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Bullet Cluster Collision

[D.Clowe et al. 0608407]

CMB

Galaxy Rotation Curve

Large-scale Structure

Cosmological Evidences for DM

Species of our Universe

Ordinary Matter Dark Matter Dark Energy
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Weakly Interacting Massive Particle (WIMP)
• Proposed by Benjamin W. Lee (1970)

• Only interact via Gravity (& Weak Interaction)

• 𝑚 = 𝑂 1GeV ~𝑂 100TeV

“Cold Dark Matter (CDM)”

[M.Tegmark et al. 0310725]

• CDM-based cosmology successfully explain 
the large-scale structure of our universe.

• How about on the small-scale?
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Problems of Galactic Scale in CDM Model
[J.S.Bullock et al. 1707.04256]

• Missing Satellite Problem : Too much # of Satellites

• Cusp-Core Problem : Too sharp of DM halo central density

• Galaxy Cluster Collision : Offsets between DM-Stars

• Planar Structure of Satellites

• Angular Momentum Catastrophe : Too slow galactic bar speed

• Final Parsec Problem : SMBH binary does not merge within ~𝐻!"#

• …

[A.A.Klypin et al. 9901240 ; B.Moore et al. 9907411]

[R.A.Flores et al. 9402004 ; B.Moore, Nature 370 (1994)]

[A.Mahdavi et al. 0706.3048 ; D.Harvey et al. 1503.07675]

[M.S.Pawlowski et al. 1505.07465]

[M.Roshan et al. 2106.10304 ; M.Steinmetz et al. ApJ 513 (1999)]

[Begelman, Blandford, Rees, 1980]
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Considering baryon (𝑝!, 𝑛", 𝑒#, He …) 
inside galactic/cosmological simulations ⇒ 
Additional gas dynamics (Atomic/Chemical) 
is expected!

• Tidally stripping of stellar structure

• Supernova Feedback

• Energy transfer from baryon to DM halo?

2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

[M.Jung et al. 2402.05392]

How about Considering Baryonic Matter?

[A.D.Popolo 0906.4447]

Time Evolution
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Harder to resolve… Alternative DM model required?

[L.V.Sales et al. 2206.05295]



Ultralight Dark Matter 9/65

2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

Hot(~eV) Warm(~keV) Cold(~GeV) Or Else?
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Ultralight Dark Matter (ULDM)
Motivation (as briefly as possible)
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[T.Lin 1904.07915]
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CDM (WIMP)

• Heavy : 𝑚~𝑂 1GeV
• 𝑑 ≫ 𝜆!"~𝑂 10#$%m → Low number density
• Particle-Like
• Newton’s EoM
• Random Motion

ULDM

• Ultra-Light : 𝑚~𝑂 10#&&eV
• 𝑑 ≪ 𝜆!"~𝑂 1kpc → High number density
• Wave-Like (or Superfluid-Like)
• Schrodinger-like EoM
• Coherent Motion

𝑑

𝜆!"

𝜆!" 𝑑

Solitonic Quasiparticle

Well summarized in [J-W.Lee 1704.05057]
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[H-Y.Schive et al. 1406.6586]
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[E.G.M. Ferreira 2005.03254]

Some tensions in ULDM constraint ⇒ 
Better to consider “another” interaction?
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Primordially motivated from…
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Ultralight Dark Matter (ULDM)
Cosmological Evolution
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• Homogeneous & Isotropic Universe

𝑑𝑠& = − 𝑐𝑑𝑡 & + 𝑎& 𝑡
1

1 − 𝑘𝑟&
𝑑𝑟& + 𝑟&(𝑑𝜃& + sin& 𝜃 𝑑𝜙&)

• Curvature of our spacetime 𝑘
• Scale Factor 𝑎 𝑡 : Expansion of our universe

Robertson-Walker (RW) Metric

𝑘 > 0
“Closed”

𝑘 = 0
“Flat”

𝑘 < 0
“Opened”
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• For RW Metric…

𝐻& +
𝑘𝑐&

𝑎& =
8𝜋𝐺
3 𝜌,

𝑎̈
𝑎 +

4𝜋𝐺
3 𝜌 + 3𝑃 = 0, 𝜌̇ + 3𝐻 𝜌 + 𝑃 = 0

Friedmann Equations

Composition Matter Only Radiation Only Dark Energy Only

Pressure 𝑃 = 0 𝑃 =
1
3
𝜌 𝑃 = −𝜌

Density 𝜌 𝑡 ∝ 𝑎#$ 𝑡 𝜌 𝑡 ∝ 𝑎#% 𝑡 𝜌 𝑡 = 𝜌& Const.

Scale Factor 𝑎 𝑡 ∝ 𝑡'/$ 𝑎 𝑡 ∝ 𝑡)/' 𝑎 𝑡 ∝ 𝑒*+

Hubble Parameter 

𝐻 𝑡 ≡ -̇ +
- +

𝐻 𝑡 =
2
3𝑡

𝐻 𝑡 =
1
2𝑡 𝐻 𝑡 =

8𝜋𝐺
3

𝜌&

• Assuming “flat” universe as a “Perfect Fluid”: 𝑃 = 𝑤𝜌

Einstein Field eq. ⇒ Friedmann eq. (00), (𝑖𝑗) Energy Conservation

• Entropy conservation leads:
𝑇 𝑡 ∝ 𝑎#$ 𝑡

• Current Hubble parameter
𝐻' ≅ 70kms#$Mpc#$ ⇒ ℎ = 0.7

• Critical Density 𝜌( =
%)!

"

*+,

• Density fraction Ω- =
.#
.$

Ordinary Matter

Dark Matter

Dark Energy

Ω.ℎ' = 0.022
Ω/ℎ' = 0.122
…
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• Massive, but ultra-light scalar field

ℒ = −
1
2𝑔

/0 𝜕/𝜙 𝜕0𝜙 −
1
2𝑚1

&𝜙&

• EOM in Flat RW metric ⇒ 𝜙̈ + 3𝐻𝜙̇ + 𝑚1
&𝜙 = 0

• For radiation era: 𝐻 𝑡 = 2𝑡 #$, EOM has an exact solution.

𝜙 𝑡 = 𝜙-
2

𝑚1𝑡

$/3

Γ
5
4 𝐽$/3 𝑚1𝑡 ≅ 𝜙-×X

1
Γ 5/4

𝜋
2

𝑚1𝑡

%/3

cos 𝑚1𝑡 − ⋯

• Energy-momentum of scalar field 𝑇/0 = diag −𝜌, 𝑃, 𝑃, 𝑃

𝜌 =
1
2 𝜙̇

& +
1
2𝑚1

&𝜙&, 𝑃 =
1
2 𝜙̇

& −
1
2𝑚1

&𝜙&

Evolution of Scalar Field

𝑡 ≪ 𝑚1
#$

𝑡 ≫ 𝑚1
#$

~𝑂 100nHz
“ULDM Oscillation on 
Cosmological Scale”
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𝑃 ≃ −𝜌
“DE-like”

𝑃 ≃ 0
“Matter-like”

• Starting point of oscillation satisfies 3𝐻 𝑡456 = 𝑚1

𝑡456 =
3
2
𝑚1
#$ ≅ 0.313yr

10#&&eV
𝑚1 [Ciaran.A.J.O’Hare 2403.17697]

Ω1 = 0.12
𝜙-

8.36×10$7GeV

& 𝑚1

10#&&eV

$/& ULDM behaves same as CDM for cosmological 
scale! How about galactic scale?
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Ultralight Dark Matter (ULDM)
Wave Dynamics & Phenomenology
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• Repulsively self-interacting scalar field

𝑆848 = 𝑆9: + 𝑆1 =
1

16𝜋𝐺
d𝑑3𝑥 −𝑔𝑅 + d𝑑3𝑥 −𝑔 −

1
2
𝑔/0 𝜕/𝜙 𝜕0𝜙 − 𝑉(𝜙) , 𝑉 𝜙 =

1
2
𝑚;
&𝜙& +

𝜆
4
𝜙3

Klein-Gordon eq. 01!"!
02

= 0

𝑑𝑠& = − 1 + 2Φ 𝑐𝑑𝑡 & + 𝑎& 𝑡 1 − 2Φ 𝛿-<𝑑𝑥-𝑑𝑥<

𝜙 𝑥⃗, 𝑡 =
ℏ
2𝑚

𝜓 𝑥⃗, 𝑡 𝑒#-=%(">/ℏ + c. c.

−
ℏ&

2𝑚;𝑎&
∇&𝜓 +𝑚;Φ𝜓 +

4𝜋𝑎@ℏ&

𝑚;
𝜓 &𝜓 = 𝑖ℏ

𝜕𝜓
𝜕𝑡 +

3
2𝐻𝜓

∇&Φ
4𝜋𝐺𝑎&

= 𝑚; 𝜓 & −
3𝐻&

8𝜋𝐺

“Gross-Pitaevskii-Poisson (GPP) System”𝜆 =
8𝜋𝑎3𝑚-𝑐

ℏ

Einstein eq. 01!"!
04#$

= 0

Motion Equations for Newtonian Limit
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𝜓 𝑥⃗, 𝑡 =
𝜌 𝑥⃗, 𝑡
𝑚;

𝑒-A C⃗,>

𝑣⃗ 𝑥⃗, 𝑡 =
ℏ
𝑚;

∇𝜃 𝑥⃗, 𝑡

𝜕𝜌
𝜕𝑡
+ 3𝐻𝜌 +

1
𝑎
∇ ⋅ 𝜌𝑣⃗ = 0

𝜕𝑣⃗
𝜕𝑡
+ 𝐻𝑣⃗ +

1
𝑎
𝑣⃗ ⋅ ∇ 𝑣⃗ = −

1
𝑎
∇Φ −

1
𝑎
∇𝑄 −

1
𝜌𝑎
∇𝑃

Self-Interacting Pressure

𝑃 =
2𝜋𝑎3ℏ'

𝑚-
$ 𝜌' ⇒ 𝑐3' =

4𝜋𝑎3ℏ'

𝑚-
$ 𝜌

Gravity

Quantum

Self-Int.

Madelung Formalism

Quantum Pressure

𝑄 = −
ℏ'

2𝑚-
'𝑎'

∇' 𝜌
𝜌

• Also called “Quantum Hydrodynamics” [E.Madelung, Die Naturwissenschaften 14 (45) 1004, 1926]
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𝐸848 = d𝑑%𝑥⃗
𝜕ℒ
𝜕𝜓̇

𝜓̇ +
𝜕ℒ
𝜕𝜓̇∗ 𝜓̇

∗ − ℒ = d𝑑%𝑥⃗
ℏ&

2𝑚;
∇𝜓 & +

1
2
𝑚;Φ 𝜓 & +

2𝜋𝑎@ℏ&

𝑚;
𝜓 3

= d𝑑%𝑥⃗
1
2
𝜌 𝑣⃗ & +

ℏ&

8𝑚;
&
∇𝜌 &

𝜌
+
1
2
𝜌Φ +

2𝜋𝑎@ℏ&

𝑚;
% 𝜌&

Potential Energy 𝑊 Internal Energy 𝑈

Conserved Energy & Soliton Solution

Classical Kinetic Energy Θ5 Quantum Kinetic Energy Θ6

• Static, spherically-symmetric solution ⇒ “Soliton” or “Boson Star”

• Letting 𝜌 𝑟 = 𝜌' ⋅ 𝑓
F
G
, 𝑎@ introduces five parameters

𝑀 = 𝜂 4𝜋𝜌'𝑅% , ΘH = 𝜎
𝑀ℏ&

𝑚;
&𝑅&

, 𝑊 = −𝜈
𝐺𝑀&

𝑅

𝑈 = 𝜁
2𝜋𝑎@ℏ&𝑀&

𝑚;
%𝑅%

, ΘI = 𝛼
1
2
𝑀𝑅̇&

• And two length scales 𝑅H =
ℏ"

,J=%
" , 𝑅; =

;&ℏ"

,=%
'
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𝐸848 =
1
2𝛼𝑀

𝑑𝑅
𝑑𝑡

&

+ 𝜎
ℏ&𝑀
𝑚;
&𝑅&

+ 𝜁
2𝜋𝑎@ℏ&𝑀&

𝑚;
%𝑅%

− 𝜈
𝐺𝑀&

𝑅 ≡
1
2𝛼𝑀

𝑑𝑅
𝑑𝑡

&

+ 𝑉 𝑅

[P-H.Chavanis 1103.2050]

Oscillation near 𝑹𝒎𝒊𝒏

• Equilibrium Radius scale : 𝑉K 𝑅' = 0

𝑅' =
𝜎
𝜈

ℏ&

𝐺𝑀𝑚;
& 1 + 1 +

6𝜋𝜁𝜈
𝜎&

𝐺𝑀&𝑚;𝑎@
ℏ&

• Oscillation frequency : 𝛼𝑀𝑅̈ + 𝑉K 𝑅 = 0

𝜔& =
2𝜎
𝛼

ℏ&

𝑚;
&𝑅'3

1 + 6𝜋𝜁𝜈
𝑎@ℏ&
𝐺𝑚;

%𝑅'&

1 − 6𝜋𝜁𝜈
𝑎@ℏ&
𝐺𝑚;

%𝑅'&

Collapse to SMBH
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𝜌 𝑥⃗, 𝑡 = 𝜌' 𝑡 1 + 𝛿 𝑥⃗, 𝑡

Fourier space: ∇→ −𝑖𝑘

Evolution of the Density Perturbation
0th order equation

1st order equation

𝜕𝜌'
𝜕𝑡

+ 3𝐻𝜌' = 0 ⇒ 𝜌' 𝑡 ∝ 𝑎#% 𝑡

• 𝑘 < 𝑘L (Super-Galactic) : CDM-like behavior

• 𝑘 < 𝑘L (Sub-Galactic) : Structure is Suppressed!
“Jeans Instability”

Self-Interaction X Self-Interaction O

CDM X 𝑘L& =
4𝜋𝐺𝜌'𝑎&

𝑐@&

ULDM 𝑘L3 =
16𝜋𝐺𝜌'𝑚;

&𝑎3

ℏ&
𝑘!" =

16𝜋𝐺𝜌#𝑚$
%𝑎%

ℏ%
𝑚$
%𝑐&"

4𝜋𝐺𝜌#ℏ%
+ 1 −

𝑚$
%𝑐&"

4𝜋𝐺𝜌#ℏ%

%

𝜕&𝛿
𝜕𝑡&

+ 2𝐻
𝜕𝛿
𝜕𝑡
+

ℏ&𝑘3

4𝑚;
&𝑎3

+
𝑐@&

𝑎&
𝑘& − 4𝜋𝐺𝜌' 𝛿 = 0
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[Snowmass2021 2203.07354]

𝑘7 = 68.17Mpc#)
𝐻8

70kms#)Mpc#)

)
' Ω9:
0.27

)
% 𝑚-
10#''eV

)
' 1+ 𝑧 #)%

Kpc-scale Suppression

Adding Self-Interaction
⇒ 𝑘L  decreases?
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• Spherically-symmetric, time-independent solution

Inner : Characterized well by 
“Coherent” Soliton Solution

Outer : CDM-like(~𝑟#$ ) 
“Incoherent” Granules

[P.Mocz et al. 1705.05845]

ULDM Halo and Soliton
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1. Empirical Profile : 𝜌 𝑟 ∝ 1 + 0.091 𝑟/𝑟( & #*

• Absence of Self-Coupling (𝜆 = 0)
• Estimated by [H.Schive et al. 1406.6586]

2. Thomas-Fermi Limit : 𝜌 𝑟 ∝ 5MN +F/G:;
+F/G:;

• Strongly-interacting limit
• Exact solution for neglecting quantum pressure  

𝜌∇Φ = −∇𝑃
• valid for 𝑅- ≫ 𝑅6 [P-H.Chavanis 1103.2050]

𝑎3 ≫ 𝑎6 ≡
ℏ'

𝐺𝑀'𝑚-

3. Gaussian Profile : 𝜌 𝑟 ∝ 𝑒#F"/F$"

• Poor description for both 𝜆 = 0 and 𝜆 → ∞ limit

Common Exact Soliton Profiles

[M.Indjin et al. 2312.14917]
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Numerical Codes for ULDM
Direct Solver

−
ℏ&

2𝑚;
∇&𝜓 +𝑚Φ𝜓 = 𝑖ℏ

𝜕𝜓
𝜕𝑡

∇&Φ = 4𝜋𝐺𝑚; 𝜓 &

Madelung Solver
𝜕𝜌
𝜕𝑡
+ ∇ ⋅ 𝜌𝑣⃗ = 0

𝜕𝑣⃗
𝜕𝑡 + 𝑣⃗ ⋅ ∇ 𝑣⃗ = −∇Φ − ∇𝑄

[J.Zhang et al. 1809.09848]
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• Pseudo-Spectral solver for ULDM soliton dynamics with PBC
https://github.com/auckland-cosmo/PyUltraLight [F.Edwards et al. 1807.04037]

+ N-Body Code https://github.com/Sifyrena/PyUL_NBody [Y.Wang et al. 2110.03428]
• d

• “Python Code”

2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

KICK1

𝜓 → 𝑒<=
>!
ℏ
?@
A B𝜓

DRIFT

𝜓 → ℱ<C 𝑒<=
ℏ
>
?@
A D

"
ℱ 𝜓

Update Potential
Φ → ℱ<C −𝑘<Aℱ 4𝜋𝐺 𝜓 A

KICK2

𝜓 → 𝑒<=
>!
ℏ
?@
A B𝜓

• Initial soliton condition is generated by RK4 method

−
1
2
𝑓KK 𝑟 −

1
𝑟
𝑓K 𝑟 + �𝜙 𝑟 𝑓 𝑟 = 0, �𝜙KK 𝑟 +

2
𝑟
�𝜙K 𝑟 − 4𝜋𝑓& 𝑟 = 0 �𝑓 0 = 1

𝑓 ∞ = 0
• Adding self-interaction ⇒ Add one term to “KICK” [N.Glennon et al. 2011.09510]

𝜓 → 𝑒
#-=%

ℏ
O>
& PQR ℏ'

&=%
'(

S > "

𝜓

Δ𝑡 ≥ %'
ℏ
'((

)  prevents artifact from arg 𝜓 ≥ 𝜋 

https://github.com/auckland-cosmo/PyUltraLight
https://github.com/Sifyrena/PyUL_NBody


Dynamical Properties
Dynamical Friction (DF)
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𝐹fg = 4𝜋𝜌̅
𝐺𝑀
𝑣

&
𝐶fg

Gravitational Wake

Attracting Object

• For sufficiently large speed…

𝑑𝑣⃗
𝑑𝑡

= −4𝜋𝐺&𝑀𝑚;𝑛 log Λ
𝑣⃗
𝑣%

𝐶\] = log Λ = log
𝑏^_`

max 𝑟a, 𝐺𝑀/𝑣&

Effective DF Coefficient

[Chandrasekhar 1943]

DF in Classical Particle System
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• Perturbation by a potential Φb, ULDM self-gravity is negligible?
• d

𝜕&𝛿
𝜕𝑡&

+
ℏ&

4𝑚;
& ∇

3𝛿 − 𝑐@&∇&𝛿 = ∇&Φb ⇒ 𝛿 𝑥⃗, 𝑡 = d𝑑%𝑥⃗K𝑑𝑡K𝐺 𝑥⃗ − 𝑥⃗K, 𝑡 − 𝑡K ∇&Φb 𝑥⃗K, 𝑡K

d

𝐺 𝑅, 𝜏 = d
𝑑%𝑘
2𝜋 %

𝑑𝜔
2𝜋

exp 𝑖 𝑘 ⋅ 𝑅 − 𝜔𝜏
ℏ&𝑘3
4𝑚;

& + 𝑐@&𝑘& − 𝜔&

• Dynamical friction force woken by density fluctuation 𝐹⃗\] 𝑡 = 𝜌 ∫𝑑%𝑥⃗ ∇Φb 𝛿 𝑥⃗, 𝑡 .

Exclude Self-Coupling (𝑐E = 0) Include Self-Coupling (𝑐E > 0)

From Linear Perturbation
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[L.Hul et al. 1610.08297 ; L.Lancaster et al. 1909.06381]

𝛽 =
𝐺𝑀𝑚F

ℏ𝑣(

2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

6𝑏 ≡
𝑚𝑣(𝑏
ℏ

• For 𝑣⃗ = 𝑣'𝑧̂, integral of 𝐹⃗\] 𝑡 = 𝜌 ∫𝑑%𝑥⃗ ∇Φb 𝛿 𝑥⃗, 𝑡 requires a cut-off scale 𝑏.
ℏ&

2𝑚;
∇& +

𝐺𝑀b𝑚;

𝑟 +
1
2𝑚𝑣'

& 𝜓 = 0 ⇒ 𝜓 �𝑅, 𝑧̃ =
𝜌̅
𝑚;

𝑒- cdQ
+
&e Γ 1 − 𝑖𝛽 $𝐹$ 𝑖𝛽, 1; 𝑖 �𝑅& + 𝑧̃& + 𝑧̃

𝐶\] �𝑏, 𝛽 = Cin 2�𝑏 +
sin 2�𝑏
2�𝑏

− 1 + 𝑂 𝛽 ≃ X
1
3
�𝑏& �𝑏 ≪ 1

log 2�𝑏 − 1 + ReΨ 1 + 𝑖𝛽 �𝑏 ≫ 1

Exact Solution for Zero Coupling
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• Circularly orbiting point-like perturber : 𝑥⃗b 𝑡 = 𝑟' cosΩ𝑡 , sinΩ𝑡 , 0

𝐹⃗\] 𝑡 = −4𝜋𝜌
𝐺𝑀b

Ω𝑟'

&

ℜ 𝐼 𝑟̂ 𝑡 + ℑ 𝐼 ¢𝜙 𝑡

𝐼 =ℳ'j
;<)

=

j
><#;

;#'

−1 >?) 𝑙 −𝑚 !
𝑙 −𝑚− 2 !

𝑆;,;#)> − 𝑆;,;#)#>#)

Γ 1 − 𝑙 −𝑚
2 Γ 3− 𝑙 +𝑚

2 Γ 2+ 𝑙 −𝑚
2 Γ 2+ 𝑙 −𝑚

2

𝑆;,;#)> =

𝜋𝑖

2 1 + 𝑚'/𝑙A'
𝑗; 𝑙Aℳ𝑓># ℎ;#)

) 𝑙Aℳ𝑓># − 𝑗; 𝑖𝑙Aℳ𝑓>? ℎ;#)
) 𝑖𝑙Aℳ𝑓>?

−𝜋𝑖

2 1 + 𝑚'/𝑙A'
𝑗; 𝑙Aℳ𝑓># ℎ;#)

' 𝑙Aℳ𝑓># + 𝑗; 𝑖𝑙Aℳ𝑓>? ℎ;#)
) 𝑖𝑙Aℳ𝑓>?

𝜋
2 4𝑙' − 1

−
𝜋𝑖
2
𝑗; 2𝑖𝑙Aℳ ℎ;#)

) 2𝑖𝑙Aℳ

ℳ ≡
𝑣G
𝑐E

Effective DF Coefficient

[L.Berezhiani et al. 2311.07672]

𝑚 > 0

𝑚 < 0

𝑚 = 0

𝑙*ℳ = 𝑚+𝑐,𝑟-/ℏ 𝑓%±
/
= 2 1 +𝑚//𝑙*/ ± 2
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For Circular Orbit



• The leading-order term of ℑ 𝐼 only arises from 𝑙 = 1.

ℑ 𝐼 qr$ = −
2
𝜋
ℳ&ℑ 𝑆$,'#$ − 𝑆$,'' =

ℳ&𝑙s

𝑙s& + 1

1 − cos 2𝑥
2𝑥%

−
sin 2𝑥
2𝑥& CrqHℳtI

J
=
1
3
ℳ% + 𝒪 ℳu

• d

• The larger 𝑐@(self-coupling), the smaller DF coefficient
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𝐼 = ℳ&¦
qr$

v

¦
=r#q

q#&

−1 =Q$ 𝑙 − 𝑚 !
𝑙 − 𝑚 − 2 !

𝑆q,q#$= − 𝑆q,q#$#=#$

Γ 1 − 𝑙 − 𝑚
2 Γ 3 − 𝑙 + 𝑚

2 Γ 2 + 𝑙 − 𝑚
2 Γ 2 + 𝑙 − 𝑚

2

𝑆q,q#$= =
𝑖𝜋𝑅w
4𝑚 𝑗q 𝑚𝑅w ℎq#$

$ 𝑚𝑅w − 𝑗q 𝑖 𝑚𝑅w ℎq#$
$ 𝑖 𝑚𝑅w

[R.Buehler et al. 2207.13740]
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Circular Orbit without Self-Interaction

𝑅G ≡
2𝑚F𝑣(𝑟(

ℏ

• The leading-order term of ℑ 𝐼 only arises from 𝑙 = 1.

ℑ 𝐼 qr$ =
2
3

𝑚𝑣w𝑟'
ℏ

%/&
+ 𝒪

𝑚𝑣w𝑟'
ℏ

u/&



Object 𝑀K 10L𝑀⊙ 𝑅K kpc

dSph 1420 −

GC1 0.37 1.6

GC2 1.82 1.05

GC3 3.63 0.43

GC4 1.32 0.24

GC5 1.78 1.43

[S.D.Tremaine ApJ 203 (1976) 345]

• The five observed  globular clusters 
(GCs) orbiting Fornax dwarf spheroidal 
(dSph) has individual “Lifetimes”.

𝜏xMyz =
𝑀b𝑣b
𝐹\]

=
𝑣b%

4𝜋𝜌𝐺&𝑀b𝐶\]

Observational Result
𝜏BCDE~10Gyr [M.-Y.Yang et al.1809.07801]

CDM-based Prediction
𝜏BCDE~1Gyr [K.S.Oh et al. ApJ 531 (2000) 727]

“Timing Problem of Fornax GCs”

[D.R.Cole et al. 1205.6327]
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Applying to Fornax dSph & GCs [H.Koo et al. 25XX.XXXXX]



• The ULDM halo for describing Fornax dSph is chosen as

1. Thomas-Fermi Limit Profile (Strong-Interacting)

𝜌 𝑟 =
𝜋𝑀
4𝑅{]%

sin 𝜋𝑟/𝑅{]
𝜋𝑟/𝑅{]

⇒ 𝑅{] = 𝜋
𝑎@ℏ&

𝐺𝑚;
% = 1.957kpc×

5eV
𝑚;𝜆#$/3

&

2. Empirical Profile by [H-Y.Schive et al. 1406.6586] (Non-Interacting)

𝜌 𝑟 ≅
𝜌(

1 + 0.091 𝑟/𝑟( & *

𝑟( ≅ 0.229kpc
10|𝑀⊙

𝑀
10#&&eV

𝑚

&

𝜌( ≅ 7.05𝑀⊙/pc%
𝑚

10#&&eV

7 𝑀
10|𝑀⊙

3
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• Roughly assuming 10#& ≤ 𝜌' 𝑀⊙/pc% ≤ 10#$…
4.680 eV ≤

𝑚;

𝜆$/3
≤ 6.869 eV

This constrain is valid in 𝜆 ≥ 10#|'.

𝜏xMyz =
𝑣b%

4𝜋𝐺&𝜌𝑀bℑ 𝐼 qr$
=

3𝑐@%

4𝜋𝐺&𝜌𝑀b

• Letting 𝑚; = 3×10#&&eV leads 𝜏xMyz to…

• The stronger 𝜆, the weaker dynamical friction!
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Object CDM ULDM, SI X ULDM, SI O
GC3 0.62 3.99 4.27~15.23
GC4 0.37 1.07 13.06~42.79

CDM Result from [L.Hul et al. 1610.08297]



Dynamical Properties
Gravitational Cooling Effect
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[Dongsu Bak et al. 1811.09694]𝜏01 =
ℏ
𝑚+

2 1
𝐺𝑀343 /
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Galaxy Cluster Collision
𝑀 = 10$3~10$u𝑀⊙
𝑣 = 1000~2000km/s

Abell 520 [A.Mahdavi et al. 0706.3048]

Contour : DM
Unknown Interaction…

Contour : Gas
Electromagnetic Interaction

Offset Between 
stars & DM
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𝑣"uvw = 112.78km/s 𝑣"uvw = 225.56km/s
• 𝑀 = 2𝜋×10*𝑀⊙, 𝑚; = 10#&&eV/𝑐&

[H.Koo et al. 24XX.XXXXX]
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Head-on Collision of Identical Subhalos
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[H.Koo et al. 24XX.XXXXX]
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• Kinetic energy dissipation by gravitational cooling is effective at low-speed collision.
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«𝑞 ≡
𝐺𝑀
𝑣&𝑟$/&

Δ𝑣
Δ𝜏6�455

∝
1
𝑣&
log Λ

Δ𝑣
𝑣 �\�

= 𝐴( «𝑞& log
1
«𝑞
+ 𝐵( � 𝐴 = 15 ± 0.6

𝐵 = −09 ± 0.8
A

P𝐴N = 0.516 ± 0.004
𝐵N = 1.030 ± 0.016

𝑣 = 100~350km/s z𝑞 = 0.041~0.492
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For Low Velocity…
• Δ𝑣FG9: > Δ𝑣H9:
• Gravitational Cooling on ULDM 

makes it more dissipative than CDM.

For High Velocity…
• Δ𝑣FG9: ~ Δ𝑣H9:

𝑏OPQ~𝑟C/A < 𝐺𝑀/𝑣A

[H.Koo et al. 24XX.XXXXX]
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For Low Velocity…
• Δ𝑣FG9: > Δ𝑣H9:
• Gravitational Cooling on ULDM 

makes it more dissipative than CDM.

For High Velocity…
• Δ𝑣FG9: ~ Δ𝑣H9:

𝑞 ≡
ℏ

𝑚𝑣𝑟$/&

Δ𝑣
Δ𝜏6�455

∝
Δ𝜏6�455
𝜏�6

• Dissipation effect by GC ≫ DF
Δ𝑣
𝑣 ��\�

= 𝐴�𝑞% 1 + 𝐵�𝑞& �𝐴 = 3 ± 0.041
𝐵 = 1 ± 0.294P𝐴S = 3.692 ± 0.041
𝐵S = 15.63 ± 0.294

𝑣 = 100~350km/s 𝑞 = 0.103~0.360

Fitting Function Derived from [Dongsu Bak et al. 2010.14738]

Dissipation Fraction by Gravitational Cooling

2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

[H.Koo et al. 24XX.XXXXX]



Can ULDM resolve Final Parsec Problem?
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Orbital Decay of SMBHs

2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

1. Surrounding stars near SMBHs (spherical bulge of 𝑁∗, 𝜎∗, 𝑟∗) 
cause dynamical friction on them, leads to form SMBH Binary
with timescale:

𝑡!y ≃
6×107yr
ln𝑁∗

𝜎∗
300km/s

𝑟∗
100pc

& 10*𝑀⊙

𝑀�a

𝑟"~
𝑀":

𝑀∗

$/%

𝑟(

[Begelman, Blandford, Rees, 1980]
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Orbital Decay of SMBHs

2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

2. When the mass enclosed by the orbit of the SMBH binary is 
comparable to the mass of the binary itself, binary becomes 
“Hard”.

𝑡�~
𝜎∗

𝜋𝐺𝜌∗𝑟

𝑟� =
𝐺𝜇":
4𝜎∗&

[B.C.Bromley et al. 2311.18013]

[Begelman, Blandford, Rees, 1980]
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Orbital Decay of SMBHs

2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

3. Most of stars are blown away 
by slingshot! 

• Not enough stars to decay the 
SMBHs’ orbit…

[D.Merritt 2013]

[Diagram of Slingshot]

𝑟x6~
𝑟"
𝑟(

|/3
𝑟(

[Bottleneck]

[Begelman, Blandford, Rees, 1980]
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Loss Cone is Depleted!

2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

• Loss cone : Region of Phase space in which stars have close 
encounters with SMBH binary

• The stellar mass inside loss cone 𝑀∗ decreases as the average 
number of slingshots increases, and ;T

;
converges to a specific 

behavior.

• The SMBH binary decay timescale explosively increases beyond 
~10Gyr.

[A.Sesana et al. 0612265]

1st
2nd

3rd

4th Slingshot

1st

2nd
3rd

4th Slingshot

[D.Merritt 1307.3268]
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• To allow SMBHB to reach an era of gravitational 
radiation within ~𝐻"#~~10Gyr, we need a new 
mechanism to refill the loss cone.

[Begelman, Blandford, Rees, 1980]
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[H.Koo et al. 2311.03412]
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𝑚 = 10#')eV ; �
𝑀I = 10J𝑀⊙

𝑀LM = 10N𝑀⊙
; 𝐿 = 40pc

Too high 𝜌'? ⇒ DM spike near SMBH makes sense
[T.Lacroix 1801.01308]

Supermassive BH Binary in ULDM Halo



Final Parsec Problem of Black Hole Mergers and Ultralight Axion as Dark Matter

2024.03.21. IBS CTPU-CGA 2024 Workshop on PBHs and GWsHyeonmo Koo

𝑀�a
𝑑𝑣
𝑑𝑡 = 4𝜋𝜌̅

𝐺𝑀�a

𝑣

&

𝐶 𝑟̃ = 4𝜋𝜌̅
𝐺𝑀�a

𝑣

& 1
3
𝑚;𝑣𝑟
ℏ

&

𝜌̅ ≃ 𝜌( ≡ 0.0044
𝐺𝑚;

&

ℏ&

%

𝑀54x + 2𝛾𝑀�a
3

• SMBH binary separation 𝐷 𝑡 = 2𝑟 has a form:

𝐷 𝑡 = 𝐷' 1 +
5
2
𝑄'𝐷'

u/&𝑡
#&/u

𝑄' ≅
7.3524

Myr ⋅ pc&.u
µ𝑀54x

10|𝑀⊙

3 𝑀�a

10*𝑀⊙

$/& 𝑚
10#&$eV

*Rotating Velocity

𝑣 ≅
𝐺𝑀":

2𝐷

𝑀":

56/65

𝑀":
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Decay of binary separation is decomposed to:

1. Global Mode (GC) : Exerting ULDM by breathing with period 𝜏

𝜏 = 𝜏'
10#&$eV
𝑚;

% 10|𝑀⊙

𝑀5

&

1 + 2𝛾�
𝑀�a

𝑀5

#&

X
𝛾U = 1.979 ± 0.012 ≅ 2
𝜏( = 32.11 ± 0.115 kyr

2. Local Mode (DF) : Orbital Decay of SMBHB

¶𝐷 𝑡 = ¶𝐷' 1 +
5
2𝑄

¶𝐷'
u
&𝑡

#&u

D

𝑄 = 1.324
𝑚;

10#&$eV

* 𝑀5 + 2𝛾q𝑀�a

10|𝑀⊙

3 𝑀�a

10*𝑀⊙

$
&
Myr#$pc

u
&

𝛾; = 2.192 ± 0.034 ≅ 2
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• Early Times : Gravitational Cooling is dominant

𝐹�� = 𝐾'
Δ𝜏( ≡ 𝜋𝐷/𝑣

𝜏�

𝐺 µ𝑀@𝑀5�M�z

𝑟�&

• Late Times : Dynamical Friction is dominant

𝐹\] = 4𝜋𝜌
𝐺𝑀�a

𝑣

&

×
1
3
𝑚𝑣𝐷
2ℏ

&

𝐹��
𝐹\]

~𝐷
$
&

• Initially, gravitational cooling exerts total system’s energy (Wave Mechanics)⇒ Dynamical friction 
reduces SMBH’s energy & angular momentum (Classical-like Mechanics)



Epilogue : Research Topics of ULDM with GR 
(My Private Interest)
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ULDM with Numerical Relativity
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• Einstein Toolkit [P.Diener et al. 1111.3344]

• GRChombo [K.Clough et al. 1503.03436]

• For ~0.01pc, simulating the dynamics of 
SMBH binary is difficult to use GPP solver

• To develop, numerical relativity is necessary

BBH Merger inside uniform ULDM 
[GRChombo 2409.01937]

ULDM Soliton (Boson star) Merger 
[GRChombo 2207.05690]

Gravitational Atom formed by 
ULDM around SMBH Binary 
[EinsteinToolkit 2010.00008]
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PTA Signal from ULDM
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Parkes PTA Constraints on ULDM [N.K.Porayko et al. 1810.03227]

• ULDM background with oscillation 𝜔~𝑚 has a frequency of 𝑂 nHz ⇒ Detectable by PTA
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Nonminimally Couples to Gravity?

2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

𝑆848 = 𝑆9: + 𝑆1 =
1

16𝜋𝐺
d𝑑3𝑥 −𝑔𝑅 + d𝑑3𝑥 −𝑔 −

1
2
𝑔/0 𝜕/𝜙 𝜕0𝜙 −

1
2
𝑚;
&𝜙& −

1
2
𝜉𝑅𝜙&

• Crucial to the renormalizability of a scalar-field theory in curved spacetime
• Motion equations for Newtonian limit

»− ℏ&
2𝑚;

∇&𝜓 +𝑚;Φ𝜓 + 𝜉𝒱 𝜓 = 𝑖ℏ 𝜕𝜓𝜕𝑡
∇&Φ = 𝑚;𝒱 𝜓

← 𝒱 𝜓 =
4𝜋𝐺 𝜓 &

1 − 8𝜋𝜉𝐺 𝜓 &/𝑚;

• For small nonminimal coupling: 𝜉 ≪ =%
"

*+,.
, motion equations is similar as GPP system.

[L.Ji 2106.11971]
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Black Hole Hair from ULDM
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[C.A.R.Herdeiro et al. 1504.08209]

[L.Hui et al. 1904.12803]

• No Hair Theorem : Only Mass, Angular Momentum, 
Electric Charge could determine a “Static” profile in the 
presence of BH

• ULDM Oscillation could give a hair to BH
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Superradiance

2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

• Scalar field energy is amplified from ergosphere when 𝜔 < 𝑚Ω:
• Expected to change GW patterns from SMBH Binary



Effect of Gravitational Cooling on Ultralight Dark Matter System Compared to Dynamical Friction 65/65

Summary
• ULDM of 𝑚�~10#&&eV/𝑐& leads 𝜆��~𝑂 kpc . This wave-like nature suppresses 

small-scale structure of our universe, so that solve some problems of CDM.
• The spherically-symmetric solution of GPP equations, corresponds to a “Soliton”, 

possesses a core of DM halo.
• Dynamical friction of ULDM is less than of CDM, especially for large repulsive self-

interaction. This could solve a problem of the lifetime of Fornax dSph.
• Gravitational cooling, which evaporates energy of ULDM system, could explain 

observational results of galaxy cluster collision of Abell520.
• Both these effects could give a hint to solve final parsec problem.
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Appendix
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[V.Springel et al, 2010.03567]
https://wwwmpa.mpa-garching.mpg.de/gadget4/#obtaining-the-code• GADGET4 : Parallel cosmological N-body & SPH code

• TreePM method is applied
Φ = Φ5a4�8#�_N�z +Φx4N�#�_N�z

CDM Simulation

[J.S.Balga 9911025]

Tree Method
• Computational Cost ~𝑂 𝑁 log𝑁

Particle-Mesh (PM) Method
• Useful for paralyzing computation

https://wwwmpa.mpa-garching.mpg.de/gadget4/
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• Cut-off radius 𝑅6�8 = 3𝑟$/& ⇒ To mimic the compactness of ULDM soliton

• Softening length 𝑆𝐿 = 2𝑟$/&/ 𝑁 ≅ 3.377pc [C.Power et al. 0201544]

Initial Profile
• Hernquist model with 𝑁 = 10u

𝜌O 𝑟 =
𝜌8

𝑟/𝑎 1 + 𝑟/𝑎 $ �
𝑀 = 2𝜋𝜌8𝑎$ = 2𝜋×10N𝑀⊙

𝑟)/' = 2 + 1 𝑎 ≅ 0.533kpc 

• Distribution Function-based Equilibrium Model

𝑓 6𝐸 𝑥⃗, 𝑣⃗ =
1

2 2𝜋 V 𝐺𝑀𝑎 V/A

6𝐸

1 − 6𝐸 A 1 − 2 6𝐸 8 6𝐸A − 8 6𝐸 − 3 +
3sin<C 6𝐸

6𝐸 1 − 6𝐸

�𝐸 𝑥⃗, 𝑣⃗ = −
𝑎
𝐺𝑀

1
2
𝑣' −

2𝜋𝐺𝜌8𝑎'

1 + 𝑟/𝑎
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• Evolution of ULDM energy density after 𝑡456 respects 𝜌1 ∝ 𝑎#%

𝜌1 𝑡456 =
1
2
𝑚1
&𝜙-& ⇒ 𝜌1 𝑡N4� = 𝜌1 𝑡456

𝑎 𝑡456
𝑎 𝑡N4�

%

=
1
2
𝑚1
&𝜙-&

𝑇N4�
𝑇456

%

• Temperature at 𝑡456…

𝐻456& =
𝑚1

3

&
=
8𝜋𝐺
3 ×

𝜋&

30𝑔∗,456𝑇456
3 ⇒ 𝑇456 ≅ 4.115×107K

𝑚1

10#&&eV

$
&

• Amplitude of scalar field should be roughly constrained.

10$7GeV ≤ 𝜙- ≤ 10$*GeV

Ω1 = 0.12
𝜙-

8.36×10$7GeV

& 𝑚1

10#&&eV

$/&

Radiation energy density in 𝑡WXY
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[Snowmass2021 2211.09978]

(ALP)



2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

Ultralight Dark Matter 2/19

• Electrodynamics : Exchange photon (𝛾)

• Strong Interaction : Exchange colors via gluon (𝑔)
• Binding nucleus : 𝑝? 𝑢𝑢𝑑 and 𝑛8 𝑢𝑑𝑑

• Weak Interaction : Exchange massive bosons 
(𝑊±, 𝑍')

• Beta decay

Compton Scattering Pair AnnihilationMuon Production



(Ultra-Light) Axion as a Dark Matter Candidate

2024.11.26 73rd Workshop on GW & NRHyeonmo Koo

Discrete Symmetries of Standard Model
• Charge Conjugation 𝒞 ∶ 𝜓 𝑥⃗, 𝑡 → «𝜓 𝑥⃗, 𝑡 • Parity 𝒫 ∶ 𝜓 𝑥⃗, 𝑡 → 𝜓 −𝑥⃗, 𝑡

Positive Charge Negative Charge

𝒞

Left-Handed Right-Handed

𝒫

Electron? Positron?

𝓒𝓟

∇ ⋅ 𝐸 = 0

∇×𝐵 =
𝜕𝐸
𝜕𝑡

• Time-Reversal
𝒯 ∶ 𝜓 𝑥⃗, 𝑡 → 𝜓 𝑥⃗, −𝑡

𝒞 𝒫 𝒯

𝐸 − − +

𝐵 − + −
𝓒𝓟 ∶ 𝑬 ⋅ 𝑩 → −𝑬 ⋅ 𝑩

CP-Violation!



• Nature must include an action 𝑆A = ∫𝑑𝑡𝐿A ~𝜃 ∫𝑑3𝑥 𝐸 ⋅ 𝐵 (Topological Insulator, Axial Anomaly, etc.)

• “CP violation is necessary!”

• Electric Dipole Moment of the neutron 𝑑� is…

𝑑�~ É
2.4×10#$7𝜃 e ⋅ cm Predicted
1.8×10#&7 e ⋅ cm Experiment

⇒ 𝜃 < 10#$'

(Ultra-Light) Axion as a Dark Matter Candidate
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Too Small…
“Strong CP Problem”
[C.A.Baker et al. 0602020 ; C.Abel et al. 2001.11966]



𝑆A~d𝑑3𝑥 𝜃 +
𝑎 𝑥
𝑓;

𝐸 ⋅ 𝐵

𝑉 Φ =
𝜆
4

Φ & − 𝑣& & + Λ��\3 1 − cos 𝜃 +
𝑎
𝑓;

(Ultra-Light) Axion as a Dark Matter Candidate
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Considering a New Scalar Field?

[Ciaran.A.J.O’Hare 2403.17697]

QCD Instanton effect

ΩPQZW[~0.1
𝑓F

10C\GeV

A 𝑚F

10<AAeV
C/A
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• # of Observed << # of CDM-Simulated
• Potentially solvable by considering 

baryonic physics in the simulation

2024.11.26 72nd Workshop on GW & NRHyeonmo Koo

[B.Moore et al. 9907411]

[M.Jung et al. 2402.05392]

Limitation - Missing Satellite Problem
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• Observed 𝑣�48 says “𝜌( of DM halo is not 
cusp”, mismatches with CDM prediction

• Also potentially solvable by considering 
baryonic physics in the simulation

2024.11.26 72nd Workshop on GW & NRHyeonmo Koo

[S.H.Oh et al. 1011.2777]

[A.D.Popolo 0906.4447]

𝑀 = 105𝑀⊙ 𝑀 = 1078𝑀⊙

[F.Governato et al. 1202.0554]

Time Evolution

Limitation - Core-Cusp Problem



Mach Number for Thomas-Fermi Limit Profile

𝜌 𝑟 =
𝜋𝑀
4𝑅{]%

sin 𝜋𝑟/𝑅{]
𝜋𝑟/𝑅{]

⇒ 𝑅{] = 𝜋
𝑎@ℏ&

𝐺𝑚;
% = 1.957kpc×

5eV
𝑚;𝜆#$/3

&

s

ℳ& =
𝑣&

𝑐@&
= 1 −

𝜋𝑟/𝑅{]
tan 𝜋𝑟/𝑅{]

≅
𝜋&

3
𝑟
𝑅{]

&
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