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Outline and references

■ Outline
– Initial value problem
– Hypersurface
– Gauss, Codazzi equation
– 3+1 decomposition of Einstein eq.
– Initial data construction

■ Previous lecture (~2021 summer school lectures)
– 3+1 형식론 (3+1 formalism) 노트 by Chan Park

■ Reference:
– Baumgarte, T. W., & Shapiro, S. L. (2003). “Numerical relativity and compact binaries. In 

Physics Reports”
– Gourgoulhon, E. (2012). “3+1 Formalism in General Relativity”
– Carroll, S. (2004). “Spacetime and Geometry”
– Wald, R. M. (1984). “General Relativity”
– ….



Why 3+1?

■3+1=



Why 3+1? Let’s see the final form….



Why 3+1? Einstein eq.



Why 3+1?

■3+1= 3 along 1

https://svs.gsfc.nasa.gov/13086



Why 3+1?

■3+1= 3 along 1
■D.E., I.C. and solution…. So what?
–4D quantity ≠ 3D quantity
–PDE (Cauchy problem)
–causal structure of sol.



1. 4D quantity ≠ 3D quantity (1)



1. 4D quantity ≠ 3D quantity (2)



1. 4D quantity ≠ 3D quantity (3)



1. 4D quantity ≠ 3D quantity (4)



2. PDE (1) GR



2. PDE (2) ODE case



2. PDE (3) Cauchy problem

[Wikipedia]



3. Initial value problem / well-posedness

■ Initial value formulation:

– appropriate initial data > subsequent uniquely determined dynamical evolution  

■ Appropriate initial data:

– small changes in initial data > small change in solution
> predictable physics law

– Any changes  in initial data can not change solutions outside causal future.

> “Initial value formulation” is well-posed.
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3. Causal structure



3. Globally hyperbolic spacetime

■ Cauchy surface

■ Globally hyperbolic spacetime



Initial value problem / well-posedness

[Wald (1984) p.251]



Initial value formulation in GR

[Wald (1984) p.264]



Why 3+1? Action as well…. (1)



Why 3+1? Action as well…. (2)



Why 3+1? Action as well…. (3)



Why 3+1? Action as well…. (4)



Now, Let’s split Einstein eq.



Our Goal



3+1 decomposition of Einstein eq. tensor

?

?
?

■ Manifold/Hypersurface

■ Foliation

■ Normal vector

■ 3+! metric

■ Gauss-normal coordinate

■ Projection

■ Extrinsic curvature

■ Intrinsic curvature 

■ Projection of Riemann tensor (Gauss..)



Manifold and submanifold/hypersurface

■ Manifold

■ Immersion/embedding

■ Codimension/submanifold  

■ hypersurface



Submanifold and foliation

■ Foliation? Slicing? How?



Submanifold and foliation

■ Foliation? Slicing? How?



Submanifold and foliation

■ Foliation? Slicing? How?
For example, with r….



Submanifold and foliation

■ Surface forming

■ Non-degenerate scalar fields labels submanifolds. > foliation



3+1 decomposition of Einstein eq. tensor

?

?
?

■ Manifold/Hypersurface

■ Foliation

■ Normal vector

■ 3+! metric

■ Gauss-normal coordinate

■ Projection

■ Extrinsic curvature

■ Intrinsic curvature 

■ Projection of Riemann tensor (Gauss..)





Normal/tangent vector

■ Scalar field > Submanifold  

■ Gradient of Scalar field > normal vector (one-form basis)

■ A  curve intersecting the hypersurface > tangent basis vector

■ Tangent basis and one-form

■ A congruence of curves > coordinates > vector components

> Not unit vectors



1. foliation with t
2. T=1 at Τ=2
3. dt is short
4. t long along grid line
5. dt.t=1
6. Two basis dt, t like V=Vx !𝒙
7. X=0 along t axis
8. dx is not tangent
9. For intrinsic term, (mu to i)



Unit normal vector (normalization)



Normal vector “n” to tangent basis “t”



3+1 decomposition of metric (1)



3+1 decomposition of metric (2)



3+1 decomposition of metric (3)



3+1 decomposition of metric (4)



3+1 decomposition of metric (4)



3+1 decomposition of Einstein eq. tensor

?

?
?

■ Manifold/Hypersurface

■ Foliation

■ Normal vector

■ 3+! metric

■ Gauss-normal coordinate

■ Projection

■ Extrinsic curvature

■ Intrinsic curvature 

■ Projection of Riemann tensor (Gauss..)



Gaussian-normal coordinates

> lapse? Shift?



Projection tensor (1)

> Projection tensor = metric on hypersurface



Projection tensor (2)

■ Definition:

■ Projected vectors are tangent to the hypersurface.

■ Act like the metric for tangent vectors

■ Idempotent f(f(x)=f(x)



3+1 decomposition of Einstein eq. tensor

?

?
?

■ Manifold/Hypersurface

■ Foliation

■ Normal vector

■ 3+! metric

■ Gauss-normal coordinate

■ Projection

■ Extrinsic curvature

■ Intrinsic curvature 

■ Projection of Riemann tensor (Gauss..)



Fundamental form of hypersurface

■ 1st fundamental form of the hypersurface:
Projection tensor > project all tensors on to the hyper surface

■ 2nd fundamental form of the hypersurface:
Change of projection tensor along the normal direction > bended hypersurface  
>> Extrinsic curvature



Let’s skip….



Derivatives in Kμν

■ Lie derivative:

■ Covariant derivative:



Lie derivative in Kμν

■ Lie derivative:  change from a field

■ Extrinsic curvature  ~ bending of hypersurface ~ area change along normal dir.



Covariant derivative in Kμν

■ Covariant derivative: 
– change from a parallel transport (geodesic)

■ Extrinsic curvature ~ ∇ change of normal vector – non-geodesic change



Properties of Kμν

■ Geometrical understanding:

■ Tangent to the hypersurface

■ Symmetric tensor

■ Dimensional analysis of K and R



Example of Kμν



3+1 decomposition of Einstein eq. tensor

?

?
?

■ Manifold/Hypersurface

■ Foliation

■ Normal vector

■ 3+! metric

■ Gauss-normal coordinate

■ Projection

■ Extrinsic curvature

■ Intrinsic curvature 

■ Projection of Riemann tensor (Gauss..)



Intrinsic curvature (1)



Intrinsic curvature (2. Gauss eq. (1))



Intrinsic curvature (3. Gauss eq. (2))



Intrinsic curvature (4. Gauss eq. (3))



Intrinsic curvature (4. Gauss eq. (4))



Intrinsic curvature (5. Codazzi eq.)



Summary….



Example of intrinsic curvature

Dimensional analysis of K and R



3+1 decomposition of Einstein eq. tensor

?

?
?

■ Manifold/Hypersurface

■ Foliation

■ Normal vector

■ 3+! metric

■ Gauss-normal coordinate

■ Projection

■ Extrinsic curvature

■ Intrinsic curvature 

■ Projection of Riemann tensor (Gauss..)



3+1 decomposition of Einstein eq. tensor

[Gourgoulhon, 2021]



3+1 decomposition of Einstein eq. tensor

[Gourgoulhon, 2021]



3+1 decomposition of Einstein eq. tensor

?

?
?

■ Manifold/Hypersurface

■ Foliation

■ Normal vector

■ 3+! metric

■ Gauss-normal coordinate

■ Projection

■ Extrinsic curvature

■ Intrinsic curvature 

■ Projection of Riemann tensor (Gauss..)



3+1 decomposition of Tμν (1)

■ Eulerian observer (observer moving along a normal vector)

– Fiducial observer
– axisymmetric and stationary spacetimes, 

> locally non-rotating observers 
> zero-angular-momentum observers (ZAMO)

– Observer’s acceleration:

Kerr black hole
“Schwarzschild and Kerr Solutions of Einstein's Field Equation”,
Christian Heinicke and Friedrich W. Heh



3+1 decomposition of Tμν (2)

Kerr black hole
“Schwarzschild and Kerr Solutions of Einstein's Field Equation”,
Christian Heinicke and Friedrich W. Heh



3+1 decomposition of Tμν (3)

■ Eulerian observer (observer moving along a normal vector)

– Fiducial observer
– axisymmetric and stationary spacetimes, 

> locally non-rotating observers 
> zero-angular-momentum observers (ZAMO)

– Observer’s acceleration:

– E,.. observed by Eulerian observer:

Kerr black hole
“Schwarzschild and Kerr Solutions of Einstein's Field Equation”,
Christian Heinicke and Friedrich W. Heh



3+1 decomposition of Tμν (4)

■ Eulerian observer (observer moving along a normal vector)



3+1 decomposition of Tμν (5)

■ Eulerian observer (observer moving along a normal vector)



3+1 decomposition of Tμν (6)

■ Eulerian observer (observer moving along a normal vector)



[Gourgoulhon, 2021]

3+1 decomposition of Einstein eq. (0)



[Gourgoulhon, 2021]

3+1 decomposition of Einstein eq. (1-1)



[Gourgoulhon, 2021]

3+1 decomposition of Einstein eq. (1-2)



[Gourgoulhon, 2021]

3+1 decomposition of Einstein eq. (2-1)



[Gourgoulhon, 2021]

3+1 decomposition of Einstein eq. (2-2)



[Gourgoulhon, 2021]

3+1 decomposition of Einstein eq. (3-1)



[Gourgoulhon, 2021]

3+1 decomposition of Einstein eq. (3-2)



[Gourgoulhon, 2021]

3+1 decomposition of Einstein eq. (3-3)



3+1 decomposition of Einstein eq. (3-4)



3+1 decomposition of Einstein eq. (3-5)



[Gourgoulhon, 2021]

3+1 decomposition of Einstein eq. (3-6)



3+1 decomposition of Einstein eq. (4-1)

[Gourgoulhon, 2021]



3+1 decomposition of Einstein eq. (4-2)

[Gourgoulhon, 2021]



3+1 decomposition of Einstein eq. (4-3)

>>> Intrinsic eq. with coordinates on the hypersurface



3+1 decomposition of Einstein eq. (4-4)

>>> Intrinsic eq. with coordinates on the hypersurface



Now we change notation….;



From 3+1 Einstein eq. (1) 

■ Intrinsic eq.

■ Hamiltonian 
constraint 1

■ Momentum
constraint 3

■ Unknown K,P 12

■ Degree to choose
coordinates 4

■ Dynamic d.o.f
(12-4-4) = 4

■ Gravitational field d.o.f
4/2 =2

■ We can choose 8 independent variable for initial data and solve constraint eq’s.



Now…. Let’s just see.  



Conformal factor in the metric



Conformal factor in the metric



Conformal trace/traceless decomposition (1)



Conformal trace/traceless decomposition (2)



Ex. Schwarzschild metric



Conformal trace/traceless decomposition (3)



Conformal trace/traceless decomposition (4)



Conformal thin-sandwich decomposition (1)



Conformal thin-sandwich decomposition (2)



Conformal thin-sandwich decomposition (3)



Conformal thin-sandwich decomposition (4)

■ Assuming conformal flatness,



Rewriting ADM evolution equation (1)



Rewriting ADM evolution equation (2)



Rewriting ADM evolution equation (2)



Rewriting ADM evolution equation (2)



Rewriting ADM evolution equation (3)



BSSN formalism (1)



BSSN formalism (2)



BSSN formalism (3)



BSSN formalism (4)



Various slicing (1-1. Geodesic slicing)

■ Geodesic slicing (Gaussian normal)



Various slicing (1-2. Geodesic slicing)

■ Geodesic slicing



Various slicing (2. Maximal slicing)

■ Maximal slicing:



Various slicing (3. Harmonic slicing)

■ Harmonic slicing:



Various slicing (4. etc….)



Now, …. And what? 

■ Minimal distortion (elimination purely coordinate-related fluctuation in Υij)

■ Locating horizon

■ Constructing initial data

■ Bowen-York approach

■ Evolution 



How about now?



Thank You!


