, M — N) — [ M is a submanifold of N |

m hypersurface

codimension-1 submanifold




Submanifold and foliation

m Foliation? Slicing? How?




Submanifold and foliation

m Foliation? Slicing? How?

T 2 )
A \ N Lo J T Y \H &
A=
IS r- i)
\\\:\Q:E§§\\/ j A
paSsSaNsEsdf h




Submanifold and foliation




Submanifold and foliation P

m Surface forming g

—t— i

Nl L '

Frobenius’ theorem @ [V, Vi [ = a“V/ (closed vector field) — integral submanifold R et O .,»;/ Voo
Frobenius’ theorem : V“,nj/']'}\"’ﬂ"' =0 A 5 g\éu ——ta
- ——— é,t-i--
for V¥, W such that n@ V¥ =0, n@ W =0 T —~ N

- - A

m Non-degenerate scalar fields labels submanifolds. > foliation

’

- M — NY’s Codimensi ’
(f*: exterior coordinates) < (foliation) «— (M — N)'s Codlmenslon number _S
\ non-degenerated f*(x) labels submanifold.

| (y*: coordinates on the submanifold M)

L [in a neighborhood of M, coordinates: z/ = (f*,y®)]




3+1 decomposition of Einstein eq-. tensor

.......... ?

py — 8 v > !
----- >

e mantoiHypersuiac :

L] Normal vector
WG, = %(R+ K2 _ K, K") = 87Gp

W@ = DK - D,K", = =81Gjy,

WGy = 87GTys

b 0iKij = o(Rij + KKij = 2KiuK'") = DiDjo = a8nG (S5 = 3%i5(S = p))

+ B*DK;j + Ky D" + Ky;D;3*
] Extrinsic curvature Brvij = —2aKy; + Difly + Dy

| Intrinsic curvature 8
] Projection of Riemann tensor (Gauss..)

] 3+! metric
[ Gauss-normal coordinate

| Projection







Normal/tangent vector /

m Scalar field > Submanifold S! /

m Gradient of Scalar field > normal vector (one-form basis) ‘

dt =Vt (Vond. Vi)=0
m A curve intersecting the hypersurface > tangent basis vector ;ﬂ\‘
~(t) by X 0t = O

m Tangent basis and one-form
Y(t) by X0 (. Vt)y=t"Vat =t"0Ost = Ot = 1

m A congruence of curves > coordinates > vector components

0 da o when 2 = (t.y") _ |
L = = () ‘ -8, = (1.0.0,0)
=

ot
a da o o When x® ={t.y") ., 4=
(y,)" = | - = (Jya) ’ - 0, —— (0,1,0,0)
{

ot when oz = (t.y") ]
Vat = < )) = (dt), ‘ ~ &' =1(1.0.0.0) > Not unit vectors




MONGWRWN-=

foliation with t
T=1 atT=2
dt is short

t long along grid line
dt.t=1

Two basis dt, t like V=Vx X
X=0 along t axis

dx is not tangent

For intrinsic term, (mu to i)




Unit normal vector (normalization)

ny=—NOoyt = =NVt = =N(dt), — nu(y.)" =0

= —N(dt)* = —NV*t = —Ng''V,t = _;\"(1/”’()", — —N_(/"l

1

L | nH = —,\’g"’ = ()

n, =—N(dt), = —NV,t = —.\”’(ii’, = (—=N.0.0.0). (where N > 0)

L |n, = —;\’(5;,

T = A"%{/""(VI,I‘)(V,J‘) = N%g''=+1=0

< (0 timelike normal vector — spacelike hypersurface

L ¢ =0 null normal vector — null hypersurface

| > 0 spacelike normal vector — timelike hypersurface




Normal vector “n’” to tangent basis ‘“t”

_[_(;'1 - './”(\ e \*u
4

( contracting with n, /
o Tl o TA __—
nat® = N'n“n, + N7,

S—~—~ S——— N
— N(9u )t =—N ——1 (- timelike)

t=m+g3| ((dt,m) =Vt =m"'"V, t=1)

[ . .
N =a (lapse function)
¢ No = e = (0, B) (shift vector)
| m® = Nn® = (1. —? ) (evolution vector)




3+1 decomposition of metric (1)

v = ap ’ 81.~ L(]'UU — (dl’-“) : (dl’.“)

|4

Joo = 8!
f]ni — a[

9i; = 7ij

)
t=m+p

N=a (lapse function)
N = 3% = (0, 8 ) (shift vector)

m® = Nn® = (1. —;) (evolution vector)

8, =(m+p)-8;,=(m-6;+p-09,;) =

— 7v;;de* ®dz? = P, dz* ® dz”

U A

Juv =




3+1 decomposition of metric (2)

v = a,u ’ 81/- g”" = (dl’ﬂ) : (dl’,"/)

)
t=m+73

R N =a (lapse function) N
" | No = B> = (0, 3) (shift vector)

m® = Nn® = (1. .y ) (evolution vector) ﬁ‘
\

ds® = gudatdx”
= —(N? — 3;8)dt? 4+ 26;dtdx? + A ;_j<;|.1‘i<;|.1‘~j
= —N2dt® +~ 5 (dz? + Bidt) (dz? + 37 dt)

- AN ./ g,U[,/ —

Vv v~

dz’ dz’

Note that dz* is not on X; when 3 # 0, but dz’ is on . \




3+1 decomposition of metric (3)

G = 8;1 ’ 81/- L(]'UU — (dl’#) : (dl’."’)

)
t=m+p

N=a (lapse function) N
N = 3% = (0. 3 ) (shift vector)

m® = Nn® = (1. —;) (evolution vector) ﬁ‘
\

| <

1 1 1 1

0 = (dt) - (dt) = <—T”#> (_F”/1> =Nz T TN
; 1, 1 3

g = (dt) - (da*) =6, [ —=n® ) (dat)g = —=n* = —(-1,0) (—

) .\ —_ o’ \ \ -

=,
-~ . . . . : . ‘ gt —
g? = (dz*) - (dz?) = g""(dz*),(dz?), = (ontn” + PH) (d2*), (dz’), 7=
\-\/_/\-\,--/ -
:()“],, =0 .\ .
L BB
=on'n! + ¥ = —— + Y \

E




3+1 decomposition of metric (4)

ta the 1] ~ 1]
/ N(_)t( th&t g # ¥ ; \ Juv =
/) te I/
g ! = g'L g Jg,uu-_ \
-~ I\] —_— -~ I./'lA.].I"A —_— -~ I[A J.]‘,A N
Y — ) Y Y pr Y Y o
1
1 ik R 7T . 20 o )‘i 3 3. /— -
L) 979k =9"9u; —9 goj =0 ; — eI N
_}2 3/{ ' - ( /! W _

; . ]1, . ]1’ » 1




3+1 decomposition of metric (4)

)

ds® = gy datda”

— —(;\7") = ‘)'5.)"'.)(112 + 215(1?‘(1.1"; 4 ’jg./’(l.l""(l.l"’.

= —N2dt? + ;; (da' + g'dt) (da? + 37 dt)

da' di
Note that dz' is not on ¥; when 7 # 0. but di' is on &,. ..‘
1 . 1 \O-40 7 -
oo_ 1 Coo  (—1)"*"Moo  det(vi5)

g

= |V-—9g=Ny7

N2 det( g, ) B det(guy) B det(gus)

&

~N*+ .58 5,
Yy =

\ D; fij

( 1 7

N2 N2
HY _ o
.(/ \)l.' ‘I j';
N2 T N2




3+1 decomposition of Einstein eq-. tensor

|
wGT Wl \Cp d
,U..I/ - 87T ,U.-I/ ’?
o—Manifeld/Hypersurface -
oliati
s—Normal-vector
- . DG, = HR+ K? - K, K") = 87Gp

4@, = DuK — D, KY, = —81Gj,
s = By
b O Kij = o(Rij + KK;j — 2K1:/;K“j) — D;Dja — a87G(Si; — $7i;(S — p))

+ B*DK;j + Ky D" + Ky;D;3*
] Extrinsic curvature Brvij = —2aKy; + Difly + Dy

| Intrinsic curvature 8
] Projection of Riemann tensor (Gauss..)

[ Gauss-normal coordinate

| Projection




Gaussian-normal coordinates

The conditions for the construction of the Gaussian normal coordinates :

o

TSQEC

[\ |

. normalization condition (n

n-dimensional manifold M, and its hypersurface .

. coordinates on X 1 {y), -, yr '}

normal vector n* at p on X

geodesic curve parameterized by z. and the tangent vector 0. = n#

. the geodesic equation = 2nd order DE,

the solution for the parameter is fixed by two initial condition.

pntt = =£1), and a value on X (2(p) =0)

— fixes z parameter on the geodesic curve.

. With the geodesic congruence passes 2. when the manifold is foliated with X’s

where the two conditions hold, we can have a unique coordinate system within
the region where there is no intersection of geodesic curves.
> lapse? Shift?



Projection tensor (1)

Gaussian normal coordinates : ds® = odz? + - ..~_,'<1,z/"<1_z/-"
L ds® = g (dat') oo (da”)

= —dt?® +~ ;’_,‘(1,1/‘;(1'1/‘;. = — (N? = 5,89dt? + 25;dtda’ + ".‘-'_/'(1.1':‘(1.1"/.
—n = —n,(da") LN=1 3"=0

N =1

di = —Nn

=[St - ,,, dx-d "

I,
— (:_N!!“;" + A.fu';:)(l.l’l'(l.l'i/
:'(/!}!'I _/7-,/;/,,!',

:P!

-~
[

. (projection tensor) > Projection tensor = metric on hypersurface




Projection tensor (2)

Definition: | P, = gy — onuny

Projected vectors are tangent to the hypersurface.

:(‘."\.'“_ KT2:]

(P, V" = g,Vi'n"” —on,n,Vin"

H
=0
Act like the metric for tangent vectors

0
P;”;""H‘I-l’ — _(/‘u]/‘ ';"‘-V - Oj_l.fj,/_‘l_l.ﬁ—""ﬂ'rrrf

= g VI

Idempotent f(f(x)=Ff(x]

Iz A . 7,
PrPN = = pr



3+1 decomposition of Einstein eq-. tensor

o—Manifeld/Hypersurface =
Eoliati

m=——Normal-vector

s3— 3+l metric DGpn = LR+ K2~ K, K*) = 87Gp

4@, = DuK — D, KY, = —81Gj,
s = By
b O Kij = o(Rij + KK;j — 2K1:/;K“j) — D;Dja — a87G(Si; — $7i;(S — p))

+ B*DK;j + Ky D" + Ky;D;3*
] Extrinsic curvature Brvij = —2aKy; + Difly + Dy

| Intrinsic curvature 8
] Projection of Riemann tensor (Gauss..)




Fundamental form of hypersuriace

m 15t fundamental form of the hypersurface:
Projection tensor > project all tensors on to the hyper surface

P‘“]/ — .(/!I]/ — 0',] ‘“ 1 1 ds® = 7,1»‘,»([;?1‘(17-" = 72d6? + P sin20dg?, 7' = (8, ¢)

m 2"9 fundamental form of the hypersurface:
Change of projection tensor along the normal direction > bended hypersurface
>> Extrinsic curvature

- |
]\!”/ — SL:” p;;]/

—

0 3
— SPIIP]/L’”'(I(")’

—

=V, n, —on,a,




Let’s skip....

-

’ - J' >
Pl"l P’.)’ (‘[\/”’ = SL,”R”,>

= N,3= TN )

|
i/ v
SPI,I\P, ol G —

! '
= SPI:[ P’. N(I[ll - _p“ p, pé ,,I(TII

—

]\;ul = __L'n ]7/”/ -

x e
SPIIP[/L’H.(’H.f

(S}

-n =1

1
. ¥ 3
[\/”’ = 3]—)“‘[—)11 L’I.‘.’/ll.f

W-/
2V

st n

= P“ pll _Y' 3T + YT,,'N’;

by the Frobenius theorem
= —P” P,, -2V angs (by the symmetric property of K,,)

B \ / ~‘1’ f \ -
- .,_‘0;,‘ - mz"nl,_; (0, —on"n,)\Vangs

— v“”]/

(where V/,{n,,n )= p(nyn”) =0
v v

B

( 7 ( 3 I
_____ —on"n,Van, +n"nepm;NVang
scalar =a
(Vyngn” = (V,n")n, (by metric compatibility)
[E A \ \
1 ‘-._vu”m' =0 )

1 >
§L'n[)1u/ —

K, = Vun, —on,a, | . where a" = n"V, n"




Derivatives in Kuv

, — 01,04,

;!

m Lie derivative:

Ly U

m Covariant derivative:

\7;1 | Ve




L P,/]/

1
Lie derivative in Kuv fp
B
V,

m Lie derivative: change from a field My —

LyUt = V.U = VYO,Ur — U9, VF

L‘,‘-w?;’ — ‘sr“('_),/vb’;; e ((.‘);l"'r]/)w';, N\‘
. <o
L (basis vectors) [X Y] = () '\), 3
I— (f()]. lll(‘tl]() LtV'(/;,;/ — 2v.;,‘;/, ® "j ©
Lo, (Dg) = [0g.04] =0
ds® = dr? + r2d6?

m Extrinsic curvature ~ bending of hypersurface ~ area change along normal dir.




Covariant derivative in Kuv

m Covariant derivative:
- change from a parallel transport (geodesic)

T i " i/ _ (-_)“ " i/ _l_ F ;/ \ ‘, \

Ls YV\‘
L (parallel transport) U*V, V" =V VY =0 v
dat /
L (4-accelerati ViU =a — 0 (geodesic UH =
(4-acceleration) Vs a (geodesic) ( T ) i .é "
v

L (metric compatibility ) Vg, = 0

Vo, (09) = (8¢)’V;(8y) = Vgdy =T, # 0 wheni=r
Var(aﬂ' )‘ =

ds® = dr? + rd6?

m Extrinsic curvature ~ V change of normal vector — non-geodesic change




Properties of Kuv

- L
m Geometrical understanding: | pv | = 5L0 P

|
0y 3
s SP!,P;,L”.(],,,)'

=V, n, —on,a,
m Tangent to the hypersurface

m Symmetric tensor

m Dimensional analysis of K and R




Example of Kuv

(1) 3-dimensional manifold M

(2) foliation of M with X’ s

=(r.0.o0)

'«3\' coordinates:

(4) metric: ds® = _(/..'j(l.l"; dad = dr? + r2d#? + r? sin” 8do?

T

(5) Christoffel symbol: T, =

(G) curvature:

\

(7) normal vector:

(:(1 l')5

M—"R=0,
—V.r

(8) extrinsic curvature: Kyy =

[ \'(_‘; (o) —

K = [\.

(" ﬂl“IlQ normal dir..

(A.0) on X,.)

o

~
=vy;dz*da?

)\ 2
\:1 - ..-..R = 5
2

=dir=20] = (1,00

|

< :lV[}I’

(I(‘u'; r

_[‘I S = 7r

[T

2!/!‘!‘

()

, + I

= Vorg —orrogg =

1,
= _)Lr 0o = —" Y““m; 2(Vgrty ;m'

Yo = = Vyryg = Vu% -
vul'u =r

- )
sin~ #

| |

00 1.~ o T.7
q [\f_‘)n + q [\(,‘;r_‘; - — I +

= 12 sin”

]

HH

.« D
~rsin” f =

= | o




3+1 decomposition of Einstein eq-. tensor

<4>Gnn = %(R+ K? — [(#UK/“’) _ 87TGp
<4)G71ﬂ = DHI( = D’/A’UI‘ = —8TFG]'#

T——Gauss heormal-cosrdinate DGy = 87GTyp
I—PFOj-eet-i-en L (‘)tl\/ij = ()/(Rij + KK;J' = QK,I;/CKL;-) = DiDj(} = ()/871‘G(Sij = %’\/ij(s = /)))

+ B*DK;j + Ky D" + Ky;D;3*
Oyyi5 = —2aKs5 + Difj + D;53;

| Intrinsic curvature 8
] Projection of Riemann tensor (Gauss..)




Intrinsic curvature (1)

M gl“”" vl‘ [r(g)] — [v,lu vl/]VA — R/\ Ve

ppv
L\v’“gupzo BN B O .

¢ VP, =V,u(gu, +nun,)
= V.9, + (V,n,)n, +n,(V,n,)
=K,,n,+n,K,,+n,a,n,+n,a,n,
# 0

G VoXH: =PoP .- VX5

o~

~ o “/ ,/// /)I - /)// I’/ - - )/
Vl/fv']/‘./\_/ _— ]—)/1/ ]—)’, ]_)/)// VI“I(P/)/ P,/II VI/"-‘;\-/ )

o~

2:1‘ . A.",UI/-. 6[1[]-—‘(’«’)] — [6“, 6,/]‘/)\ = ]:?/\P,UVVP — R
L 6;1 Tvp = 0




Intrinsic curvature (2. Gauss eq. (1))
[%,ﬁ,,xfﬂ} P, P8 P? V AP’ PLV V)

A ”y

=—0n(Vang)P\VsVA—oP%;(Van )n VsV + P3P, VoV V2
(using V, P =V, (0% —on"ng) = —oV ,(n"ng)
and P n, = 0)
= P2, P PP (—on® (Vang)PL VsV — 0(Van? )Pl ma VsV + PPV Vs5V2)
N’

=—VAV ny v Vs(naV>)=0

K*,
= —0 PSP (Van) P2 P\RIVSVA + 0 PRPE (Vo)) PP (Vsma) VA
Kuv P°,(Vsna )0t VE=P? (Vny) 7\ Pl VE=Kyy Pl VA=K, VA
+ P, PP, PP P\ V, VsV
v A

— _(T]\'!”/Pfi\”ov{)_ ‘_',\ + ()—]\'I’/II\']I/\“'/\ n Pf;l P{)],P[i\vn vﬂf,\
: R ) - , ) -0 T r A

[E VaVVl — oK, Vi, VP + (7]\.’[,]\ AV ]

(where we defined V-/-;V»,-;Iv'f" = P';,P'z,P"\V,,V,g VY




Intrinsic curvature (3. Gauss eq. (2))

v;}vp‘v'ﬂ p— v“v;,"}l _ (T[\’;”;v” ‘,’V + (T]\'f;l]\’],,\“'/\
( \\'}l(‘l'(‘. v;lv;/"") = P’;I p:)ﬂph\v”vd‘ =1 )

o~ .

= ‘ZV[;:VU] VP =RP

opnv

Ve

0 :
Y - _Dp ’ Awil r/\ g% - r/\ Y 0 P 7 7 X7 A
:pliz pr\",pf'/\v[” v(w 1 '/\:%p(;l p(iu P"/\ R,\mm_"r-r

¢ P - 1 a o [ A o
= 2(c K’ Ao + §Ppp  PERN )V

[ oad

— RP — PPaPiPAA"“ P()I/Ra\_?’}()‘ + O(]{p,ltI{UI-’ - ]{PVI{UN)

opy

o~
-

= R,unpa — Rﬂﬁﬁfr + 02-[\/)[;1

K,), | (Gauss eq.)

(intrinsic)=(projected R)4(bending)




Intrinsic curvature (4. Gauss eq. (3))

Contracted Gauss’ equation :

o~

Lp § - ”
PM(R,p0 = Ripgs + 02K 1, K,

\ Lp g
— R,,,C, = PFf Rﬁ,’;,’;g; +02K" 1 I\u]o)
w
=Pre P, PP, Py Ry =P PY, Py Ry =(g"" —om“n") P', P°, Ro sy

o~

— | Ryo = Ruo ORnuncr + O->I,'U[ [{"’]0




Intrinsic curvature (4. Gauss eq. (4))

Scalar (Gauss relation :
PHG(RVG — R'fi'c? — JRn’ﬁn’c? + 02]\11[,“ ]\,u]a)

A~

— R = pl‘lap(:/Pir(Ra 8 O_Rncmﬁ) + OFQ]{IU[,“ I\,lv’ij
| ——

=P =g*P —gnn”
2 ] ‘ g TV
= R — ORnn — ORnn + 0 Rﬂnnf + 02K I“[H K I./i
‘ ’2 > J >
— .R - O.ZRIZIZ + O(.[\ - ]\ IUI ]-\#[,/)

o~

=|R=R—02R,, + o0(K* — K,,K'")

o~

= when 0 = -1, R=R+2R,,,, — (K* — K, K')




Intrinsic curvature (5. Codazzi eq.)

OV ~Vanf = RP.
2VipVpn” = R\ 2on
R PNQ R/ 3 P /Z‘, 2V [ Vﬁ g n’ = R/) L

njy
¢ Y ‘3 Y
= ZP[ ;‘ Py] P”;,V(., Van’
v

=K, 3 T4ton ga’

< np B pp v . Y ' Y
= ZP[ /;‘PI/] P’,\{,(V(, K g To Vanga’ + O%V(, a’l)
=K.p+ongag

ZP[ ”P] P") (V“K'g —{—O]X“ ga7)

oV e ’)—1—20%1’)

2V, K KL

Codazzi’s equation : V[ K"?”=R"

Contracted Codazzi’s equation : QV[#KU? =R,




Summary....

Scalar Gauss relation :

. f? = R — (72]?”” + (7( ]\—2 — [\—;Hf[\b

- 'l &
R//rr — vo (TR,”A/”F;’ + (7-2]\![“ [\1/]rr

Contracted Gauss’ equation :

[']!”/,)ﬂ' — 17]!1'1/”/).# + (T)]\ [!,]\]/](T

(Gauss eq.)

)V[ T VP = R! Sy

QV[ZZ ;;]np —RPAN\R)\

[iv
Codazz’s equation : |2V, K =
1"y Ny

Contracted Codazzi’s equation : QV[“I\V]" = R,

pie

P



Example of intrinsic curvature

For a sphere of radius r in the flat space, The contracted Gauss equation in the flat space:
we obtained, 5 > oy KK
¢ ¢ ¢ ¢ ¢ ¢ s 0-2 nn + Hv
ds?> = dr? + r?d6? 4 r? sin? 6d¢? . o0 Ny
2 2 R=K?— KH,,K’“’ = K? — Kpo K% — K44, K°
R r ]’&99 p— 7" I(()() p— )“ Slll 9 K p— 70 <’ ](HH — {/HH(/HH]\:HH ]’\:'(,’)(j ,/()() ,/()()] -
2 99 2 2 () D f
= K* — (g ) (1(99) - ( C) ( Xoo)
5
2 ]. ]_ ¢ . /
= =] — —47"2 —— 2 sin? 6
r r rdsin® 6
4 1 1
2 2 2
- S 2
=

Dimensional analysis of Kand R




3+1 decomposition of Einstein eq-. tensor

--------- > ?
..... >?

e LR+ K? - K, K") = 8zGp
W@ = DK - D,K", = =81Gjy,

WGy = 87GTys

b 0 Kij = a(Rij + KKij — 2K K";) = D;iDja — a87G (S — 575(S — p))

+ B*DK;j + Ky D" + Ky;D;3*

Oyyi5 = —2aKs5 + Difj + D;53;




3+1 decomposition of Einstein eq-. tensor

Summary....

AT

%

2V[ﬁV;] ’I’L/?

Contracted Codazzi’s equation : 2V, ,’

Scalar Gauss relation : ‘ R=R—02Ru, + (K2 — 7o) |
7 _2})//”

Contracted Gauss™ equation :

PN e
Rus = Rps — 0 Rppns + frZ[\’.I,]\,/:,T

Ruvpe = Rupps + 02K

plu

K, | (Gauss eq.)

R

o

_ pP A
—RA,?D”

Codazz’s equation : |2V

P/I’]

[Gourgoulhon, 2021]
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3+1 decomposition of Einstein eq-. tensor

Summary....

Scalar Gauss relation : ‘ R=R-— 02R i + of [\:_w
[A’ = Ry — ﬂRl:f/nfv + (Tl_)[\-ﬂ-“]\'],‘” })Vﬂ

Contracted Gauss™ equation :

K, .| (Gauss eq.) pHe

li);,,,/,ﬂ = [i)/),-‘;/";f} + 02K

plu

v V=R, VO

a

AT

%

oV Voy” = RP on*

i

Codazzi’s equation : |2V, K = R’ _
=y njiv

Contracted Codazzi’s equation : ZV[,,]\'VT' = IR

N |

[Gourgoulhon, 2021]
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3+1 decomposition of Einstein eq-. tensor

--------- > ?
..... >?

e LR+ K? - K, K") = 8zGp
W@ = DK - D,K", = =81Gjy,

WGy = 87GTys

b 0 Kij = a(Rij + KKij — 2K K";) = D;iDja — a87G (S — 575(S — p))

+ B*DK;j + Ky D" + Ky;D;3*

Oyyi5 = —2aKs5 + Difj + D;53;




3+1 decomposition of Tuv (1)

m Eulerian observer (observer moving along a normal vector)

Fiducial observer

axisymmetric and stationary spacetimes,

> locally non-rotating observers

> zero-angular-momentum observers (ZAMO)

Observer’s acceleration:
a=V,n= 6111N

- outer ergosurface

NN WL . o

event horizon —___

ring singularity ——

Cauchy horizon —

~~ inner ergosurface

ergoregion

Kerr black hole

“Schwarzschild and Kerr Solutions of Einstein's Field Equation”,
Christian Heinicke and Friedrich W. Heh



3+1 decomposition of Tuv (2)
Z ; ;uu =Vnun KA\‘

a, =n"Vyn, =on"V,(NV,t)=on"(V,N)(V,t)+oNn"(V,V ,t)
N N’

m :,T“\“—l”‘“ :V,IVu!:ﬁVﬂ(-‘\"_IHu)
1 y

. . 1
Tn”nﬂv,,..\’ + Nn"V,, <—n,,)

N

1 1
— ?n”n,lv,,;\" + Nn"n,V, (T) +n"V .

- w
=T h\/d =0 - ”/1”“ =t
=—_1 V’, N
2 outer ergosurface
1
N SR S A 7 7 N 7 N
= \J,( o)(—on"n,V,N +V,N) event horizon —__
:l)l llv:;.‘\‘
1 ring singularity ——

Y, — on"n,)VuN

Cauchy horizon —

inner ergosurface

ergoregion

ack hole

ind Kerr Solutions of Einstein's Field Equation”,
<e and Friedrich W. Heh

Lila=V,n= VinN




3+1 decomposition of Tpuv (3)

m Eulerian observer (observer moving along a normal vector)
- Frducial observer

- axisymmeltric and stationary spacetimes,
> locally non-rotating observers
> zero-angular-momentum observers (ZAMO)

- Observer’s acceleration:

- outer ergosurface

S & e

a=Vpn= VinN LS

event horizon —___

- E,.. observed by Eulerian observer.

ring singularity ——

(

energy density Pe = 1yun Cauchy horizon ——
¢ momentum density  p, = =1, "~ inner ergosurface
' SRR x nao
-y R ergoregion
stress tensor Sy = 1',7,7
\ Kerr black hole

“Schwarzschild and Kerr Solutions of Einstein's Field Equation”,
Christian Heinicke and Friedrich W. Heh




* | energy density pe = Tun

3+1 decomPOSition OE TIJV (4) . momentum density p, = —1,4

stress tensor Sw = Tke
m Eulerian observer (observer moving along a normal vector) %
dV, ( relativistic ,dVp "‘
/Np@p (16‘& 1V1S 1(,\ T'L“/ = /Npt 1
L ptrAzxY energy momentum
™ = AtAzAyAz ¢ (densny) density
At E * 01 02 703 ]
700 — P 2° ; T°F T T
AATAyA: N (energy density)
710 ! shear
0 p'Az 720 | stress
T €T — — . ﬂ
AiAzAgh: ~ Aiaa, (enerey flux) 50
» PEAL pE . T |- pressure
T = AtAzAyAS Ay P (momentum density) momentum  momentum
P AL o density flux
T = NiAL Ay A: T AA P* (pressure=momentum flux)
: A F*
7oy — P2V (shear stress=momentum flux)

AtAzAyAz AA,

L, THY {/l =0 energy {V =0 deILSltY

=1 momentum [v =1 flux




* | energy density Pe = Tyun

3+1 decomPOSition os TIJV (5) . momentum density p, = —1,a

stress tensor Suw = e
m Eulerian observer (observer moving along a normal vector) —
; \
T = pov ® v + Pg (ideal fluid in Newtonian fluid mechanics)
_, (energy momentum
l U l c? (density) density
T = pu ® u + PP (ideal fluid in 4D spacetime) - * o1 o2 03 T
- 710 71 | shear
where T = T7"0,;0; : stress tensor, 720 stress
T =T"0,0, : stress-energy (energy-momentum) tensor | =0 -+ pressure

po : rest-mass density momentum momentum
) ) density flux

u =u"d, : four-velocity

P = P"0,0, : tensor projecting on a spacelike hypersurface

with © ® u, P we have ¢! = —utu” + P"" ... (P)

L4



»

* | energy density Pe="1Tnn 4

3+1 decomPOSition os TIJV (6) . momentum density p, = —1,a

stress tensor Suw = e

m Eulerian observer (observer moving along a normal vector) —

oyt

T=FEnsn+n<p+pon+S8

_2.<energy> momentum
density density

T _ _
| =] ! * T01 702 703

s T 71 | shear
— (]; 1!”, T'20 2 stress
T30 3 pressure

. pL 1/ W/ \
— (-(T” I —|—P )1111’ momentum momentum

; 1 density flux
! e L1/
= —n'"'n"1,, + P"1,,
4 1
- E + S_' (energy density) pPe =1y
- { (momentum density) p, = —1,5
| (stress tensor) Suv = 15




3+1 decomposition of Einstein eq. (0)

p )
<
o
.-~
—
S~
lAJ
=
p )
~Jd
~J
o
e
—
S~

A

Now we learned:
, - -
(extrinsic curvature)

- | | 3 A
I\;m — QLI.'P;W — QP(;;PI/LN.(MJ

= V,.n, —on,a,

Ryvpe = Rpps + 02K,
- P - l »
R,s = Ryz — 0 Rypns + 2K l[l,]\l’]”

(Gauss eq.) K, ,

29,91 ¢ (Contracted Gauss eq.)

2V |3V (Gauss scalar eq.) R=R—02R,, +0(K?— K,, K")
(Gauss-Codazzi eq.) 2\7[,,1\'14’ = RP,-‘,?T/
‘ontracted Codazzi e o KM= R~
— \((.()11’(1(1( ted Codazzi eq.) HV[,,I\V] =R,

-

1
GN.N
G

n. i

Al
""" > G LV

~\

$

((‘.11(‘.1'5.’,')' (1(‘llﬁit)') Pe — :[‘m.'
(momentum density) p, = —1,5
| (stress tensor) Suv = 15

| |




3+1 decomposition of Einstein eq. (1-1)

(;'!,]/ — S;T(—;:[;[]/

L G, =87GT,, - (1)

Now we learned:
,((‘Xfl'ill.\‘l‘(' curvature) K, = .l:)Lf,,P/,,, = %P’/‘,P',f,[,,,g,,,f
=V, n, —onga,
(Gauss eq.) ﬁ,,,,,,,, = [1"/7,7‘;7;; -+ (721\—’,[/,]\—,,]{,
¢ (Contracted Gauss eq.) ﬁ,,,, = Ry — o R, oms + 02]\'/'[”[\',,](, ) ‘ N - .
(Gauss scalar eq.) R=1R— 2R, + 0([\—2 _ [\'/WI\-;,;/) (energy density) Pe = 1, [Gourgoulhon, 2021]
(Gauss-Codazzi eq.) 2'@[“]\—]4' _ Rﬁ,.--,“rﬁ { (momentum density) p, = —1,5
\((ﬁ'()lltl‘zl('t(‘(l Codazzi eq.) 2%‘:[/,]\—14' = R, \("'“""""\' tensor) S;/// = 1}'7"1”1"




3+1 decomposition of Einstein eq. (1-2)

(;';;1/ — (S?T(_T’:[},]/

L Gy = 8TGT, -+ (1)

= (R K K?— K KY) I

= R, —

B)
)

) .D : (SW(—T' 211,:,‘|

=gupntn’=n,nt=0c=—1

R+ K?—- K ;KY =167GE

lL

[Gourgoulhon, 2021]

{((%zmss scalar eq.) R=1R— 2R + o( K% — K, K'Y

(energy density) p. =1,




3+1 decomposition of Einstein eq. (2-1)

1 a
= Rnﬁ - 3.‘//:'&']? — 87‘—(’1”?7

Now we learned:

,((‘Xfl'ill.\‘l‘(' curvature) K, = .l:)Lf,,P/,,, = %P’/‘,P',f,[,,,g,,,f
=V, n, —onga,
(Gauss eq.) ﬁ,,,,,,,, = [1"/7,7‘;7;; -+ (721\—’,[/,]\—,,]{,
¢ (Contracted Gauss eq.) ﬁ,,,, = Rz —oR,5n5 + 02]\'/'[”[\',,](, )
(Gilllh‘.\' scalar “(l-) f? — R = 0.2[?”” + 0([\—2 _ [\'/WI\-;,;/) ((‘.ll(‘l-g.\' (1(‘115“}') Pe = :[‘”” [Gourgoulhon, 2021]
(Gauss-Codazzi eq.) 2'@[“]\—]4' _ Rﬁ,.--,“rﬁ { (momentum density) p, = —1,5
\((ﬁ'()lltl‘zl('t(‘(l Codazzi eq.) 2%‘:[/,]\—14' = R.p \("'“""S-\' tensor) S;/// = 1}'7"1’;




3+1 decomposition of Einstein eq. (2-2)

& = 8‘7('(71']1;11/
C"n,lt = 3rls np "t (2)

QV[!, K }

~=~ 1 N
= Rnﬁ _3R T S T\nﬁ
p4 -~ N~

n3 P‘JQ:() — Py

-
2
gu"f]?” p

— Q%U,K = 8nGp,

7
o~

V.K — VK", =8nGp,

(

(Contracted Codazzi eq.) V[ ]\. " = R, [Gourgoulhon, 20211

(momentum density) p, = —‘1}.-;;'




3+1 decomposition of Einstein eq. (3-1)

P le RI
= Ry — gl = 831Gy

Now we learned:

,

.. . . 3
(extrinsic curvature) K, = .l:)L,,P/,,, = %P’!‘,P v LnGas

— vlll]]/ - ()—,)
(Gauss eq.) Ryvpe = Rapps + 0% -

¢ (Contracted Gauss eq.) R,, = Rpz — U““ﬁ”'ﬁ" + 02]\'/'[;’[\',,]f,

(
,‘ i = . _ . cnerev de .\"t\' ) — r " . [Gourgoulhon, 2021]
(Gauss scalar eq.) R =R — o7, -I—(T([\“) — [\;u/[\’” ) (energy density) Pe Loy
(Gauss-Codazz eq.) Qv[/,]\'ﬂ‘]“ = R,)r‘ﬁ"ﬁ q (momentum density) p, = —1,5
\((ﬁ'()llfl‘a('f(\.d Codazzi eq.) QT[,,K,,f' = R, \("'“'“S-\' tensor) *‘—’;/1/ = 1'/7"17




3+1 decomposition of Einstein eq. (3-2)

Gy = 87 (111,,,
L G = 87G T+ (3)

= | Rap — 5959 = 81G1

(;’/I// - (T.l!”/

| |
- RS - N e
L (T!”, - ‘.__.(1'“1, T Q p— (\_\II(T(.[N]/ - (/;;]/1 )

y

1 /’ s
L RI”’ — (j,,,;,ﬁ/ (///1/(R — }l/ [) TG (1/”/ - 9

/
=217

1 [Gourgoulhon, 2021]

1)
R‘UI’ —_ (\\“(T(‘lffll - (/!l]/‘l ())

I




3+1 decomposition of Einstein eq. (3-3)

e
— 3.‘1‘,7'171 o)

e

C Rye =Rz —0R, 55 + 02]\"'/’1\',,],,

1?!”/ -

I

Now we learned:

,
(extrinsic curvature)

(Gauss eq.)
¢ (Contracted Gauss eq.)
(Gauss scalar eq.)

(Gauss-Codazzi eq.)

| (Contracted Codazzi eq.)

w

- | p | E
I\;:// — QLI.'P/W — QP{;;PI’L'N.(IHJ

Ryvpe = Rpops + .
Ryo = Rop — 0fmng + 02K" K,
R=R—02R,, + (K2 — K K1)
2\7[#]\’ ;= 1?’7”_/..;,,]7

oV K= Rup

) Y At - s [ 1 o
[1 ’,'.ﬁ'.‘.j'; + .2]\ [”I\ /I]l’ = (\_\;T(T [A_Sl”*/ — 5]’—)[,1/(,5 — E)]

’

(energy density)

(momentum density)

\ (stress tensor)

/)" — :[‘HI.'

Pa = _‘luf{'

A‘D;/ i/ — .l [”7

[Gourgoulhon, 2021]



3+1 decomposition of Einstein eq. (3-4)

[i):.-f'i.v.-?% — 1?-;;,'.-;;,‘, = ,,(,II/\P(,'fN!'R“/\J,/[

= P, P,"n" ”/\‘mn’\

= P, P,"n"[V;. Vn®

= P,,P."n"V 3 V,n" —R,,,Pf,"n”v,l Vsn®

N—— N —
:1\“""—1:“11‘" =K ;" —nga“
I 7 r 5] 7 5] 7 - 5] .
= B,o P,"n"Vs K — P, P,"n"'N s(n,a®) — B, P,"n"V, K" + P, P,"n"'V (nza®)
’ N A\ 4
:*l\-}':p[\‘(—‘r".
==K, “Vgnt=—K K.} —nautt) —

] A w - O 5] A w, - O 3 u _ 0
:P}.,”Pﬁ 1 V'f]\'“ —P,,,,P,, _(_{_,-;-3777(1 —P,.,,,P,T nt 1y, V za

6] ‘ - 6} , 51 ——
— Py P,V K + Puo P,” 0N g a® + Pyo B =15V ,a"
w

—g

- a 3 g iy o
— KK} — P P,"n"V K" + P, P,"Vza® + P, P, aga”
- - | SITE -
= —-KwK,” — PoaP,"n"V, K5 + Vea, + acay




3+1 decomposition of Einstein eq. (3-5)

=)

¥ J‘ J 2
[ ’”,—[, in ‘|‘._,I\([ _[\ mix —'\ll(T[S!”,_ 3}7‘“1,(5—E)] "’(-)) }

C|Ropop = KK — ~ LKy + <V, ¥, N
e | y ot T Y
-~ _ a l - - 1 'A: A, ] \‘ ‘
R'/nff)' — Rh}./ - ]\!m]\ v \' N e [\f”’ - Tvi"v”'\ + 2K [“I\“]V
. N —

:[\'ﬂa 1\'“ 7 1\-(‘“ 1\-(\ v

) >y A O 1 » - 1 — — AT o
Ry = 260K, + <Ly = <V, VN + KKy,

s LKy = Lo,y Ky = O Ky + 80Ky + 0,0 Koy + 0,3 K 4

— R/”’ o "‘[\/”“[\ \-(()f ]\;Ii’ + b (*)HI\'U]/ + (f);l')' I\n;/ + (7)1/'), ]\‘um) -

I

i/

:’ R!,I/ - 2]\”],\[\’}

i/

- A - R
\-((-)f]\;”/—'_‘), (—)()]\!!]/+(—)il‘j ]\()1/+(-)]/'), I\;u))_

I
877(1[;5;7;7 - SP[}TJ(*‘T’ o E)]

—




3+1 decomposition of Einstein eq. (3-6)

(;'!,[/ == (S?l_(_’;:[:“]/

L G = 8nG gy (3)

2, p ~( - - ~ 1 -
1?;/// - [1)’.,-‘[};,-,5'; + 2K )[”]\ ply = Sl [bl’;/ — 3]:)/71/(‘5 — E)]
b‘ s
s = 1
<'~ 1])1'1'1'.;1':!:‘; — ]\“”l‘l]\ - L -
Now ' '

. LKy + =V VuN
v ‘\ \.' + .\ vr v

/7 -~ ) - _ J_
((‘.} ]?/1[./ - 2]\/“1[\ “I/ +

T(dt I\—/ll./ + ,‘f“()(,[\—‘“,‘, + (.);z“lfnl\v—m/ + U//.‘ jll[{/u\ )

]' A A AT - T 3 Y[ O ‘I' -y !
(G — TVHT,;.\ + I\ [\,,,,, = 817G [‘S'ﬂ'f/ — Sp-ﬁ--f,-(b — E)]
¢ (Contracted Gauss eq.) Ry, = Rpz — cRnvno + (72]\."'“11\.',,},,

(
—~ Ip—— iy _ [Gourgoulhon, 2021]
= ‘ - - 1/ cnergy densit }o = N
(Gauss scalar oq)  R= R — 02Ryy + 0(K? — K, k) || | (energy density) pe =L
(Gauss-Codazzi eq.) ‘—)‘v[;:]\',,f' = 1?”,'_!..;_]7 { (momentum density) p, = —1,5
\ (Contracted Codazzi eq.) ‘_)TM,KV}" = R,; \(S“-‘""-\' tensor) Sup = jﬁ'f;




3+1 decomposition of Einstein eq. (4-1)

(

(1) Gy = 87G Ty, — R4+ K2 — K ;K" = 167GE

(2) G = 87GT,; — V,K —V,K", = 8tGp,

(3) Gpp = 837Gl — ]:f;,,, — 2K, K°,
+ (K + 300 Ky + 0,0 Koy + 93K )
— LV, VN + KK,, = 87G[S; — L Pin(S — E)|

|
\I\/u./ — QLH p/u./

ratsSs scarar o .| TC— It UZItyy T OUIY IS I ]

(Gauss-Codazzi eq.) WK =1 (momentum density) p, = =15

(Contracted Codazz eq.) Qv[l,]\'l/]/' = R,; (stress tensor) S;/// = 1}'7‘7”}'




3+1 decomposition of Einstein eq. (4-2)

| .
1
I\/”/ = —L/ }_)/”/ = SP/’P L (/“ i — v;I,]]/ (T,]!I(l]/

9
C LBy =m" VP, +V,m"P,, +V,m"P,,
v V

=Nn® =VuN#*+NV  n

— -‘\T(””vn‘P/m + v//“”Rw + vI/N”P/IH) — -‘\TL“I."PMz

L
— KLN:P;W
|
— ._)\ ;) — )']:)!11/
:%;1')’.“ :%_,,.)'/,
— )\ ((),P!,,, - )’”Tr\ f)/zi/ - v/r’m[)nl/ - vi/‘)mp/m)

[Gourgoulhon, 2021]

I
S;
X

= Q.er\'l”, -+ %[l‘.))l/ -+ 61,.'))!1




3+1 decomposition of Einstein eq. (4-3)

G, =8nG1,,
(1) Gpn = 87GThn — R+ K?2— Ki;KY = 16rGE
(2) Gpp = 87GT,; — V, K — VK", = 87Gp,
(3) Gap = 87GTs5 — K = N(—Ruy + 2K, K% — KK,)
— (8K + 0ufB*Kav + 003K j1a)
+ V. VuN +87GN[Sz» — 2 Pap(S — E)]
Ky =3L.Pyw  — 8Py =2NKu + V6, + V.6,

L

\

>>> Intrinsic eq. with coordinates on the hypersurface



3+1 decomposition of Einstein eq. (4-4)

(;'!;;/ — \\_\;T(_T'j/;]/
(

(1) &&,,, =87G1,, — R+ K2— ]\’j_/']\':-'l' = 16nGE
(2) Gpy = 87GT,; — ViK —V;K’ = 87Gp;
L ] ®) G =87GT — 9K = N(=R;; + 2K, K* — KK;;)

— (.)’/"('_),‘.]\'5_,- + ('_):-.f/"]\',‘._,- + ('_)_,-.il"]\'f,‘.)
+VV,;N +87GN|[S;; — LP;i(S — E)]
K, = 3L, P, — OP,; = 2NK;; + Vi3; + V,5;

>>> Intrinsic eq. with coordinates on the hypersurface




Now we change notation....;

VG, =87GT,,
([ /- (4 ) alsh & - =17 18 Bl
(1) WGy = 87GThy — R+ K? — Ki;K9 = 167G E
é () e RQ— , - ’.) S Py g |
(2) VG =8nGl,; — DiK —D;K°;, = —38nGp;
(3) ‘““G-;-;»»,-; = 8nG1h — O K = a(R;; — 2]\'5;,.]\"‘_'} + KK 5)
+ (RO K + O 38K + 0,3 K ;.
— DI’D.I'H — 577(_;'(\[,6".“/' — l,"l(,s — E)]

> I s . ; _

o~

.\? — (V. ]\’/11/ — —]\’111/- pl — 7 Ai T — D R - (4) [1)- R e ]?




From 3+1 Einstein eq. (1)

m Intrinsic eq. (4) G = STG

m Hamiltonian (N (4) . - - e e
constraint 1 (1) WG, =8rGT,, — R+ K?— K ; KV = 16mGE

m Momentum (2) (']:'G,,.p =81Gl,; — DK — D‘,'K"'A; = —8nGp;
constraint 3 ) (3) WGy = 87GThr — O Kij = a(R;j — 2]\";;‘.]\'!‘) + K K;;)

m UnknownKpP12 < + (B0 K + 0. 38Ky + 0,08 K )

m Degree to choose — D;D;a — 81Ga[S;; — % 7i;(S — E)]
coordinates 4 Ky = .'ZL‘,,, P — O = —2aK;; + D;83; + D ;B

m Dynamic d.o.f
(12-4-4) = 4

m Gravitational field d.o.f
4/2 =2

m e can choose 8 independent variable for initial data and solve constraint eq's.




Now.... Let’s just see.




Conformal £actor in the metric

from general spherical symmetric spacetime metric,

introducing a conformal factor v»*:

ds® = —A(t,r)dt* + 2B(t, r)dtdr + C(t, r)(dr? + r?d>Q)

(; in terms of lapse and shift.

d. —(a? = FP)dt? + 28;dtda’ +4 i da'da’
3= 3’(1‘ r),0.0)
= —(a® = 3,87dt* +2 3, dtdr + C(t, r)(dr? + r2d?Q)
C B=p"=3, C=yg,,
= —(a —("‘3' )d#? 4 20 3dtdr + C'(dr? + r2d?Q)
C C =yt
= —(a? — Y*3%)dt? + 22 pdtdr + ot (dr? + r2d%Q)

Any spherically symmetric metric is spatially conformally flat.




Conformal £actor in the metric

ds? = —(a? — YA 82)de2 + 20 Bdtdr + Pt (dr? + r2d20)
e

=7;;dz* dz?
. Any spherically symmetric metric is spatially conformally flat.

(4—n)n

—2—1 N TN
¢ T DY Dw
D

—0 when n = 4

R = l_uﬁ— 2ny D% +

(in flat case, since 7;; = 1;; and 1:{,-‘,- = R=0,)
when ~;; = ¢¥"n;;, that is , n = |4

L —4 5 =512
R=vy"*R—8)"D*




Conformal trace/traceless decomposition (1)

trace/traceless and conformal decomposition of A;;:

(Note that we didn’t fix 7;; = n;; vet.
We increased number of unknowns, ~;; to 1. 4;; for convenience.)

K; j = A; j+ §“yl’ J-I\' (A;; : traceless spa‘tlal extrinsic curvature)
—10 115 =23
AT =00 A =24

1

g \ ‘«"q_2 _ ~f . "
I\Z‘j — Y *‘—]-lj+§."lj]-\

further decomposition of traceless AY = AY

into transverse/longitudinal components:

]

L

i-l—f'T + ﬂ.ij where D {TT =0

= D'WI 4+ DW= ZRUD W = (LW

A
DAY = (ALWY

t’.«ullv




Conformal trace/traceless decomposition (2)

NG, =87GT,,
(1) WG, = 87GT,, — R+ K?— K;;K'I = 16rGE
(2) VG, = 87GT,; — D;K — D;K’; = —87Gp;
L J (3) '3"3’(}'-[7-;; =8nGlhy — O Ki; = a(R;; — 2]\'5;‘.]\'1‘_'1- + K Kj)
+ (RO K + 0,38 Ky + 0,08 K )
— DiDja - 87GalS; — (S - E)

. L p e
\]\/11/ = ?L',:P/”/ — (‘)f fi3 — —.Z(l]\ 17 =F D)'l -+ D/)'

o

(G s 8D%) — R - 2YSK? + 47T A4 = —16m)°Gp
Gri @ (ALW) — %z;"'(‘:,i~7[_75]\' = 87 Gylp7
G;j: 6. K;; = a(Ry; + KKG; — 2]\'1-,‘.]\"‘:]-) — D;D;a — a8 G(S;; — %A, ii(S = p))
+ 8Dy K;; + Ky.D ;8% + Ky D;3*
(trace) O, K = —D?*a + a(K;; KV + 4n(p+ S)) + 3'D; K
IGi i Ovya = 20K + D;B; + DaS;
L 49:;9°0ip = —2aK;; + DB + D; 6

y A o P D) - Pt
(trace) 27490yyi; = 0y Iny'/2 = —aK + D;(3"

\




Ex. Schwarzschild metric

in the conformally flat. time-symmetric vacuum solution ds® = —(a? — o 3%)dt? + 2¢4dedr + 4 (dr? 4+ r2d%Q)
whereby (K;; = —KY9=0, p=0) :~7,_,I§'<1f'
= = 2 E o e — =
SD%) — R — SO K2= T A AY = — P
—3 ! 1 — 2\2 m\*
—o fla (o) = 1 C ds®> = — <9 ig) dt? + <1 + )—) (dr2 + r°d6? + r? sin? 6’(1(;”)“))
L D% = A ev':()—vz,‘:l—l—l—‘ 2+ 5. 21

since the All)l\l mass is given by

1 R C\ 5. 1 . C 2C
M=—— f D14 = )d%S;, = ——— lim (47?4 x —— | = —
2nG [ r 271G r—oc e G

. MG
= ( = = B) i [F ol L7 FAS . Fe
2 Gon @ 8D*p — R — %1;’"”]\2 + 7 A AY = —16my°Gp
GM T
we get ¢ =1 4+ — Gri © (ALW)! — %1;""(':,»1"171'[\ = 8w Gu''pI
zTr :

Gij: 0K =a(Ri; + KK — '2[\'1-1‘,.7\'1‘:]-) — D;Dja — a87G(S;; — éﬁ, ii(S—p))
+ 38Dy Ki; + K.D ;3" + K;‘.J-D;,;f’"
(trace) O, K = —D?a + a(](;\,-[\'i-" +4m(p+9)) + 8'D; K
Kij @ Opyij = —2aK;; + D;3; + D, 3
L 45,0700 = —2aK;; + D; 3; + D; 3

(trace) %fﬁf()m;]- =0, In~Y? = —aK + D,
\ 5 :




Conformal trace/traceless decomposition (3)

p
. Fav I & Dl i B ) -7 T X211 " i R .
Grn @ 8D%) — YR — 3y° K= + 7" Aj;AY = —16m°Gp

X N3 2 1 6=ii T T SN ;
G, (ALY — 20550 N K — 8p(GahiVnd

e _
Gij : ¢ CT;W(lO Cq°) — g;m(lo)
< related to remaining ~, . /' but not appeared in constraint eq.
#‘
C o Y 1y = e 1 oy
§ G (10 eq.) +7:5(6 eq.) — g (a(l). 8°(3). (1), 73:;(3 +2))(10)

Ki; -
L 145, + K, (K (1), A1 (2), AL (3))(6)
w
| (g X GW dof.
L by doubling dof with I, ;.

9,u,(10) — constraint(4), gauge(4), GW dof(2)
G W (16) — constraint(4), gauge(8), GW dof(4)
——

can be freely chosen




Conformal trace/traceless decomposition (4)

y .
™Tnn -

(;ni :
CT‘z'j :

(tr

]\:,'j
L 4%

(tr

backeround data and constraint equations:
()

(

N\

\

(chosen background data)

related to remaining ~, ;.

K

but not appeared in constraint eq.

LN

7

g,uu(a (1), “31'(3)-, (1),

+]\'p v

K(1)|,

Yi; (3 4+ 2) )
A TT CNN (@
A (2)], AL (3))(6)
|
GW dof.

10)

will solve

)

N
7~ ™~

related to remaining -

g ((1). B3°(3).

(1)

Vi I

but not appeared in constraint eq.

+K,, (K (1), A1 (2),

A !/ (3)

\ G \\‘v ( ]uf.

(the constraint equation)

Ai5(3 +2))(10)
)(6)

for example, conformal flatness(CF), maximal slicing(MS), and no Gi\V will give,

e

g (a(1), '(3), (1),

145N (2)

+ 1,0 (

=i CF)

:.'z'j (3 + —))

|
=0 (GW)

, A (3))(6)

)(10)

”

asvimp'ly flat.

g (1), 5(3).
+IK,, (A (1

=1+5-

e
A11(2), ] AL (3)])(6)
N | e’
GW dof. =7




Conformal thin-sandwich decomposition (1)

background data (v;;, v';;) doesn’t tell about evolution of anything,

= difficult to use background data of a certain evolution
( -
related to remaining ~, ;. I

but not appeared in constraint eq.
ﬁ.
G ((1), 5*(3), (1), 745 (3 + 2) )(10)

+K,, (K1) LAY (2) ], Ak (3))(6)

1]

N

w
GW dof.
\
C using 0yy;; = —2alk;; + D5, + D; 5,
R 1 ‘ |
G K ij — 9—(—()f“, ij T+ Dljf}j -+ DJ"-"));)
20

?

— We can use a background data of a specific ;.




Conformal thin-sandwich decomposition (2)

I
v )

using 0,v;; = —2al\;; + D; 68, + D; 3,
o 1 3
K — 5 (=0mi; + Difi + D)

L}

LN

(8D21) — R — :;z ARRG= z,'—‘—-—L_/;-—_li-/‘ = —16m°Gp — (1)
(lL)’)’ — (z.)’)’l"D‘j In(a 1,'_"’) — (u,'_“Dj(m_ l z,""l_lij) + %(l[_)""[\v + 16ma z.‘le — 3'(3)
];:ij =
( .. . . .. .. (L3)1 —qii
. traceless : [u” = 4i; = —2aAY + (LB)Y } - [-{’J = z;("z—a“]
L [(a, 8% 40, 0 ) — AY]
Vi = 7 T 9,
trace ; [§7, " mn = ft() = —§m]\ + §D‘.3,1.]
L \ L [(cv, K, %)) — D* 3]

— - _ siven o, N / ]4" \ —1/ "(Z)/
L |choose 7;;. 7i;(= @) » (10, 3') — |AY =




N

Conformal thin-sandwich decomposition (3)

f

related to ren

r—/%
g (a(l), 5°(3)

(1),

1aining 7, ;.

[conformal transverse-traceless decomposition]

K

but not z-l.ppcn.l‘u] in constraint eq.

Vi (3 +2)1)(10)

+K, (| K(1) ],

A TT
A (2)
“
GW dof.

AL (3))(6)

|
17\

constraint

L [background data (8) — constraint (4)]

K.

[conformal thin-sandwich decomposition]

newly added in the constraint eq.

ﬁ

g (| a(l)}, 5°(3),¥(1), 753 + 2)

+K,u (K (1)], A" (2), A5 (3))(6)
. | (10L[.

— | (Yi; —)wij (5),

[background data (12) — constraint (4)]

%I—I': ‘.,'J' —+— ])I.';J ‘+‘ ])J.';Il

L Y2

> T

(0

)(10)

3



Conformal thin-sandwich decomposition (4)

m  Assuming conformal flatness,

P

P

: AHut,C:, —

¢TI A AY = 2w Cp

— (Hamiltonian constraint for )

(AP B) =

1
8
2

Al D‘, (a 1;"_6) + 16ma 1;"411

— (constraint for 7', minimal distortion)

v

At (qa)) = o z;‘(gz;'_”ﬁ—‘_li‘; AY 427G (p + 25)) — (maximal slicing for a)

v d

[

¢ D?a=a(A;;AY +47G(p + 9))
7 A”"'p:fl _I A

L f)-‘)".(u
]X'l.j T e e e

;

trace

traceless :

oy

*l — 27 "k'(,}'/)

— z"'f)“u +<|f):z

L) — A¥]

: ]\ eq.,

~§/) (‘(1..

maximal slicine)

Hamiltonian constraint)

- (1dentity)

1 ‘ 2 . 2 I
57" 0 = f1(0) = — 2K + 2D,

R {‘1(1,]\“.

) — D* ,’//.}



Rewriting ADM evolution equation (1)

From Maxwell’s equations

(V - B = (L’ = 4mp (constraint eq. for F)
V-B=0

VxE=-B=-19,B

\V X B = pogJ + eopooi b = LI + (_l('_)fE - (a)

introducing a potential, B, =¢,,,.0,4,, E; =—-D,;0— 0, A
which leads VX B=V xVx A=V(V-A)-V-°A
Then, evolution eq. for E

(A;): 0/A; =—FE;, — D;®
{-: a) : O FE; = —D-"'D“; A, + D,D/ A; —4nJ,




Rewriting ADM evolution equation (2)

(1) 9 (Ai) — (a).

rV B = — d7p (constraint eq. for F)
) (40): 04; = [E]- D
= 0 d
\ (a) : |OE;|=—-D’ D;A; + D.,-D-":-{j — 4r.J;
L —07A; + D?A; — (DD A+Di0,®) = —dnJ;
wave eq. form mixed (lcl‘i\'z:t:\'c,\—-() when we choose a Lo. gange 9;®=—D’ A;
¢ Lorenz gauge

—(':);2441; -+ DQAJ' = —4x J;

This is the harmonic coordinates case in gravity.
But this approach may develop pathologies

which could prematurely end a numerical simulations




Rewriting ADM evolution equation (2)

(2) Oia) — (Ai),

(V -E = £ =47p (constraint eq. for E)
(A;): |0iA; |=|—FE; — D;®

¢ (a) : OE; = —DJI)_,'A,' -+ D;[)JA_/- — 47 J;

G O
\ OfE; = —D’Dj| 0, A; |+ D;:D’| 0, A | — 470, J,;
L ()tzEl = —D‘jDJ'(—E,' —DI‘(I)) + D,’D‘j(—E\j — D‘/'(I)) — —lﬂ'()f]l
L DiD,E; — 02E; = —DIDD;® + D, D' E, 4+ D;DIB70 + 40,

| —

—d7p (trom constraint

L|D'D;E; — 07E; = 4nD,p + 4m0),.J
. - — P
gauge invariant

L matter derivative could make a problem




Rewriting ADM evolution equation (2)

This is a gauge-independent way.
This method reveals some potential disadvantages
for simulations that involve matter.
In evolution calculations of neutron stars. for example.
the non-smoothness of the matter and fields on the stellar surface

or across shocks always pose numerical difficulties.

L DJ'DJ,EI. _ dszz — _'lﬂ']i)"/) S —lﬂ'()/

w

gauge invariant

L matter derivative could make a problem




Rewriting ADM evolution equation (3)

(3) auxiliary variable method:

no mixed derivative term without gauge fixing,.

no derivative on matter:

{H

[al

1 [ i * i (' | a A
L

evolution:

constraint:

<

<

(0,FE; = —DIiD.A; + D;T — 4r.],

0, =—-D?*® —41p — no derivative on matter
D'E; = 4mp

I'=DJA;

UL [— [ 7 A; [— L7 U3,

F 7\ L, L, U] — —17 W — Fnp
w

=—4mp (constraint eq.)




BSSN formalism (1)

conformal transformation + trace/traceless decomposition

(a) v.. =1 1..-""'3:2.‘]. = %7 i 7 =1 (normalization)

f .. — f
I /

R — 2]
! 17 —].j/

BSSN A= A= | Vi Vi —1i)

v;\/—/

traccless
trace

(b) Kij = Aij + 37iks, AY = pTIUAY Ay =T A

< NT

— ‘—l L= e L "‘—L'J:

[ “,'

b id Rij = Rij + R}

when v;; = ;.

Rij = Rij—2(D:D;n v + 757" DDy, In 1))

= Rl'_,' + R;;

+4((D; n¢)(DjIn ) — 3,5 (Dy In 1)) (D, Inv))




BSSN formalism (2)

RZJ (D D In Yii ,“”D Dm In»)
+4((Di nv)(D; In ) = 35" (D n ) (D, In 1))

C v=e? (Iny=09)
2([7 D O+ Vij »lIHD[Dm())
/ / = :[ a /
—l[( ))(Dj(;)) — ¥i; '72(D[(.:))(D,,2(..-))]
] 1 )
= lm < = k =lm \
RZ} — __)A ! A";Jl'j”' + A/ l r +]T :r(l/)l + ! r/ xr/ kem + r////r/-'/_/ )
— _ \—\/—/
only -):;] deri. all other mixed derivatives are absorbed to I'*

where T = & ’I L= ="

J J

T = —20;0A7 +2a(T% A" — Z590;K — 837G p; + 6A70,0)

Dvll\'

_ )

- I .
+ 7 (‘;,/_,,.T’—l" ” + 3]_— () 7)] + — _l / ))/ + ) )/ i
3 J



BSSN formalism (3)

[evolutions equations]

. | R o
(l) Orr = —60 K+ 6(),32 + 3'0;0

) 7 : T w1 : i T
(2) K = —D*a + a(A;AY + ZK?) + 4ra(p + S) + 3'D; K
J 3

(3) 99ij = —2adij + 30135 + Fir0; 8% + ;08" —

o

— o ok
YijOk 3

includes mixed derivative — absorbed to I’

A~ N
(4) 0, A;; = e Y[—(D;D;o0)™" + (R} 875 + a(KA;; — 24, A))
J J L L] J J

+ 80k Aij + Ai0; 8" + Ag0i5" — S A0k 5!

L until (4), there’s no mixed derivatives except for R;; term in (4).

to remove this by introducing }a.n auxiliary field T = 57+ k= —A‘,Zi’j.
B o)
(4) — Ri; = Ri; + Rz‘j
_ l:////; - 9 1:/ 1:11‘— —Ilm "">f/" 1—— 1——1.- 1—— \
- 5 Vijlm T Vi iU5) + (}i‘j)l\-‘*‘ Fel Gl em + L5 k)
N P v \Wi B
only 2nd deri. all other mixed derivatives are absorbed to I'F

_Q(DiDj(:{’ + ;.'z'_jflmDZDmO) + ’l[(Di(;))(Djm) - ’T.'i_j:.'lm(D/(:{’)(Dm(?:))]




BSSN formalism (4)

evolution of T :

| DO

O = —20;a A" + 2(1(1:‘1]-,‘..4"]" — =AY0, K —87GAYp; + 6AY0,0)

.

(V)

L 2
+ HO I =1V0; 5 + §1"1()J-..f-’ + ,—ﬁ"’.f-’.j.,_, + 50
. D : )

[constraint equation]

A 1 . o -
(l) ('4)(7’7212 _)(R + ]\2 — [\I“,_,]\ a ) — ?\)/TCT’/)
(2) (:4)(7112,[1 — D,u K — Dl"]\qju - _?\)’T(T'J,U
(3) T" = 5" T, = —3".

2




Various slicing (1-1. Geodesic slicing)

I
—_
Il
-

. 31

m Geodesic slicing (Gaussian normal) | =

ds® = —( o? —___g;:.?’ﬁ’?“)(lf'“) +__‘__?_,¢.%—r_-f-cl‘f(['}f + 4 (dr? 4+ r2d?Q)
= —dt® + H(dr? + r*d?Q)
L flat Robertson-Walker metric in spherical coordinates

+ comoving homogenecous and isotropic perfect fluid = Friedmann eq.




Various slicing (1-2. Geodesic slicing)

m Geodesicslicing |[a=1, 3 =0

OhK = —D?*a + a(K; KV + 4nG(p + S)) + 3'D; K

I/A
s

a=1. 3=0. in the vacuum

= K KV =A

1
) - . . .
T §]\ “ — non-negative — monotonically increasing

when K = Ky, A;; =0att=0,
di L. '
_— —]'2 —; 3
dt 3 b /

- 3]\,()

a 3 — IX’()IL

A coordinate singularity forms at t = 3/ K.

1 ' ) —3 ) —3
k= [dt=t+0— S g —o=3
]\2( : /( i t+C b Ky

K

When a small amplitude GW is located at the origin and disappeared,
in the beginning, observer will be attracted to the origin.

and even after GW is disappeared, it will form a coordinate singularity.




Various slicing (2. Maximal slicing)

m  Maximal slicing: | D*a = o(K;; K” + 47(p+ S)) & time-sym. at t = ¢,

S K=0, 0K =0

>~

Since K = g“’b]\'ab = —V“, = 0. the normal vector doesn’'t converge.

maximal slicing (K =0 = 0;K) [+ flat vacuum spacetime (R =0, p=0=.5)

L4+m/(2r) 2r

maximal slicing H flat time-symmetric vacuum

5 1—m/(2r)\? ., m\* .
ds* = — 5 dt“+ 1+ — ) (dr® 4+ r=d“Q)
2r

+H a’s b.c.(not always a =1) + (' =0)

= Schwarzschild metric in isotropic coordinate




Various slicing (3. Harmonic slicing)

m Harmonic slicing: ()10 —

combining 3/ = 0.

4) () - D7

@Wro=0 — c),—j(f/ = —a“K
¢ 87=0

A 9 7r OIny'/2 = —aK + DA
Oa=—a"K

s— () (-)f hl 9 12
L o = (_‘:'(Ii ) 1/2
" ((_4')]__‘“ =0 & '3/ — U) = ((1 = 9 —1,.:'"'20 — (_':r(Ill) _ (f‘(:)llbjt_)

therefore, harmonic slicing & zero shift is identical to the constant densitized lapse.




Various slicing (4. etc....)

. . .. - 9 - .
generalized harmonic slicing: | 0;a = —a“ f(a)K. f(a) >0

(suggested by Bona et al. (1995)

because of the weaker singularity avoidance of harmonic slicing)

r LR - - . .
= “harmonic slicing” (Ei eq. to non-linear wave oq.|. const. densitized lapse)
f=0. “geodesic slicing” (collapsing to singularity, gives Friedmann eq.)

{ f— 00, “maximal slicing” (not-converging normal vector. singularity avoidance)

— —aK + D"

¢ / (e ~ . . .. (T U ') > ¢ > ‘;‘I( I 1 -'l' e 'e BA .
f=2/a, “l4log slicing” - da=—-0a?(2) K = —2aK —— »y= 20, In v1/2

La=C+Ilny=1+Inn

in 1+log slicing. f — oo when a — 0. it behaves like the maximal slicing.

\




Now, .... And what?

m  Minimal distortion (elimination purely coordinate-related fluctuation in Yij)
m Locating horizon

m Constructing initial data

W@, — 8D*) — R — —z }/ + ‘"‘;1- 47 = —16,~l¢‘~5(;"_[,; (H. constraint)
/ urmin vinptotic tn m
L Aty = 0 (Laplace eq.) e =1+ —
¥, 2r
. Ma
L linear eq. — |0 =1+ Z
where o = |2' — C| and

(" is the coordinate location of the ath black hole

)

( id . .
m Bowen-York approach the conformal transverse-traceless decomposition

initial data constructed using < maximal slicing (K = 0,not K;; = 0)

s Evolution | conformal flatness (7i; = ;)



How about now?

(DG, = J(R+ K2 — K, KM) = 87Gp
DG, = DyK — D K", = —8rGj,

9
L (‘M(Z-j = Oz(Rij + KKZ']' — 2szK]3) — DZ'DjOz — OzS?TG(SZ" — %%j(S — ,0))
+ 3" DiKij + K D" + K Dif3*
\Orvij = —2aK; + DiBj+ D;;




Thank You!




