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Cosmological Evidences for DM

Species of our Universe
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Ultralight Dark Matter

Weakly Interacting Massive Particle (WIMP)

* Proposed by Benjamin W. Lee (1970)

* Only interact via Gravity (& Weak Interaction)

e m=0(1GeV)~0(100TeV)
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CDM-based cosmology successfully explain
the large-scale structure of our universe.

How about on the small-scale?
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Problems of Galactic Scale in CDM Model

[J.S.Bullock et al. 1707.04256]

* Missing Satellite Problem : Too much # of Satellites
[A.A Klypin et al. 9901240 ; B.Moore et al. 9907411]

* Cusp-Core Problem : Too sharp of DM halo central density

[R.A.Flores et al. 9402004 ; B.Moore, Nature 370 (1994)]

e Galaxy Cluster Collision : Offsets between DM-Stars
[A.Mahdavi et al. 0706.3048 ; D.Harvey et al. 1503.07675]

* Planar Structure of Satellites m.s.rawiowskiet al. 1505.07465]

* Angular Momentum Catastrophe : Too slow galactic bar speed
[M.Roshan et al. 2106.10304 ; M.Steinmetz et al. ApJd 513 (1999)]

* Final Parsec Problem : SMBH binary does not merge within ~HO_1

[Begelman, Blandford, Rees, 1980]
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How about Considering Baryonic Matter?

[M. Jung et al. 2402.05392]

Considering baryon (p*,n% e~, He ...)
inside galactlc/cosmologlcal S|mulat|ons =
Additional gas dynamics (Atomic/Chemical)
is expected!

* Tidally stripping of stellar structure
e Supernova Feedback

* Energy transfer from baryon to DM halo?
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[ACDM Tensions with Dwarf Galaxies]

[ No tension ] [ Uncertain J [ Weak tension ] [ Strong tension }
[ Missing satellites J ‘ M- My 16 relation J [ Too big to fail ] \Diversity of rotation curvesJ

{ Core-cusp l [ Diversity of dwarf sizes ] ‘r Satellite planes J
[L.V.Sales et al. 2206.05295] [ Quiescent fractions }

Harder to resolve... Alternative DM model required?
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Warm(skeV) T Cold(~GeV)
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Ultralight Dark Matter

Ultralight Dark Matter (ULDM)

Motivation (as briefly as possible)
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Mass scale of dark matter

(not to scale) [T.Lin 1904.07915]

QCD axion WDM limit unitarity limit

10-22eV iy keV GeV 1w0wv M 10 M
] - t I | | -

“Ultralight” DM “"Light” DM WIMP  Composite DM Primordial

(Q-balls, nuggets, etc) blrick h()leg
al .

non-thermal dark sectors
bosonic fields sterile v

can be thermal
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CDM (WIMP)

* Heavy: m~0(1GeV)

Ultralight Dark Matter

* d>» Agg~0(10"13m) > Low number density

e Particle-Like
* Newton’s EoM
e Random Motion

12/65

ULDM

* Ultra-Light : m~0(10722eV)

* d < Agg~0(1kpc) = High number density

e Wave-Like (or Superfluid-Like)
e Schrodinger-like EoM
e Coherent Motion

Well summarized in [J-W.Lee 1704.05057]
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Ultralight Dark Matter

DM [H-Y.Schive et al. 1406.6586] b
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[E.G.M. Ferreira 2005.03254]

CMB + LSS
Lyman-o
wDM
Eridanus Il SN
star cluster
Fuzzy 87 BHSR - SMBHs BHSR -
DM stellar mass
21-cm (EDGES)
Wave
DM SHMF
Dyn. friction
Heating
PP SRl dSphs
10-26 10—2 1022 1020 10718 10716 10— 10712 10710
Repulsive BEC DM FDM Mass (eV)
DM
M
Some tensions in ULDM constraint =
Scalar field Fluid DM . . .
DM Better to consider “another” interaction?
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Ultralight Dark Matter

- ARE AX|ONS Are Axions Dark Matter?
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Ultralight Dark Matter

Ultralight Dark Matter (ULDM)

Cosmological Evolution
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Robertson-Walker (RW) Metric

* Homogeneous & Isotropic Universe

1
ds? = —(cdt)? + a?(t) [1——kr2 dr? + r%(d6? + sin® dqbz)]

* Curvature of our spacetime k
* Scale Factor a(t) : Expansion of our universe

tq: to >t : t3 > to :

1 o i ) 1 = (0,0, 0) Lo = (1,0,0)
[ ] C °

—

a(tl)

—_—
k>0 alt2)
“Closed” ° °
a(t3)
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Friedmann Equations

* For RW Metric...
kc? _ 8nG d 4nG

H? + T =3 P - +—3 (p+3P)=0, p+3H(+P)=0 -« Entropy conservation leads:
N VRN _ T(t) < a™'(t)
Y Y
Einstein Field eq. = Friedmann eq. (00), (ij) Energy Conservation * Current Hubble parameter
H, = 70kms™*Mpc™* = h=0.7
* Assuming “flat” universe as a “Perfect Fluid”: P = w " . H?
g P  Critical Density p, = 272
Composition Matter Only Radiation Only Dark Energy Only |, Density fraction ; = Pi
Pc
1
Pressure P=20 P =— P=—- ~N
3" P y
Density p(t) x a=3(t) p(t) < a™*(t) p(t) = pp(Const.) < >
Scale Factor a(t) o« t?/3 a(t) o t1/? a(t) o eflt > Qph? = 0.022
® Ordinary Matter .Qchz = 0.122
Hubble Parameter 2 1 871G Dark Matter
H(t) = % H(t) = E H(t) = Z_t H(t) = T PA Dark Energy )

Hyeonmo Koo 2024.11.26 73 Workshop on GW & NR
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Evolution of Scalar Field

* Massive, but ultra-light scalar field )

1
L=—g"(0,$)(0,9) —m30*

* EOM in Flat RW metric = ¢ + 3Hd + m5¢p = 0
 For radiation era: H(t) = (2t)~, EOM has an exact solution.

LN 3}/14 (t «mzh)
00 =1 5) T stmar) = o0 D) st =) (63 mg)
* Energy-momentum of scalar field T,,,, = diag(—p, P, P, P) "ULS.\(jgiﬂE?n on
Cosmological Scale”
p=g 7 omigt, P =gt mig?
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* Starting point of oscillation satisfies 3H (tsc) = Mg

20/65

3 10~22eV
tosc =75 Mg = 0.313yr|——
2 m(l) [Ciaran.A.J.O’Hare 2403.17697]
1.2 ] LR 1 LA ] LR I L L _l] 1 T T T L L T T R
Lok H(t) > m 1 ~ 100k |
R - :
.~ 08 1 < i P=—p P=~0 ]
% Q— I= IIDE I'k ” IIM |'k 7
06l Ny -like atter-like
- o S 10-1F Ry
) s L £ =
= 04r I 2 f I
© - = i —~
> 02} 2 Z i R
e = L Ny
T ool 5 "i 1072 =
=~ B f
E—)i L
—02 I~ s: B
5 I
—04F . 10-3k Dark energy-like Matter R
102 107! 10° 10! 102 10-T 1 |
Mgt Scale factor, a/aqsc
2 .
¢, m 1/2 ULDM behaves same as CDM for cosmological
0, = 0.12 (o)
¢~ 7 8.36%1016GeV/) \10-22eV scale! How about galactic scale?
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Ultralight Dark Matter

Ultralight Dark Matter (ULDM)

Wave Dynamics & Phenomenology
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Motion Equations for Newtonian Limit

* Repulsively seIf—mteractmg scalar field

1 A
Sor = Sen +5p =1 [ xyTgR + [ dxy=g [ 6" (0,0) ) V@), V@) = mig? +, 6"

o A

ds? = —(1 + 2®)(cdt)? + a®(t)(1 — 29)5;;dx dx/

b t) = f%

Klein-Gordon eq. :g’t =0 u w Einstein eq. 5532’5 =0

h? Amra,h? /0y 3 V2D 32
[— VA m P+ — |¢|21/)=lh(a+—21']¢) b = m |2 — 2

[Y (%, t)e~tmac “t/h 4 ¢ c. ]

Zmga’ ATtGa? 81G
_ S”Q;mac “Gross-Pitaevskii-Poisson (GPP) System”
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Madelung Formalism

e Also called “Quantum Hydrodynamics” [E.Madelung, Die Naturwissenschaften 14 (45) 1004, 1926]

( (
- ap 1 )
lp(f t) — p(x; t) ei@(f,t) E + 3Hp -I—— V- (pv) =0
) mg {av , . .
h Py —+ Hv +— (v V)v———th——VQ——vP
v(x,t) = <—) Vo(x,t) . a pa
\ mg

Quantum Pressure
0= h? VZ\/E
~ 2m2a? \p

Self-Interacting Pressure

27tash2 4magh?
_ 2 2

= p = CS =

3 3

a ma

p

Quantum #
Self-Int. #
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Conserved Energy & Soliton Solution

0L ] Jh?
Etot_JdB_) P l/) — L jd3é< |V1,b|2 Emacblwl] P |¢|])

Potentlal Energy W Internal Energy U
1 (hz (Vp)? 2mah? ”
= | d3%|= plBI? +— p® +——— p?
j [2p| lJ L8ma ] 2P m3 P

Classical Kinetic Energy O, Quantum Kinetic Energy 0,

e Static, spherically-symmetric solution = “Soliton” or “Boson Star”

» Lettingp(r) =py - f (%, as) introduces five parameters

Mh? GM?
M = n(4mpyR?), Qg =0 , W=—-v

m2R?2 R
U 2mash”M* 0 (1 MRZ)
= , =\
( mzRB ¢ 2
2 2
* Andtwo length scales R, = MLm , Rg = gj:3

Hyeonmo Koo
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2

: L (dR)z . hM ‘e 2magh?M?  GM? 1 " (dR) FVR)
=—aM|— o — v =— aM |—
ot 2 dt mZR? m3R3 R ~2 dt
0.1
* Equilibrium Radius scale : V'(Ry) = 0 o ' [P-H.Chavanis 1103.2050]
0.05 |
2 2 a<0 |
R, = gh— 1+ |1+ 6ndv GM"m,as Un Oscillation near Rypin, M <M__ .
v GMm?2 a? h? ot
& 0.05-
>
R . . a4 / -0.1- a<0
* Oscillation frequency : aMR + V'(R) =0 M>M_ |
. -0.15} .
6m¢ a.h> /: \ Collapse to SMBH
2 K2 1+ vc 53 2 /! \ 0.2 | | 1 | | |
w? = o GmgRg [\ 40 5 10 15 20 25 30 35 40
a mZRg | _6m¢ ash? [\ R
3 2 / 1 \\
V. GmgR; / | \
| Equilibrium radius scale R,
/ i \\\
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Evolution of the Density Perturbation

: dp
S . Oth order equation 9 _ -3
p(,6) = po(D[1 + 8%, 0)] ; gr T3MPo=0 = po(t) xa™(0)

- 2 21,4 2
—+ 2H— + +—=k“ —4nG 6=0
A ot2 ot  \4mZa* a? "4 Po

* k < k; (Super-Galactic) : CDM-like behavior

“Jeans Instability”
* k < k; (Sub-Galactic) : Structure is Suppressed!

Self-Interaction X Self-Interaction O
416G poa’
CDM X k2 = 2Dt
CS
16mGpym2a* voncomzaz | [mzes T
4 a 4 _ nuapomya My Cs _ Mg Cs
ULDM k] = 72 k= "2 J4n6p0ﬁ2 +1 J4nGpoﬁ2
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Temperature of universe [eV]

10° ' 102 ' 10% ' 106 ' 108 ' 100 ' 1012 ' 1014
'1= 1010} |
Al [Snowmass2021 2203.07354]
_M__ﬁ 107 T
I —
= H 3 Q 3 Me Y2 1
~ 10't |k, = 68.17M c_1< 0 ) ( DM) ( 2 )2 1+2)4 .
< J P (ZokmsMpe 1) \0.27) Gozzey) 12
= \

CDM

Adding Self-Interaction — WIMP

= k] decreases?

7 Fuzzy DM
> w . J
= ‘ < [=] 2 Interacting DM
5 o = = Warm DM
i _8 9 aw = arm D]
“é _ :Eu o = = = Early MD
= 107" L — T Axi Misalio nt |
: ) = [ H Axion Misalignmen
= (3] N ~ .
= = Ll) N L‘ﬂ Vector DM
— - el =) QL . .
= = = = =] Axion String
— 1()*\ 1 2 e 1 7 1 n N 1 n 2 1 2 1
102 100 104 106 10% 1010

Wavenumber k [h/Mpc]
1016 1012 10% 10 10° 10~ 108 10-12 10-16 10-20
Halo mass Myao [Mg)]
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ULDM Halo and Soliton

e Spherically-symmetric, time-independent solution

soliton profile
—avg. simulation

' Outer : CDM-like(~773)
' “Incoherent” Granules

| | 11 llll | | il | lllll | | 1\7\1 L1
107 10° 10 10°
r/Te

[P.Mocz et al. 1705.05845]
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Common Exaet Soliton Profiles

Empirical Profile : p(r) o« [1 + 0.091(r/7.)?]~8
* Absence of Self-Coupling (1 = 0)
» Estimated by [H.Schive et al. 1406.6586]

o
.2
in(mr /RTF) £ 10
Thomas-Fermi Limit : p(1) o¢ ———LTF ~ ;
P e =
e Strongly-interacting limit =
* Exact solution for neglecting quantum pressure = 0
pVd = —VP s 10
+ valid for R » R, [P-H.Chavanis 1103.2050] -
hZ
> =—
4~ % =mzm,
1072

Gaussian Profile : p(r) o e™""/7¢
* Poor description for both A = 0 and A — oo limit

Ultralight Dark Matter 29/65

10* F——

e

[M.Indjin et al. 2312.14917]

Numerical:
= (9=0)
f— (g:g*)
- (9=509,)

4

\

) |
\

I Analytical:

= | = -Empirical [Eq. (9)]

........ Gaussian [Eq. (13)]
—--Thomas-Fermi [Eq. (12)]

10’
Radius [kpc]
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Numerical Codes for ULDM ... ca 1500008

Direct Solver Madelung Solver
i » VS V(oo
— VY + moyY = ih— —+V-(pp) =0
2m, v v dt 33 dt
2 —_ 2 v - -
ViD= 4mGm, Y| —+ (B-V)P = -V —VQ
dt
Table 1. Summary of the Lagriangian based simulation codes for FDM model (Madelung Solvers).
Author Method (Code Base) Cosmo-Sim  Granular structure  Solitonic Core  Activity Open Source
Veltmaat et al.[30] PIC (NyX) Yes No Yes Yes No
Mocz et al.[28] SPH No No - No No
Nori et al.[32] SPH (P-Gadget3) Yes - - Yes No
Zhang et al.[31] PP (Gadget2) Yes No Yes Yes Yes

Table 2. Summary of the Eulerain based simulation codes for FDM model (Schrodinger-Poisson

Solvers).
Author Method (Code Base) Cosmo-Sim  Granular structure ~ Solitonic Core  Activity Open Source
Schive et al.[44] AMR (GAMER) No Yes Yes Yes No
Schwabe et al.[45] AMR (Nyx) No Yes Yes Yes No
Mocz et al.[14] Moving-mesh (AREPO) No Yes Yes Yes No
Edwards et al.[33] Grid No Yes - Yes Yes

Hyeonmo Koo 2024.11.26 73 Workshop on GW & NR
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* Pseudo-Spectral solver for ULDM soliton dynamics with PBC
https://github.com/auckland-cosmo/PyUltraLight [F.Edwards et al. 1807.04037]

(llltraItht + N-Body Code https://github.com/Sifyrena/PyUL_NBody [Y.Wang et al. 2110.03428]

e “Python Code”

KICK1 DRIFT Update Potential KICK2
[1/) —e 77;1 AZt 1/)]‘[ Y - F1 [e_lmk T(lp)] ]‘[ b - T_l[_k_ZT(‘l-ﬂthlz)] ]-[ Y-oe nflz Azt 1/) ]

At > %ATXZ prevents artifact from arg(y)) >
* Initial soliton condition is generated by RK4 method

1 1 ~ ~ 2 .
—S IO = O+ EOFE) =0, @)+ §'() — 4nfA () = 0{

* Adding self-interaction = Add one term to “KICK” [N.Glennon et al. 2011.09510]

MgA h3
A @ A [y (0) 2
Y —oe 2myc

f(0) =1
f() =0
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Dynamical Properties

Dynamical Friction (DF)
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DF in Classical Particle System

¢ [
¢ 2
. . _(GM
y . For = 475 (=)
[
o PY Gravitational Wake ®
Effective DF Coefficient
¢ °
. > PY * For sufficiently large speed...
[
. . - -
PY Attracting Object d_v — —4nGszanlogA1
PY ° dt i v3
L ® (pr=logA=1lo -
® o ® DE 5 5 max(ry,, GM /v?)

[Chandrasekhar 1943]
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From Linear Perturbation

* Perturbation by a potential ®p, ULDM self-gravity is negligible?

626 hz 4 2v2 2 = 322/ ! = =1 ! 2 =1 4
6t2+4m2v § —cVed = Vedyp =>6(x,t)=dedtG(x—x,t—t)V dp(x', t")
a

S d3k dwexpli(k-R — wt
) - [ gl =)
(2m)3 2w hék
4m?
« Dynamical friction force woken by density fluctuation Fpp(t) = p [d3X(VDp)s(X,t).

+ c2k? — w2

Exclude Self-Coupling (c; = 0) Include Self-Coupling (cy > 0)

- >
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Exact Solution for Zero Coupling

[L.Hul et al. 1610.08297 ; L.Lancaster et al. 1909.06381]
* For v = v,Z, integral of Fop(t) = p [ d3X(Vdp)§(X, t) requires a cut-off scale b.

h? GM 1 _ 0 5 =
( V2 4 Pma+—mv§>1/)=0 = w(R,2)=\%e”*—gﬂw(l—iﬁ)l1F1[iﬁ,1:i(\/R2+52+Z”)]

2m, s 2 -
~ 1 _ _
1. ~ I Zb 12
Gm@ﬁ)=mqm0+$§5)—1+ow)= o 0% (b« 1)

7\ log(2b) — 1+ Re¥(1 +ip) (b > 1)

E . mvob ’3 GMma 101 ]
 h Ay,

o

< 104 — 3=0.02

O ] B=0.07
— B=0.12
-==' Cin(2b) + &)

1071

10° 101
b= muvb/h
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For Circular Orbit

[L.Berezhiani et al. 2311.07672]

* Circularly orbiting point-like perturber : Xp(t) = 1, (cos Qt,sinQt,0)
S G Mp
Foe(t) = —4mp (- ) [RMA© + DB

Effective DF Coefficient

\V]

oo |- —m—

I =T Z ( 1)m+1 (l — m)! S{,Tll—l — Sl,lrfl !

B l—-m-=-2)(l=1l-m\.B3-1l+m\.(2+l—-m\./2+]l—m
(=1 m== r—)re—)ri=")r¢c=7")

M (

y[A)

2 /1 +m? /1

STt =+ \/—[Jl(l M IO, (1M f) + i (ilg M £ (ilgM £ (m < 0)

Cs

[jl(lqunI)hl(ﬂ(lqum) Jl(ll Mfr;{)h(l) (llqunJlr)] (m > 0)

2 |1+ m?2/1?

T wl o, )
JaE =T~ 7 MM (20l,00) (m = 0)

;M = mgegry/h ,,J—{ =2 /1+”mz/l2 +2
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* The leading-order term of J3(I) only arises from [ = 1.

]vleq (1—c052x sin 2x

/l§+1

* The larger c((self-coupling), the smaller DF coefficient

2 1
S(D)=q = —Emzss(sljg —852) = =—3M3 + 0(M®)

2x3 2x? )leq]v[fl_

maecCsto/h = 3 maCsTo/h = 6
0.8 aCsT0/ 1.9 (l/s 0/
]nn\ 9 ,// ]m'\\ =9
Imax =10 1.0 1 //, Imax =10
Imax =15 ,’/ Imax =15
— Imax =20 ol 0-81 / = Imax =20

S )

~ -

lj 0.6 J/

- /

= /

0.4 /
’
/
/
024
4
N
T ()() T T T T T T T
7 8 0 1 2 3 4 53 6 7 8
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Circular Orbit without Self-Interaction

[R.Buehler et al. 2207.13740]

N m+1 (l )' S. 1 S,
MZEZ( D (- mmZ)' (1—l—m)r(3—ll-i—m)rl(2+l—m)r(2+l—m)

2 2 2 2
R, = Zmavoro
iR
St =B R N, (i) — R )|

1
!
2.0 1 1
1
1

* The leading-order term of 3(I) only arises from [ = 1.

1.5 1

I(D)y=y = V2 (mv“r‘))g/2 +0 ((mv9r°)5/2> ENN

-~
~~o
-
-
-~

3 h h ; :
II - ]max =9
- ,’ Zmax =10
051 _
— lmax =15
- ]max =20
0.0 T T T T T T T
0 2 4 6 8 10 12 14

R /2 = mgauoro/h

Hyeonmo Koo 2024.11.26 73 Workshop on GW & NR



Ultralight Dark Matter 39/65

Applying to Fornax dSph & GCs

[H.Koo et al. 25XX.XXXXX]

. Object 5 Rplk
* The five observed globular clusters ject |Mp[10°Mo)] | Rplkpe]
(GCs) orbiting Fornax dwarf spheroidal | dSph 1420 -
(dSph) has individual “Lifetimes”. GC1 0.37 1.6
GC2 1.82 1.05
3
i = Mpvp Up GC3 3.63 0.43
life — —

For  4mpG*MpCpp GC4 1.32 0.24
GC5 1.78 1.43

[D.R.Cole et al. 1205.6327]

Observational Result <:> CDM-based Prediction

Tiife~10GyT [M.-Y.Yang et al.1809.07801] Tlife~1GyT [K.S.Oh et al. ApJ 531 (2000) 727]

“Timing Problem of Fornax GCs”
[S.D.Tremaine ApJ 203 (1976) 345]
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* The ULDM halo for describing Fornax dSph is chosen as

1. Thomas-Fermi Limit Profile (Strong-Interacting)

nM sin(nr/Ryg) ash? S5eV 2
_ > Ryp = = 1.957kpex (—)
pLr) 4Rip (mr/Ryg) e Gm; pe meA~1/4

2. Empirical Profile by [H-Y.Schive et al. 1406.6586] (Non-Interacting)

f

7. = 0.229kpc

P m

10°M, <10—22ev>2
[1 10,091 /)7 |

p(r) =

4
_ 3 m 6 M
Pc = 705M®/pc (10_226\/) 109M®

\
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my

Ma

GC3 - Full Order

10~2

7 = 5Gyr

7 = 10Gyr

7 = 20Gyr

po > 0.01M¢ /pc?
po > 0.1Mg /pc?
po > 1.0Mg /pc?

1072
10—92

10‘—9() 10‘—89 10—88

A
GC3 - Leading Order

10‘—91

10721

7 = 5.0Gyr

7 = 10.0Gyr

7 = 20.0Gyr

po = 0.011\[,\:;/1)03
po > 0.1Mg /pc?
po > 1.0Mg /pc?

10—22
10—02
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10‘—9() 10‘—89 10—88

A

10‘—!)1

mg

mg

Ultralight Dark Matter

GC4 - Full Order

107

-22

T = 20Gyr

po > 0.01M /pc?
po > 0.1Mg /pc?
po > 1.()Z\r[®/pc3

y

7 = 5Gyr /

10—5)‘2

7 = 10Gyr
10'—8?)

10'—9() 10—88

A
GC4 - Leading Order

10'—!)1

10~

—-22

7 = 20.0Gyr

po > 0.01Mg /pc?
po > 0.1Mg /pc?
po > 1‘()]\r[®/pc3

7 = 5.0Gyr /

10—5)2

7 =10.0Gyr
10'—8?)

10‘—5)() 10—88

A

10'—!)1
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*  Roughly assuming 1072 < po|Mg/pc3] < 1071...
m
4.680[eV] SAT;‘; < 6.869[eV]

This constrain is validin 1 > 10799,

vp 3¢
4G2pMpS(1);., 4mG2pMp

Tlife =

« Lettingm, = 3x1072%2eV leads Tjjs tO...

Object | CDM | ULDM, SI X ULDM, SI O
GC3 | 0.62 3.99 4.27~15.23
GC4 | 0.37 1.07 13.06™~42.79

CDM Result from [L.Hul et al. 1610.08297]

e The stronger A, the weaker dynamical friction!
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Dynamical Properties

Gravitational Cooling Effect
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VOLUME 72, NUMBER 16 PHYSICAL REVIEW LETTERS 18 APRIL 1994

Formation of Solitonic Stars through Gravitational Cooling

Edward Seidel' and Wai-Mo Suen?

'National Center for Supercomputing Applications, Beckman Institute, 405 N. Mathews Avenue, Urbana, Illinois 61801

2McDonnell Center for the Space Sciences, Washington University, St. Louis, Missouri 63130

) L. (Received 26 July 1993)
In this paper we show that there is a dissipationless

cooling mechanism which very efficiently leads to the for-
mation of compact bosonic objects. This mechanism,
which we call gravitational cooling, is similar to the
violent relaxation of collisionless stellar systems [9]. A
collisionless stellar system, quite independent of the ini-
tial conditions, collapses to a centrally dense system by
sending some of the stars to large radius, and settles into
an equilibrium configuration with a more or less definite
distribution. Likewise, quite independent of the initial )
conditions, a scalar field configuration described by Eq. 1 v

(1) will collapse to form a compact soliton star (boson '

star for the complex field case, oscillaton for the real field [Dongsu Bak et al. 1811.09694]
case), by ejecting part of the scalar field, carrying out the F=30
excess kinetic energy. In retrospect, it should not be
surprising that there is such a cooling mechanism similar
to the violent relaxation. The evolution of a massive sca-
lar field under its self-gravity is in many ways similar to
that of ordinary material bodies, e.g., in the Jeans’ insta-
bility analysis [6]. Perturbed boson stars and oscillatons
can evolve back to their equilibrium configurations by ra-
diating part of the scalar field [3,10]. Furthermore, such
scalar radiation can drive the equilibrium configurations
on the unstable branch to the stable branch [10].

F=19

200
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o
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()
n

5 0
P(Y,1)2.5 -
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o
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0
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Galaxy Cluster Collision

_ 5
Abell 520 [A.Mahdavi et al. 0706.3048] M = 10'*~10" Mg
v = 1000~2000km/s

Offset Between

stars & DM

Contour : Gas
Electromagnetic Interaction

Contour : DM
Unknown Interaction...
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Head-on Collision of Identical Subhalos

[H.Koo et al. 24XX.XXXXX]

1010

« M =21x10%Mg, m, = 107%%eV/c?
viel = 112.78km/s viel = 225.56km/s

l 1010
‘ 109

t=0.0[Myr] t=0.0[Myr]

10° = -108 —
9] 9]
o o
kv, ~
= =
) )
= =
107 <« L107 <

108 108

10° 34 17 0 17 34 10°

-34 -17 0 17 34
[kpc]

[kpc]
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v; = 112.8 [km/s]

Ultralight Dark Matter
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[H.Koo et al. 24XX.XXXXX]
v; = 225.6 [km/s]

i 0.4
5 /_\ 0.2
5 ~— 2
S °
= =
0 T ety SEEEE TP @ 0.0 -
- -
S R S
a ., a
B —— I'DM, Kinetic Energy \/ —0.29 —— FDM, Kinetic Energy
CDM, Kinetic Energy CDM, Kinetic Energy
’ —— I'DM, Potential Energy —— I'DM, Potential Energy
- —— (DM, Potential Energy —0.44 —— C(CDM, Potential Energy
0 100 200 300 400 500 0 50 100 150 200 250
i [1\*"[)’1‘] t [1\"1)’1‘]

* Kinetic energy dissipation by gravitational cooling is effective at low-speed collision.

2024.11.26 73 Workshop on GW & NR
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[H.Koo et al. 24XX.XXXXX]

T FDM
v >0 I'. I CDM GM
FERLE qd=—
ol N VT2
<71 i b [For Low Velocity.. v = 100~350km/s m— 7 = (0.041~0.492
) |
c |13 * |Avyrpml| > [Avepml A 1
g 309 | '-._I  Gravitational Cooling on ULDM v x — log A
D> | " makes it more dissipative than CDM. ATcross V2 banay~T1/2 < GM /2
o I | max~11/2
8 20 A \ I %
o) |
A
£ 10 A 1
s mid R <10g_ + B ) {AC = 0.516 + 0.004
—_— c — c _
< \ v leom q B, = 1.030 + 0.016
= 0 -
>824' . .
3 : For High Velocity...
|
z 121 * |AvyLpm|~[Avcpml
Sy
< 0 T T T . T t
100 150 200 250 300 350

Initial Relative Velocity v, [km/s]
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FDM
CDM

}
I

S
o
1

[ For Low Velocity...

* |AvyLpm| > [Avcpul
* Gravitational Cooling on ULDM

makes it more dissipative than CDM.

w
o
L

N
o
——‘.&..—————

r—

Relative Velocity Decrease A v [km/s]

—

o

=

>824- . .

3 : For High Velocity...

I

z 121 * |Avyrpm|~|Avcpml

N

< 0 T T T ¥ Y t
100 150 200 250 300 350

Initial Relative Velocity v, [km/s]

Hyeonmo Koo
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[H.Koo et al. 24XX.XXXXX]

h

q mvrl/z
b = 100~350Km /s =—— g = 0.103~0.360

Av [ATCFOSS]
o ¢
ATCI’OSS T

gc
Dissipation Fraction by Gravitational Cooling

* Dissipation effect by GC >> DF
Av
v

A, = 3.692 + 0.041
— A q3(1 _I_ B qz) { u an
ULDM u u B, = 15.63 + 0.294

Fitting Function Derived from [Dongsu Bak et al. 2010.14738]
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Can ULDM resolve Final Parsec Problem?
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[Begelman, Blandford, Rees, 1980]
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1.
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Orbital Decay of SMBHs

Surrounding stars near SMBHs (spherical bulge of N,, o,,1;)
cause dynamical friction on them, leads to form SMBH Binary
with timescale:

. 6x10°%yr o, ( T, )2 108Mg
A7 InN, 300km/s\100pc/ My,
° Mg 1/3
® .’ - = — TB"‘" ( ) TC
i ® o%.® -7 R M. °
o o e o 1
o '3 / ¢
o © ° ( L ° ° .
I
o o ‘\ ' o [ ] ”./// X A o
o ~ N._ e == ° L °
° L ° °
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te t ¢
/ I A A A .
, o Orbital Decay of SMBHs
10°+ / th I 4 2. When the mass enclosed by the orbit of the SMBH binary is
/ I comparable to the mass of the binary itself, binary becomes
[ | “Hard”.
. I t O-*
h~
10° F=----- ;-"l---"-, ----------------- mGP.T B Bromley et al. 2311.18013]
tgas = 10" yr . |
4 /o |
r ’ |
(yr) /
2ob /, - ¢ _ Glign
- GR » 4o2
/ ( ° [
o
/ °
[
o
10°F / . ° °
/ e I ) ® o ([ J ®
1072 1 100 . ° *
[Begelman, Blandford, Rees, 1980] r{pc)
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tt t ¢
, rlc,h rb ke
[Bottleneck]‘h [
10°+ / >tl .
/ [
[ I
R e : """""
i Fo
(yr) /
10° | /foa .
Ly
/
/
10* F / -
[ . . ,
102 1 100
r(pC)

[Begelman, Blandford, Rees, 1980]

Hyeonmo Koo

Ultralight Dark Matter 52/65

Orbital Decay of SMBHs

3. Most of stars are blown away V
by slingshot! > U
<@
* Not enough stars to decay the -
2U + v

SMBHs’ orbit...
[Diagram of Slingshot]

° o ¢ ¢ Ne~\ - Tc
[ ) TC °®
o
o ° °
[ ) ° ° o
o
° ® ° °
o [ )
o
® ® ® L
o o o o o °
PY o
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-----

* Loss cone : Region of Phase space in which stars have close
encounters with SMBH binary

’

.

.
i -
-

~v=--"" [D.Merritt 1307.3268] * The stellar mass inside loss cone M, decreases as the average

~

. . a .o
number of slingshots increases, and;h converges to a specific

ll‘l T T llll]ll T T IIIYITI T

& o1g - behavior.

¢ z

E  The SMBH binary decay timescale explosively increases beyond
= ingshot ~10Gyr.

(9]

o

»

5.
(@]
(2]

=)
|}

—

LI L L L L LI

i
|
|
i
|
I
i
1 \
| |
H ]
| |
H |
I
|

| |

[A.Sesana et al. 0612265]

a,/a
w

-

Loss Cone is Depleted!

Ll L1

1 1 Illllul L lllllu] 1 Illllu] 1 lllllul L lllllul L Illlllll 1
10-¢ 10-®% 10+ 103 0.01 O.1 1 10
t/P(0)
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10 t;, (loss cone

107+ / depleted)
ol o e * To allow SMBHB to reach an era of gravitational
e TS <
as = r .. cir . -
| Y radiation within ~H51~10Gyr, we need a new
} th QP 0
tyr) / mechanism to refill the loss cone.
10° | /‘GR .

102 1 100
[Begelman, Blandford, Rees, 1980] r(pc)
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Supermassive BH Binary in ULDM Halo

[H.Koo et al. 2311.03412]

| t =0.0 kyr ,
6 4.0 o Mg = 10°Mg
m=10"“"eV; g ; L = 40pc
. Mbh == 10 MO
D)
Too high py? = DM spike near SMBH makes sense
3.0 [T.Lacroix 1801.01308]
2.5 0.021 —— ULDM Energy
\,Q:; —— BH Energy
2.0 —— Total Energy
T 001
. B
B [
X 0.00
~
1.0 £
<]
—0.01 1
0.5
—0.02 -
0.0 . . . .
0 20 40 60 80 100
t [kyr]
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Final Parsec Problem of Black Hole Mergers and Ultralight Axion as Dark Matter 56/65

GMbh

GMpp\° 1 2
bh) _3 (mc;lvr)

> (Msol + 2VIth)4

)2 C(f)z - 4np-(

hZ

dv _
Mon \a =4”P(

* SMBH binary separation D(t) = 2r has a form:
5 ~2/5

00i"")

D(t) = D, (1 +
Q 7.3524 MSO] Mbh 1/2( m )8
° 7 [Myr - pc25]\10°My ) \108M 10-21eV

IR
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A[bh:l~4 X 108A[\

8 . . .
e Decay of binary separation is decomposed to:

0.80 :. ‘ w —— My=0.7 x 10%Mo
EZZO ‘N QW * 1. Global Mode (GC) : Exerting ULDM by breathing with period 7
S/O"ﬁ' 10_216V 3 109M© ? Mbh 2
- \% e T=1y(—— 1+2 )
0.60 *‘ ‘ 0 < My ) ( Ms ) ( yg Ms
_ Yg = 1979 £0.012 = 2
7o = (32.11 £ 0.115)kyr

0 ZIO 4I0 GIO SIO 100
t [kyr]

: 2. Local Mode (DF) : Orbital Decay of SMBHB

74 — Mpp=1.5 x 1( bl\[@ 2

- —— My=1.0 x 10°M, _ _ 5 5 5
Hljr) — Myp=0.6 x 1781\[@» D(t) = DO (1 +§ QDgt)
= | m, & /(M +2y,M Mpp \2 5
3 \ Q= 1324( — a ) S Y1"bh bh Myr~ 1p 5

2 10 21eV 109M® 108M®

1- | | | . y; =2.192+0.034 =2

0 20 40 60 80 100

t [kyr]
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e Early Times : Gravitational Cooling is dominant

Foo = K, (ATC = nD/v) (GMSMSpike>

2
lg Th

e Late Times : Dynamical Friction is dominant

GMbh 1 mUDZ
For =470 (27 ) 5 (5

foc s

FDF

* Initially, gravitational cooling exerts total system’s energy (Wave Mechanics)= Dynamical friction
reduces SMBH’s energy & angular momentum (Classical-like Mechanics)
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Epilogue : Research Topics of ULDM with GR

(My Private Interest)
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1 = 400M 1 = 1000M 1 = 1600M

ULDM with Numerical Relativity

1072
3 0o ©O0

S
3 t= 1599 m~1 t= 4800 m~! 1073
%IJ

45 0 45 45 0 45 45 0 45

B50ImE
x [M] x [M] x [M]

. : ULDM Soliton (Boson star) Merger
BBH Merger inside uniform ULDM e For ~ 1 imulatine th namics of
[GRChombo 2409.01937] [GRChombo 2207.05690] or ~0.01pc, simulating the dynamics

SMBH binary is difficult to use GPP solver

lom=

Einstein Toolkit [p.Diener et al. 1111.3344]

GRChombo [K.Clough et al. 1503.03436]

Gravitational Atom formed by
ULDM around SMBH Binary
[EinsteinToolkit 2010.00008]

* To develop, numerical relativity is necessary

I " i
-20 0 20 40 60 80
X/M

-80 -60 -40

Hyeonmo Koo

2024.11.26 73 Workshop on GW & NR

60/65




Ultralight Dark Matter 61/65

PTA Signal from ULDM

Boson mass (eV)

10710 10-23 10—22
— PPTA Bayes i :
— PPTA freq
10-"}H == NANOGrav new fodect :
_ NANOGrav PP2014 | = : : !
o {| == Eq.(7 P h
n 10712~ 2!
[7)] i)
Qo !
g 10—13 : \
5 :
c
()
E 10—14 )
()]
1015}
10_1(; : : P ” : i
1079 1078 1077 o — Ii ]
Frequency (Hz) Il T N i
. 120 150 180
Parkes PTA Constraints on ULDM [N.K.Porayko et al. 1810.03227 Separation Angle Between Pulsars, & [degrees]
y

* ULDM background with oscillation w~m has a frequency of O(nHz) = Detectable by PTA
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Nonminimally Couples to Gravity?

Stot = SEH T S¢ =

16naj ¢x/=gk + | 4375 [~ 9 (0,6)(0,9) —, m2p? — £Ro?]

* Crucial to the renormalizability of a scalar-field theory in curved spacetime

* Motion equations for Newtonian limit

2
o Vo + V) = inGH | Dy ATV
V2d = m, V() 1 —8mG|Yl*/m,

[L.Ji 2106.11971]

2
* For small nonminimal coupling: § < . gp,
T

motion equations is similar as GPP system.
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Black Hole Hair from ULDM

[C.A.R.Herdeiro et al. 1504.08209]

l‘]? - VIA(I)'VN(I) - /12(:[)‘(1)

Sudarsky®!

Theory No-hair Known scalar hairy BHs with
Lagrangian density £ theorem regular geometry on and outside H
L= v i=1 o
(primary or secondary hair;
regularity)
Scalar-vacuum Chase??
1 1o 241
IR — 2V,‘(I)Vl i}
Massive-scalar-vacuum Bekenstein!!
1 1y - 1,252
1R — 3V, oVHD — Sp2d
Massive-complex-scalar-vacuum Pena Herdeiro-Radu!30: 137

(primary, regular);

N 5¢
generalizations: %

Conformal-scalar-vacuum

Xanthopoulos
. 32
Zannias®?

Bocharova—Bronnikov—Melnikov
Bekenstein (BBMB)'618

IR -1V, oViD — LRD? Zannias®? (secondary, diverges at H);
generalizations:®7
V-scalar-vacuum Heusler?6:47:50 Many, with non-positive
IR - iV, OVED — V(D) Bekenstein?® definite potentials:7' 75,7580
Sudarsky®! (typically secondary, regular)
P-scalar-vacuum Graham
%1? + P(®,X) Jha%?
Einstein-Skyrme Droz-Heusler-Straumann!2°
%R = %V,ﬁl’”v“(l”‘ (primary but topological; regular);
—k|V[, @V, Db|2 generalizations: 129131
Hawking?’

Full £ in eq. (41)

re « 45
Nicolis*®

Scalar-tensor theories Saad4:35
A WS  pn TT(on o e
wR — o VaueVEp —U(p) Sotiriou
Faraoni®!
Sotiriou-Zhou*?
Horndeski/Galileon theories Hui (secondary; regular)

. v
Babichev—Charmousis®® ?°

) - . .
(secondary®® or primary,?”
diverges at H* or H™);

— 91-9:
generalizations:?! %
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* No Hair Theorem : Only Mass, Angular Momentum,
Electric Charge could determine a “Static” profile in the

presence of B

H

* ULDM Oscillation could give a hair to BH

[L.Hui et al. 1904.12803]

m=1

1.0

S
3

0.0 -

Re ¢

—0.5

-1.0

wt /27 = 0.00

-20 0 20 40 60
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Superradiance

(top view)

stationary limit surface

 Scalar field energy is amplified from ergosphere when w < mQly

* Expected to change GW patterns from SMBH Binary
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Effect of Gravitational Cooling on Ultralight Dark Matter System Compared to Dynamical Friction

Summary

* ULDM of my~10"%2eV/c? leads Agg~0 (kpc). This wave-like nature suppresses
small-scale structure of our universe, so that solve some problems of CDM.

* The spherically-symmetric solution of GPP equations, corresponds to a “Soliton”,
possesses a core of DM halo.

* Dynamical friction of ULDM is less than of CDM, especially for large repulsive self-
interaction. This could solve a problem of the lifetime of Fornax dSph.

» Gravitational cooling, which evaporates energy of ULDM system, could explain
observational results of galaxy cluster collision of Abell520.

* Both these effects could give a hint to solve final parsec problem.
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Appendix
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CDM Simulation

« GADGET4 : Parallel cosmological N-body & SPH code https://wwwmpa.mpa-garching.mpg.de/gadget4/#obtaining-the-code
[V.Springel et al, 2010.03567]

 TreePM method is applied

o = (Dshort—range + cI)long—range

_—7

N

Tree Method

« Computational Cost ~O(N log N)

Particle-Mesh (PM) Method

Useful for paralyzing computation

Hyeonmo Koo

Tree Method

O(Nlog N) (Ez2| =M
M2t =25 BAH 7ts

H 72| Ao gtiNez = H

PM Method

A Xh(grid)S AHSsll MMl HEE ALt

21 72|o| 4= X80 ZatH
A of A =0 Kj$He

O(N log N) (FFT AHE)

=1 71 A2 d=A80] gt

A2 2o 725 89| RARGH| OdE
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force

10

0.1

01

100

0.

_ — — - Short range force
........ Long range force
Total force

[J.S.Balga 9911025] |

-3
° 10


https://wwwmpa.mpa-garching.mpg.de/gadget4/
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Initial Profile
* Hernquist model with N = 10°
1
Do M = 2mpya’® = 2rx10°Mg
_ pulr) = (r/a)(1+71/a)’ T2 = (\/—2 + l)a = 0.533kpc
;a 0
* Distribution Function-based Equilibrium Model
- 1 E N - 3sin"lVE
-1 f(E()?,ﬁ)) = Sy — ‘/_~ 5 [(1—2E)(8E? — 8E — 3) 4 sV
- a (1 216G poa’
2! ~ , . E(X, V) = ——— (— v? ——>
2 ! x[kOpC] ! 2 GM \ 2 14+71r/a

Cut-off radius Ry = 377/, = To mimic the compactness of ULDM soliton

e Softening length SL = 27’1/2/\/N = 3.377pcC [C.Power et al. 0201544]

Hyeonmo Koo

2024.11.26 73 Workshop on GW & NR




Ultralight Dark Matter 2/19

-3

3
a(tosc)] _1 2¢2 (TnOW)3
a(tnow) 2 TP Tosc

1
_ Mg\? _ 8nG  m? _ mey N2
H(%SC = (T) = T X 309* OSCT(;LSC = Tosc = 4.115x10°K (10_76\/)

* Evolution of ULDM energy density after t,s. respects py < a

1
Py (tosc) = Em?qulz = Po (tnow) = P¢ (tosc)

* Temperature at ...

Radiation energy density in £

* Amplitude of scalar field should be roughly constrained.

10'6GeV < ¢; < 10'8GeV

P; Toomg 12
o) =o.12( ) —?
¢ 8.36x1016GeV (10‘22eV)

Hyeonmo Koo 2024.11.26 73 Workshop on GW & NR



Ultralight Dark Matter

NMSSM

MSSM R-parity

violating

\ Supersymmetry

Hidden
Sector DM

Light
Force Carriers

Sterile Neutrinos \‘
-
—

QCD Axions

@ Extra Dimensions
Solitonic DM

Theories of

Dark Matter @ =

S
[Snowmass2021 2211.09978]
I Little Higgs

Axion-like Particles

(ALP) Littlest Higgs
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charge

three generations of matter

222.16 MeV/c?
%

bZ) u
up
2247 MeV/c?

— l/3
Y2 d

down

20.511 MeV/c?
—d

v.

electron

<0.8 eV/c?
0

v (Ve

electron
neutrino
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(fermions)
[l

~1.273 GeV/c?
Y, C
charm

22093.5 MeV/c?

strange

22105.66 MeV/c?

—1
Y2 u

muon

<0.17 MeV/c?
0

. O

muon
neutrino

~172.57 GeV/c?
%

Y2 t
top

2~4.183 GeV/c?
—%
Y2 b

bottom

221.77693 GeV/c?

=1

b7 T
tau
<18.2 MeV/c?
0
%2 VT
tau
neutrino
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Standard Model of Elementary Particles

interactions / force carriers °
(bosons)

Electrodynamics : Exchange photon (y)

!k,

0 2~125.2 GeV/c?

0 0

@& | H
gluon “

f Y  Strong Interaction : Exchange colors via gluon (g)

* Binding nucleus : p* (uud) and n®(udd)
photon “ ,

~91.188 GeV/c? 1 og W\

. @

Z boson “

=280.3692 GeV/c?

+1
- W

W boson

R P2
higgs

Pair Annihilation

Muon Production

Compton Scattering

* Weak Interaction : Exchange massive bosons
(W+,2°) i
* Beta decay

e

W=

udd
n
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(Ultra-Light) Axion as a Dark Matter Candidate

Discrete Symmetries of Standard Model

« Charge Conjugation C : Y (%,t) - (%, t) « ParityP : Y(x,t) » Y(—x,t)

@ & @ O O

Left-Handed Right-Handed

Positive Charge Negative Charge
e Time-Reversal
T (%, t) = P(x, —t)

Electron? Positron?
V-F=0 C P T
_  OE > E — — + >|eP:E-B > —-E-B
VXB = E N
B - + - CP-Violation!

2024.11.26 73 Workshop on GW & NR
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(Ultra-Light) Axion as a Dark Matter Candidate

* Nature must include an action Sy = [ dtLg ~0 [ d*x (E - §) (Topological Insulator, Axial Anomaly, etc.)

e “CP violation is necessary!”

* Electric Dipole Moment of the neutron d,, is...
p 2.4x1071%0[e - cm] (Predicted)
" |1.8x1072°[e - cm] (Experiment)

6 <101

Too Small..
“Strong CP Problem”

[C.A.Baker et al. 0602020 ; C.Abel et al. 2001.11966]
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(Ultra-Light) Axion as a Dark Matter Candidate

Considering a New Scalar Field?

a(x) = = a ? a 12
59~jd4x 6 + fa (E . B) anion~0.1 (101]7cGeV> (10228\/)

V(@) =%(|¢|2 —v2)% + Abep [1 — cos (9 +7a)]

QCD Instanton effect
T < f, T <Tqyep
| |

[Ciaran.A.J.O’Hare 2403.17697]
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Limitation - Missing Satellite Problem

1000

100

Cumulative number of halos

[B.Moore et al. 9907411]

Simulated cluster |

_____ Simulated galaxy

o Virgo cluster data

I -

Lol

0.2 0.3

Ve / Vglobal

* # of Observed << # of CDM-Simulated
* Potentially solvable by considering
baryonic physics in the simulation

Hyeonmo Koo

CosmoRun at z ~ 2
ART-1
ENZO
RAMSES
CHANGA
GADGET-3
GEAR
AREPO-T
GIZMO

Ngalaxy (> Ovel)

[M.Jung et al. 2402.05392]

Observation
= Milky Way
- = M3l

—-——-dark matter halos

Stellar mass (log[Mar/h~'"Mg))
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Ultralight Dark Matter 2/19

Limitation - Core-Cusp Problem

‘\l T TTT l T T T T T TTT I o T T
M =10"Mg
103 = Dark matter only
- [S.H.Oh et al. 1011.2777] ]
| i 0 a . )
oo T E <]
N g A . N\
- —e— NFW (< 90 kmvz) O . \ L ‘ 1
B - ISO best fits 7] U:’L,uvk},\» ‘ o ’ ! log (r/r,)
0 IC 2574 A DDO 154 O DG1 9.0F 77 o . T I
|~ [ NGC 2366 Y5 DDO 53 DO DG2 MetO‘}f Hp 2=0 —— .
¥ Ho | A M81dwB 8.5,  PDMony Y 1
10-5 |— O Ho I N/i)\ o ook o ° i
: l | L1 1 11 | 1 | | o ‘= ] Du_l_-b *
10-! 100 <® 2_05_ QI‘CJ?E ++ .
R/RO.’) ~— ] % +F‘D o
’ Q S —1.0F o 4
* Observed v, says “p. of DM halo is not o .
-1.5F 4
cusp”, mismatches with CDM prediction ] +
* Also potentially solvable by considering , ‘ ]
baryonic physics in the simulation -0.5 00 05 1.0 M. Mo

log Radius (kpc) [F.Governato et al. 1202.0554]
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Ultralight Dark Matter 9/12

Mach Number for Thomas-Fermi Limit Profile

M sin(mr/Ryg) ash? S5eV  \?
= = Rrg = = 1.957kpcX (—)
P = AR, G/ Rer) L TR

¢z~ tan(wr/Rpp) 3

M2 =

V2 ) (nr/Rrp) nz( r )2
R1r

mg = 1.0x10722eV /c?

2.0

0.0 0.2 0.4 0.6 0.8 1.0
r [kpc] r [kpc]
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